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PREFACE. 



The stereotype plates pf my Elements of Geometry and Conic 
• Sections having become so much worn by long-continued use 
that it was found necessary to recast them, the opportunity has 
been improved to give the entire book a thorough revision. As 
the general plan of the original work has met with very extensive 
approval, it has not been thought best to modify it materially; 
nevertheless, the minor changes which have been made are nu- 
merous and of considerable importance. 

The volume commences with a brief sketch of the history of 
Elementary Geometry, which, it is hoped, may increase the stu- 
dent's interest in a subject which has occupied the attention of 
so many gifted minds. The definitions of Book L have been 
somewhat amplified, for the purpose of giving clearer ideas of 
the philosophy of the subject ; and several no.tes have been add- 
ed to the first pages of the book which, it is hoped, may be found 
useful and suggestive, although they are generally such as any 
competent teaicher might easily have supplied. 

In Book n. the subject of Ratio has been expanded, especially 
for the purpose of meeting the difficulty of incommensurable 
quantities ; and in this I have followed substantially the method 
of Vincent in his Cours de Geometric. A few new propositions 
have been added to Books IH., IV., and V. ; and at the close of 
Book VL is given a considerable collection of new theorems and 
problems, with some numerical exercises on the preceding books. 
These theorems and problems are so simple that it is hoped* many 
students may be encouraged to labor upon them ; for no one can 
be considered as master of the subject of Geometry who has not 
acquired the ability to discover the demonstration of new theo- 
rems and the solution of new problems. Those who find these 
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exercises too difficult may be benefited by practice upon the nu- 
merical examples here given, and such similar ones as any cem- 
petent teacher can readily furnish. 

Occasional alterations of some importance will be notice^ in 
Books Vn., Vni., and IX,, and at the close, of Book X. will be 
found more numerical exercises, designed to impress the preced- 
ing principles upon the mind of the student. 

In the Treatise on the Conic Sections the alterations will be 
found more numerous. Several new propositions have been add- 
ed, and the mode of demonstration has in several instances been < 
materially changed. At the close of each chapter is given a 
small collection of new theorems and several numerical esercises. 
If the former should be found too difficult, the latter will not be 
beyond the power of any student who thoroughly understands 
the preceding principles ; and the teacher can easily supply a • 
greater number of similar exercises if it should be thought expe- 
dient. 

As the demand has frequently been made for a brief treatise 
on Trigonometry to accompany the volume on Geometry, a con- 
cise outline of Plane Trigonometry has been added to this vol- 
ume, together with a Table of Logarithms, and of Sines and Tan- , 
gents sufficiently extensive for the solution of all the problems 
contained in this Treatise. 

Throughout the entire volume I have aimed to remove difficul- 
ties to such an extent as not to discourage any faithful student, 
and yet have designed.to leave sufficient difficulty to call out his 
best exertions ; since that does not deserve the name of educa- 
tion which does not summon the student to grapple with diffi- 
culties ; and each one is conscious that every difficulty which is 
overcome by his own efforts imparts increased power to sur- 
mount fresh difficulties. 

I have again to acknowledge my obligations to Professor H. A 
Newton, who has carefully read all the proofs of that part of this 
volume embracing Conic Sections and Plane Trigonometry. 
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SKETCH OF THE HISTOEY 

OF 

ELEMENTARY GEOMETRY. 



The term Geometry is derived from ywfUTplaf a Greek word, signliying 
the science of land-miamring. Ancient writers have generally supposed 
that this science was first cultivated in Egypt, and Herodotus ascribed 
the origin of Geometry to the time when Sesostris divided the country 
among the inhabitants. Aristotle attributed the invention to the Egyp- 
tian priests, who, living secluded from the world, had abundant leisure for 
study. 

Thales of Miletus, in Asia Minor, who was bom about 640 years before 
Christ, transplanted the sciences, and particularly mathematics, from Egypt 
into Greece. He resided for some time in Egypt, and formed an acquaint- 
ance with its priests. He is said to have measured the height of the Pyr- 
amids by means of their shadow, and determined the distance of vessels 
remote from the shore by the principles of Geometry. On his return to 
Greece he founded what has been dialled the Ionian school, from Ionia, 
his native country. To him are attributed various discbvieries concerning 
the circle and the comparison of triangles, and he first discovered that all 
angles in a semicircle are right angles. 

One of the disciples of Thales composed an elementary treatise on Ge- 
ometry — ^the earliest on record, and he is said to have invented the gno- 
mon, geographical charts, and sun-dials. Anaxagoras, having been cast 
into prison on account of his opinions relating to Astronomy, employed 
his time in attempting to square the circle. 

Pythagoras was one of the earliest and most successfril cultivators of Ge- 
ometry. He was bom about 580 years before Christ, studied under Thales, 
and traveled in Egypt and India. On his retum he settled in Italy, and 
there founded one of the most celebrated schools of antiquity. He is said 
to have discovered that in a right-angled triangle the square of the hy- 
pothenuse is equal to the sum of the squares on the two legs. He discov- 
ered that the circle has a greater area than any other plane figure having 
an «qual perimeter, and that a sphere has a similar property among solids. 
He also discovered the properties of the regular solids, and the incom- 
mensurability of certain lines. One of the pupils of Pythagoras solved 
the problem of finding two mean proportionals between two straight lines. 

Hippocrates, of the island of Chios, who lived about 400 years before 
Christ, was one of the best geometers of his time. He was the first who 
effected the quadrature of a cuirilinear space by finding a rectilinear one 
equal to it. He showed that the crescent, bounded by half the circumfer- 
ence of one circle, and one fourth the circumference of another, is equal to 
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an isosceles right-angled triangle whose hypothenuse ia the common chord 
of the two arcs. He also showed that the duplication of the pube depends 
on the finding of two mean proportionals between two given lines. 

One of the most distinguished promoters of science among the Greeks 
was the celebrated philosopher Plato. He traveled in Egypt and Italy, 
and) on his return to Greece,, made mathematics the basis of his instruc- 
tion. He put an inscription over the door of his school forbidding any 
one to enter who did not understand Geometry ; and, when questioned 
concerning the probable employment of the Deity, answered that he ge- 
cmetrised covtinuaMy, Plato is reported to have invented the geometrical 
analysis, and the conic sections were first studied in his school. 

The problem concerning the duplication of the cube acquired its celel> 
rity about the time of Plato, who gave a solution of the problem himself, 
and it was also resolved by several other geometers. Another celebrated 
problem which occupied much attention in the school of Plato was the 
triseetion of an angle. The geometricians of that school failed, as all oth- 
ers have done, in solving this problem by means of elementary Geometry. 
While they failed in their main object, their exertions were not thrown 
away, as they made valuable discoveries regarding the conic sections and 
other branches of Geometry. Eudoxus, a contemporary of Plato, found 
the measure of the pyramid and cone, and cultivated the theoiy of the 
conic sections. 

After the time of Plato, the most remarkable epoch in the history of 
Geometry was the establishment of the school of Alexandria, about 300 
years before Christ. It was here that the celebrated geometer Euclid 
flourished under the first of the Ptolemies. iJis native place is not known, 
but he studied at Athens, under the disciples of Plato, before he settled 
At Alexandria. It is recorded of Euclid that, when Ptolemy asked him 
whether there was no easier means of acquiring a knowledge of Geome- 
try than that given in his Elements, he replied, " No, sir ; there is no royal 
road to Geometry." Euclid composed treatises on various branches of the 
ancient mathematics ; but he is best known by his Elements, a work on 
Geometry and Arithmetic, in thirteen books, under which he has collected 
all the elementary truths of Geometry which had been found before his 
time. This work has been translated into the languages of all nations 
that have made any considerable progress in civilization since it was first 
published, and has been more generally used for the purposes of teaching 
than any other work on abstract science that has ever appeared. 

Of Euclid's Elements, the first four books treat of the properties of plane 
figures ; the fifth contains the theory of proportion, and the sixth its ap- 
plication to plane figures ; the seventh, eighth, ninth, and tenth relate to 
Arithmetic, and the doctrine of incommensurables ; the eleventh and 
twelfth contain the elements of the geometry of solids, and the thirteenth 
treats of the five regular solids. Two books more — viz., the fourteenth 
and fifteenth — on regular solids, have been attributed to Euclid, but are 
supposed to have been written about two centuries later. 
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It is only the 'first six, and the eleventh and twelfth, that are now muck 
used in the schools. 

After Euclid comes Archimedes, bom at Syracuse about the year 287 
B.C. He wrote two books on- the sphere and cylinder, containing the 
discovery that the sphere is two thirds of the circumscribing cylinder, 
whether we compare their surfaces or solidities. In his book on the 
measure of the circle, he proves that if the diameter of a circle be reckon- 
ed unity, the circumference will be iSetween 3^ and 3^^. In his trea- 
tise on conoids and spheroids, he compares the area of an ellipse with that 
of a circle ; and he proved that the area of any segment of a parabola cut 
off by a chord is two thirds of the circumscribing parallelogram. 

After Archimedes comes ApoUonius of Perga, in Pamphylia, bom about 
250 B.C. He studied in the Alexandrian school under the successors of 
Euclid, and so highly esteemed were his discoveries that he acquired the 
name of the Chreat Oeometer. His treatise on the Conic Sections has con- 
tributed principally to his celebrity. During the five or six subsequent 
centuries we find a numerous list of mathematicians, most of whom are 
chiefly known as cultivators of Astronomy, and some as writers on Geom- 
etry. Near the close of the fourth century after Christ, Hypatia, the 
daughter of Theon, wrote commentaries on ApoUonius and Diophantus, 
and was so learned in Geometry that she was judged worthy to succeed 
her father in the Alexandrian school. The school of Alexandria ceased 
in A.D. 640, when that city was taken by the Saracens. 

In subsequent centuries the Arabs cultivated Astronomy and Gteometry, 
and, after the revival of learning, the elements of Euclid were first known 
in Europe through the medium of an Arabic translation. In the fifteenth 
century, Vieta carried the approximate value of the ratio of the diameter 
of a circle to its circumference as far as eleven figures, and Adrianus Ro- 
manus carried the approximation as far as seventeen decimal figures. In 
the seventeenth century. Van Ceulen carried this approximation to thirty- 
five decimal figures. 

Albert Girard, a Flemish mathematician in the seventeenth century, was 
the first who determined the surface of a spherical triangle, or of a poly- 
gon bounded by great circles on the sphere. Kepler was the first to in- 
troduce the idea of infinity into the language of geometry. He regarded 
the circle as composed of an infinite number of triangles, having their ver- 
tices at the centre ; the cone as composed of an infinite number of pyra- 
mids, all having the same vertex as the cone. 

The application of Algebra to Geometry by Descartes, in the early part 
of the seventeenth century, produced a complete revolution in this science. 
By bringing Geometry under the dominion of Algebra, the investigation! 
are ft«ed from that cumbrous formality which, however admirable in the 
elements of science, and however well it may be calculated to discipline 
the mind, is powerless in the more advanced researches of science. This 
application of Algebra has been reduced to a systematic form, constituting 
1^ separate branch of science, which is generally called Analytic Geometry, 

A 2 
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During the present century Geometry has been most successfully culti* 
yated by the French. The treatise on Elementary Geometry which, next 
to that of Euclid, has been most extensively adopted, is the treatise of Le< 
gendre, first published in 1794, and which has lately receiyed important 
additions and modifications by Blanchet. The present yolume follows 
substantially the order ofBlanchet's Legendre, while the form of the dem- 
onstrations is modeled after the more logical method of Euclid. 



The problem of the duplication of the cube, or its equivalent, the find- 
ing of two mean proportionals between two given magnitudes, is sup- 
posed to have first called the attention of mathematicians to the conic sec- 
tions. If four quantities, as A, B, 0, D, are in continued proportion, then 
A' : B' : : A : D ; that is, we could find a cube which should have any giv- 
en ratio to a given cube, provided we could find two mean proportionals 
between A and D. Thus 24 and 86 are two mean proportionals between 
16 and 54, This problem can not be resolved merely by straight lines and 
circles — ^the only lines at ^t admitted into Geometry, and hence it be- 
came necessary to inquire what other lines would afibrd a solution of this 
and similar problems, and this investigation led to the study of the Conic 
Sections. We know little more than the names of the early cultivators of 
this branch of science, among whom are Aristseus, Euclid, Conon, and Ar- 
chimedes. Archimedes demonstrated that the area of a pUrabpla is two 
thirds of that of the circumscribing parallelogram ; and he also showed 
what was the ratio of elliptic areas to their circumscribing circles, and of 
solids formed by the revolution of the difierent sections to their circum- 
scribing cylinders. 

ApoUonius of Perga wrote a work on Conic Sections, consisting of eight 
books ; the first four are supposed to comprehend all that was known on 
the subject before his time, and the remaining books are supposed to have 
contained his own discoveries. The first seven books of ApoUonius^s Con 
ics haye been preserved, and the eighth has been, restored by Dr. Halley 
from the hints afforded by the account given of it by Pappus, a writer of 
the fourth century. 

In the early ages of Science, the Conic Sections were studied merely as a 
geometrical theory, but the discoveries of modem times have rendered it 
the most interesting speculation in Pure Geometry.. Galileo showed that 
the path of a body projected obliquely in a vacuum is a parabola, and 
Kepler discovered that the planetary orbits are ellipses. Newton demon- 
strated that a body which revolves under the influence of a central force 
like gravitation, whose intensity decreases as the square of the distance 
increases, must move in one of the conic sections — that is, either a parab- 
ola, an ellipse, or an hyperbola. These discoveries have incorporated the 
theory of the Conic Sections with those of Astronomy and the other branch. 
OS of Natural Philosophy. 
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BOOK I 

GENERAL PRINCIPLES. 
JDeJlnitions, 

1. EvEBY material object occapies a limited portion of space. 
The portion- of space which a body occupies, considered sepa- 
rately from the matter of which the body is composed, is called 
a Geometrical solid. The material body which occupies the given 
space is called vl Physical solid. A geometrical solid is, therefore, 
merely the space occupied by a physical solid. In this treatise, 
only geometrical solids are considered, and they are called simply 
solids. 

A solid is, then, a limited portion of space. 

2. The surface of a solid is the limit or boundary which sepa- 
rates it Irom the surrounding space. 

3. When one surface is cut by another surface, their common 
section is called a line. 

4. When two lines cut each other, their common section is 
called 2^ point. 

5. Although we may derive the idea of a point from the con- 
sideration of lines, the idea of a line from the consideration of 
surfaces, and the idea of a surface from the consideration of a 
solid, we may conceive of a surface as independent of the space 
of which it is the boundary ; we may conceive of a line as inde- 
pendent of the surfaces of which it is the common section, and as 
existing separately in space ; and we may conceive of a point as 
independent of the lines of which it is the common section, and af« 
having only position in space. 

6. A solid has extension in all directions ; but, for the purpose 
of measuring its magnitude more conveniently, we consider it as 
having three specific dimensions, called lengthy breadthy and thick- 
ness. 

7. A surface has only two dimensions, length and breadth. 
A line ba^only one dimension, viz., length. 
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A point has no extension, and therefore neither length, breadth, 
nor thickness.* 

ABC D ^' ^ Straight line is a line which is the shortest 

path between any two of its points, as ABCD. 
P 9. A broken line is a line composed of differ^ 
ent straight linefr, as ABCDEF. 
10. A curved Une^ or simply a curve^ is a line 
no portion of which is straight, as ABC. 
For the sake of brevity, the word line is often used to denote 
a straight line. 

11, A plane surface^ or simply Siplane^ is a 
surface in which, if any two points are taken, 
the straight line which joins them lies wholly 
in that surface, f 

12. A curved surface is a surface no portion of which is plane. 

13. A geometrical figure is any combination of points, lines, 
surfaces, or solids. 

Figures formed by points and lines in a plane are called ^/and 
figures. 

14. Geometry is the science which treats of the properties of 
figures, of their construction, and of their measurement. 

15. Plane geometry treats of plane figures. Geometry ofspace^ 
or geometry of three dimensions, treats of figures all of whose 
points are not situated in the same plane. 

16. When two straight hnes meet together, their mutual incli- 
nation, or degree of opening, is called an angle. The point in 
which the straight lines meet is called the vertex of the angle, 
and the lines are called the sides of the angle.J 

* In geometrical figures or diagrams we are obliged to employ physical lines 
and points instead of mathematical ones, since the finest line that we can draw 
has breadth. Our reasoning is not, however, thereby vitiated, because it is con- 
dacted on the supposition that the lines have no breadth, and nothing in our rea- 
soning depends upon the breadth of the lines in our diagram. 

t If two points be taken upon the surface of a ball, the straight line which joins 
them will lie within the ball, and not on its surface. Therefore the sur&ce of a 
ball is not a plane surface. 

t A clear idea of the nature of an angle may be obtained by supposing thaff one 
of its sides, as AC, at first coincided with the other side AB, and 
that it has revolved about the point A (turning about A as one leg 
1( of a pair of compasses), until it has reached the position AC. By 
continuing the revolution, an angle of any magnitude may be formed. It is evi- 
dcnt that the mtTjEmltude of the angle does not depend upon the length of its cides. 
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If there is only one angle at a point, it may be 
denoted by a letter placed at the vertex, as the 
angle at A. 

Bat when several angles are formed at the same 
point by different lines, either of the angles may 
be denoted by three letters, namely, by one letter 
on each of its sides, together with one at its ver- 
tex, which must be written between the other two. 
Thus the lines CB, CE, CD form three different angles, which are 
distingilished as BCE, ECD, and BCD. 

17. Angles are measured by degrees. A degree is one of the 
three hundred and sixty equal parts of the angular space about 
a point in a plane. (See B. IIL, Pr. 14.) 

18. Angles, like other quantities, may be added, subtracted, 
multiplied, or divided. 

Thus the angle BCD is the sum of the two angles BCE, ECD, 
and the angle ECD is the difference between the two angles 
BCD, BCE. 

19. When one straight line meets another so as to make two 
adjacent angles e(}ual, each of these angles is called 
a right angle^ and the first line is said to be per- 
pendicular to the second. 

Thus, if the line CD, meeting the line AB, makes -^ c B 
the angles ACD, BCD equal, each is a right angle, and the line 
CD is pei*pendicular to AB. 

20. An (icute angle is one which is less than a right 
angle. 

An obtuse angle is one which is greater than a right angle. 

21. Intersecting lines which are not perpendicular 
are said to be oblique to each other, and angles which 
are not right angles are sometimes called oblique, 

22. When the sum of two angles is equal to a 
right angle, each is called the complement of the 
other. Thus, if BCD is a right angle, BCE is the 
complement of DCE, and DCE is the comple- 
ment of BCE. 

23. When the sum of two angles is equal to two right angle?, 
each is called the supplement of the other. Thus, if ACE and 
BCE are together equal to two right angles, then ACE is the 
supplement of BCE. 
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»• 24. ParaUd straight lines are such as are in 
the same plane, and which, being produced ever 
■» so far both ways, do not meet, as AB, CD. 

25. A rectilineal figure^ or polygon, is a portion 
of a plane bounded by straight lines, as ABCDEF. 
The bounding lines are called the sides of the poly* 
gon ; and the sides, taken together, form the^penm- 
e^er of the polygon. 

26. A diagonal of a polygon is a line joining the vertices of 
(wo angles not adjacent to each other, as AC or AD, 

27. The polygon of three sides is the simplest of all, and Is 
called a triangle; that of four sides is called a quadrilateral ;, 
that of ^\e<i 2l pentagon ; that of six, a hexagon, etc. 

28. A trianocle is called scalene when no two of 
its sides are equal, as ABC. 






A triangle is called isosceles when two of its sides are 
equal, as DEF. 



A triangle is called equilateral when its three sides 
are equal, as GHI. 



•29. A right-angled triangle is one which has a 
right angle, as ABC, which is right-angled at B. 
■;i The side AC, opposite to the right angle, is called 
the Jiypothentiae, 
An obtuse-angled triangle is one which has an obtuse angle. 
An acutCrangled triangle is one w^hich has three acute angles. 

30. The base of a triangle is the side upon which it is supposed 
to stand. Any side may be assumed as the base, but 
in an isosceles triangle that side is called the base 
which is not equal to either of the others. When 
any side AB of a trianglie has been adopted as the 
base, the angle ACB opposite to it is called the verti* 
cal angle. 

31. Quadrilaterals are divided into classes as follows: 
c 

1st. The trapezium, having no two sides paral 
lel,asABCD. 
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2d. The trapezoid^ which has two sides parallel. / \ 

L 1 

3d. The parallelogram^ which has two pairs of 
parallel sides. 

32. Parallelograms are divided into classes as follows : 

1st. The rhomboid, yiYiO^e angles are not right 
angles, and its adjacent sides are not necessarily- 
equal. 

2^1. The rhombus, which is an equilateral rhom- 
boid. 

3d. The rectangle, which has all its angles right an- 
gleSf but all its sides are not necessarily equal 
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4th. The square, which is an equilateral rectangle. 

33. An equilateral polygon is one which has all its sides equaL 
An equiangular polygon is one which has all its angles equal. 

34. Two polygons are mutually equilateral when the 6ide» of 
the one are equal to the correspond- 
ing sides of the other, each to each, 
and arranged in the same order, as 
ABCD, EFGH. The equal sides are 
called homologous sides, as AB, EF. 

35. Two polygons are mutually equiangular when the angles 
of the one are equal to the corresponding ^^ 
angles of the other, each to each, and ar- 3>, 
ranged in the same order, as ABCD, EFGH. 
The equal angles are called homologous 
angles, as A and E. ^ 

36. A convex polygon is such that a straight line, 
however drawn, can not'meet the perimeter of the 
polygon in mofe than two points, as ABODE. ^ ^ 

37. A concave polygon is such that a straight line may be 
drawn meeting the perimeter of the polygon in 
more thau two points, as ABCDEFG. The angle 
D, contained by two re-entrant sides, is called a 
re-entrant angle. All the polygons hereafter con- 
sidered will be understood to be convex, unless 
the contrary is stated. 

38. An axdom is a truth assumed as self-evident. 
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39. A theorem is a truth which becomes evident by a train of 
reasoninor called a demonstration, 

•40. A problem is a question proposed which requires a solu- 
tion. 

41. A postulate is a problem so simple that it is unnecessary to 
point out the method of performing it. 

42. A proposition is a general teim for either a theorem or a 
problem. 

43. One propositiiJn is the converse of another when the con- 
clusion of the first is made the supposition of the second. 

44. A corollary is an immediate consequence deduced from one 
or more propositions.' 

45. A scholium, is a remark upon one or more propositions, 
pointing out their connection, their use, their limitation, or their 
extension. 

46. An hypothesis is a supposition made either in the enuncia- 
tion of a proposition or in the course of a demonstration. 

Axioms. 

1. Things which are equal to the same thing, or to equals, are 
equal to one another. 

2. If equals, or the same, be added to equals, the wholes are 
equal.* 

3. If equals, or the same, be taken from equals, the remainders 
are equal. 

4. If equals, or the same, be added to unequals, the wholes are 
unequal. 

5. If equals, or the same, be taken from unequals, the remain 
ders are unequal. 

6. Things which are doubles of the same, or of equals, are equal 
to one another. 

V. Things which are halves of the sanle, or of equals, are equal 
to one another. * 

8. Magnitudes which coincide with one another, that is, which 
exactly fill the same space, are equal to one another. 

9. The whole is greater than any of its parts. 

10. The whole is equal to the sum of all its'parts. 

* When this axiom is applied to geometrical magnitudes, it mast be understood 
to refer simplj to equality of areas. If is not designed to assert that when equal 
triangles are united to equal triangles, the resulting figures will admit of coinci- 
dence by superposition^ 
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11. From one point to another only one straight line can be 
drawn. 

12. Two straight lines which intersect one another can not 
both be parallel to the same straight line. 

Mcplanation of Signs, 

For the sake of brevity, it is convenient to employ in Geometry 
some of the signs of Algebra. The following are those which are 
most frequently employed : 

The sign = denotes that the quantities between which it stands 
are equal ; thus the expression A=B signifies that A is equal to B. 

The sign > or < denotes inequality. Thus A>B denotes that 
A is greater than B ; and A<B denotes that A Is less than B. 

The sign + is csHledplus, and indicates addition; thus A+B 
represents the sum of the quantities A iand B. 

The sign — is called minuSj and indicates subtraction ; thus 
A— B represents what remains after subtracting B from A. 

The sign X indicates multiplication; thus A x B denotes the 
product of A by B. Instead of the sign x, a point is sometimes 
employed; thiis A.B is the same as AxB. The same product 
is also sometimes represented without any intermediate sign, by 
AB ; but this expression should not be employed when there is 
any danger of confounding it with the line AB. 

A parenthesis ( ) indicates that several quantities are to be 
subjected to the same operation; thus the expression Ax(B+ 
C— D) represents the product of A by the quantity B+C— D. 

A . . 

The expression z^ indicates the quotient arising from dividing 

A by B. 

A number placed before a line or a quantity is to be regarded 
AS a multiplier of that line or quantity; thus 3AB denotes that 
the line AB is taken three times ; -^A denotes the half of A. 

The square of the line AB is denoted by AB^ ; its cube by 
AB3. 

The sign -y/ indicates a root to be extracted ; thus ^2 denotes 

the square root of 2 ; -y^A x B denotes the square root of the 
product of A and B. 

N.B. — The first six hooks treat 07ily of plane figures^ or figures 
drawn on a plane surface. 
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PROPOSITION I. THEOREM, 

From, a given point in a straight line one perpendicular to thai, 
line can be dravm^ and but one. 

Let AB be a given straight line,^and C a 
given point in it. From the point C one per- 
pendicular can be drawn to the line AB, and 

X c^ B only one can be drawn. 

Suppose that while one extremity of a straight line remains 
fixed at C, the line itself turns about this point from the position 
CB to the position CD. In each of its successive positions it 
makes two different angles with the line AB; one angle DCB 
with the portion CB, and another angle ACD with the portion 
AC. While the line revolves from the position CB around to 
to the position AC, the angle DCB, -which begins fronx iero, is 
continually increasing; while the angle ACD, which at first ia 
greater than DCB, is continually decreasing until it becomes zero. 
The angle DCB, which at first was smaller than ACD, becomes 
at last greater than ACD. There mu&t, therefore, be one posi- 
tion of the revolving line, as CE, where these two angles are 
equal ; and it is evident that there can be but one such position. 
Therefore, from a given point in a straight line, one perpendicu- 
lar can be drawn, and but one.* 

p jH CoToUary, All right angles are equal 

to each other. Let the straight line DC 
be perpendicular to AB, and GH to EF ; 
A c B E G & then will each of the angles ACD, BCD 
be equal to each of the angles EGH, FGH. 

Let the line AB be applied to the line EF so as to coincide 
with it, and in such a manner that the point C shall fall upon G ; 
then will the line CD take the direction GH; otherwise there 
would be two perpendiculars to the line AB drawn from the same 
point C, which, by the preceding Proposition, is impossible. There- 

■■ .^M ■■■ ■■■ ■ . ■« ■■ I !■■■■ ■...■■■ I ..I ■■ I I. ■ .1 ■! ■ ■ ■ - 1 ■^ II. I I ■ ..■■^^— — ^ 

* The words in which a Proposition is expressed are called its enunciation. If 
the enunciation refer to a particular diagram, it is called a particuhr enunciation, 
otherwise it is a general one. 

A demonstration is a series of arguments which establish the truth of a theorem. 
The drawing of such lines as may be necessary to a demonstration is called tho 
construction. 

Under each proposition there is usually given, firsts the general enunciation ; 
iecond, the particular enunciation ; third, the construction ; aadf/ourth, the dem' 
onstration. 
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fore the line CD must coincide with the line GH, and the angle 
ACD will be equal to EGH, and BCD to FGH (Axiom 8), and 
the four angles will be equal to each. other (Ax. 1). 

PROPOsinoiir ii. theorem. 
The angles which one straight line inakes with another^ upon 
one side of it, are either two right angles, or are together equal to 
two right angles. ' ' . 

Let the straight line AB make with CD, upon j 

one side of it, the angles ABC, ABD ; these are 
either two right angles, or are together equal to 
two risrht ansrles. 




. For if the angle ABC is equal to ABD, each of C B d 

them is a i-ight angle (Def. 19) ; but if these angles are unequal, 
suppose the line BE to be drawn from the point 
B, perpendicular to CD ; then will each of the 
angles CBE, DBE be a right angle. Now the 

angle CBA is equal to the sum of the two an-. 

gles CBE, EBA. To each of these equals add c 

the angle ABD ; then the sum of the two angles CBA, ABD will 

be equal to the sum of the three angles CBE, EBA, ABD (Ax. 2). 

Again, the angle DBE is equal to the sum of the two angles 
DBA, ^BE. Add to each of these equals the angle EBC ; then 
will the sum of the two angles DBE, EBC be equal to the sura 
of the three angles DBA, ABE, EBC. Now things that are equal 
to the same thing are equal to each other (Ax. 1) ; therefore the 
sum of the angles CBA, ABD is equal to the sum of the angles 
CBE, EBD. But CBE, EBD are two right angles ; therefore 
ABC, ABD are together equal to two right angles. Therefore, 
the angles which one straight line, etc. 

Cor. 1. If one of the angles ABC, ABD is a right angle, th«^ 
other is also a right angle. 

Cor. 2. If the line DE is perpendicular to AB, 
conversely, AB is perpendicular to DE. 

For, because DE is pei'pendicular to AB, the A C 
angle DC A must be equal to its adjacent angle 
DCB (Def. 19), and each of them must be a right 
angle. But sinice ACD is a right angle, its adjacent angle, ACE, 
must also be a right angle (Cor. 1). Hence the angle ACE is 
equal to the angle ACD (Pr. 1, for.), and AB is perpendicular to 
DE. 
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Cot. 3. The sum of all the angles BAG, 

<E CAD, DAE, EAF, formed on the same side 

of the line BF, at a common point A, is equal 

to two right angles ; for their sum is equal 

B A 5" to that of the two adjacent angles BAD, 

DAF, which, by the Proposition, is equal to two right angles. 

PROPOSITION ni. THEOREM {Conversc of Prop. IL). 
IfyOt a point in a straight line^ two other straight U'^es^ upon 
the opposite sides ofit^ make the adjac^t angles together equal to 
two right angles^ these two straight lines are in one and the same 
straight line. 

. At the point B, in the straight line AB, let the two straight 
lines BG,BD, upon the opposite sides of AB, make the adjacent 

angles, ABC, ABD, together equal to two 

light angles ; then will BD be in the same 

straight line with CB. 
E For, if BD is not in the same straight line 

with CB, let BE be in the same straight 
^ ■" line with it ; then, because the straight line 

CBE is met by the straight line AB, the angles ABC, ABE are 
together equal to two right angles (Pr. 2). But, by hypothesis, 
the angles ABC, ABD are together equal to two right^ angles ; 
. therefore the sum of the angles ABC, ABE is equal to the sum 
of the angles ABC, ABD. Take away the common angle ABC, 
and the remaining angle ABE is equal (Ax. 3) to the remaining 
angle ABD; the less to the greater, which is impossible. Hence 
BE is not in the same straight line with BC ; and iii like man 
ner it may be proved that no other can be in the same straight 
line with it but BD.. Therefore, if, at a point, etc.* 

* The enunciation of a theorem embraces two parts, an hi/pothens and a eonclu^ 
gion. The hypothesis is a supposition made, and the conclasion is a consequence 
of the supposition. Prop. 3 might be enunciated thus : Hypothesis, if, at a point 
in a straight line, two other straight lines upon the opposite sides of it make the 
adjacent angles together equal to two right angles, then, Conclusion, these two 
straight lines are in one and the same straight line. 

Proposition 3d is the converge of the 2d ; that is, the conclusion of the 3d is the 
hypothesis in the 2d. 

Proposition 2d may be enunciated thus : Hypothesis, if, at a point in a straight 
line, two other straight lines upon opposite sides form but one straight line, then^ 
Conclusion, the two adjacent angles are together equal to two right angles. 

Demonstrations are either direct or indirect. The direct demonstration com« 
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PBOPOsrnoN iv. theobem. 

TtJDO straight lineSyWhich have two points common^ coincide with 
each other throughout their whole extent^ and form but one and the 
•same straight line. 

Let there be two straight lines having P| 

the points A and B in common ; these lines ! 

will coincide throughout their whole extent. j •«• 

It is plain that the tw^o lines must coin- j^ ' — ' 

cide between A and B, for otherwise there A. B C . D 
would be two straight lines between A and B, which is impossi- 
ble (Ax. 11). 

Suppose, however, that, on being produced, these lines begin to 
diverge at the point. C, one taking the direction CD, and the oth- 
er CE. From the point C draw the line CF at right angles with 
AC ; then, since ACD is a straight line, the angle FCD is a right 
angle (Pr. 2, Cor. 1) ; and, since ACE is a straight line, the angle 
FCE is also a right angle; therefore (Pr. l,Cor.) the angle FCE 
is equal to the angle FCD, the less to the greater, which is ab- 
surd. Therefore two straight lines which have, etc. 

PEOPOSmON V. THEOBEM. 

If two straight lines cut one another^ the vertical or opposite an* 
gles are equal. 

Let the two straight lines AB, CD cut one another in the point 
E ; then will the angle AEC be equal to the an.- c^ 
gle BED, and the angle AED to the angle CEB. 

For the angles AEC, AED, which the straight A 
line AE makes with the straight line CD, are to- 
gether equal to two right angles (Pr. 2) ; and the angles AED, 
DEB, which the straight . line DE makes with the straight line 
AB, are also together equal to two right angles ; therefore the 
Bum of the two angles AEC, AED is equal to the sum of the two 
angles AED, DEB. Take away the common angle AED, and 

mences with what has been already admitted or proyed to be trae, and from this 
dedaces a series of other truths, tiUit finally arrives at the tmth to be proved. 

In the indirect demonstration, or, as it is also called, the redttctio ad ahsurdumy 
a supposition is made which is contrary to the conclusion to be established. On 
this assumption a demonstration is founded, which leads to a result contrary to 
some known truth, thus proving the tmth of the proposition by showing that the 
sapposition of its contrary leads to an absurd conclusion. 
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the remaining angle AEC is equal to the remaining angle DEB 
(Ax. 3). 

In the same manner it may be proved that the angle AEf) is 
equal to the angle CEB. Therefore, if two straight lines, etc. 

Cor.l. Hence, if two straight lines cut one another, the. four 
angles formed at the point of intersection are together equal to 
four right angles. 

Cor. 2. If any number of straight lines AB, AC, 
etc., meet at .a point A, the sum of all the angles 
BAC,CAD,DAE,EAF,FAB,willbe equal to four 
right angles. For if two straight lines are drawn* ' 
through A perpendicular to each other, the four 
right angles thus formed will together be equal to the suni of all 
the angles BAC, CAD, etc., formed about A. 

. PROPOSITION VI. THEOREM. 

If two triangles have two sides, and the included angle of the 
9ne equal to two sides and the included angle of the other^ each to 
€achy the two triangles wiH be equal, their third sides will be equal, 
nnd their other angles will be equM, each to each. 

Let ABC, DEF be two triangles, 
having the side AB equal to DE, and 
AC to DF, and also the angle A equal 
to the angle D ; then will the triangle 
ABC be equal to the triangle DEF. 
For, if the triangle ABC be applied to the triangle DEF, so 
that the point A may be on D, and the straight line AB upoii 
DE, the point B will coincide with the point E, because AB is 
equal to DE ; and AB coinciding with DE, AC will coincide 
with DF, because the angle A is equal to the angle D. Hence, 
also, the point C will coincide with the point F, because. AC is 
equal to DF. But the point B coincides with the point E, there- 
fore the base BC'will coincide with the base EF (Ax. 11), and 
will be equal to it. Hence, also, the whole triangle ABC will co- 
incide with the whole triangle DEF, and will be equal to it, and 
the remaining angles of the one will coincide with the remaining 
angles of the other, and be equal to them, viz., the angle ABO to 
the angle DEF; and the angle ACB to the angle DFE. There- 
fore, if two triangles, etc. 
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PBOPOSinON VII. THEOBEM.. 

If two triangles have two angles^ and the included side of the 
one equal to two angles and the included side of the other ^ each 
to ea^h^ the two triangles wiU be equal^ the other sides wiU be equal 
each to each^ and the third angle of the one to the third angle of 
the other. 

Let ABC, DEP be two triangles having 
the anglb B equal to £, the angle C equal to 
F, and the included sides BC, EF equal to 
each other ; then will the triangle ABC be 
equal to the triangle DEF. » c e "Ip 

Foi*, if the triangle* ABC be applied to the triangle DEF, so 
that the point B may be on £, and the straight line BC upon £F, 
the point C will coincide with the point F, because BC is equal 
to EF. - Also, since the angle B is equal to the angle £, the side 
BA will take the direction ED, and therefore the point A will bo 
found somewhere in the line DE. And, because the angle C is 
equal to the angle F, the line CA will take the direction FD, and 
the point A will be found somewhere in the line DF; therefore 
the point A, being found at the same iime in the two straight 
lines DE, DF, must fall at their intersection^D. Hence the two 
triangles ABC, DEF coincide throughout, and are equal to each 
dther ; also, the two sides AB, AC are equal to the two sides DE, 
DF, each to each, and the angle A to the angle D. Therefore, if 
two triangles, etc. 

PROPOSITION VIII. THEOEEM. 

An7/ side of a triangle is less than the sum of the other, two. 

Let ABC be a triangle ; any one of its sides 
is less thaii the sum ofl^he other two, via, the 
side AB is less than the sum of AC and BC ; 
BC is less than the sum of AB and AC ; and 
AC is less than the sum of AB and BC. 

For the straight line AB is the shortest path between the, 
points A and B (Def. 8) ; hence AB is less than the sum of AC 
and BC. For the same i*eason, BC is less than the sum of AB 
and AC, and AC less than the sum of AB and BC. Therefore, 
any two sides etc. ^ 
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PBOPOSmON IX. THEOBEM. 

If ^ from a point within a triangle^ two straight lines are dravm 
to the extremities of either side, their simi wiU be less than the sum 
of the other two sides of the triangle. 

Let the two straight lines BD, CD be drawn 
from D, a point within the triangle ABC, to 
the extremities of the side BC ; then will the 
sum of BD and DC be less than the sum of 
BA, AC, the other two sides of the triangle. 
Produce BD until it meets the side AC in 
^ E ; and, because one side of a triangle is less 
than the sum of the other two (Pr. 8), the Side CD of the triangle 
CDE is less than the sum of CE and ED. To each of these add 
DB; then will the sum of CD and BD be less than the svim of 
CEandEB. 

Again, because the side BE of the triangle BAE is less than 
the sum of BA and AE, if EC be added to each, the sum of BE 
and EC will be less than the sum of BA and AC. But it has been 
proved that the sum of BD and DC is less than the sum of BE 
and EC ; much more, then, is the sum of BD and DC less than 
the sum of BA and AC. Therefore, if from a point, Btc. 

PEOPOSinON X. THEOBEM. 

The angles at the hase of an isosceles triangle are equal to one 
another. 

Let ABC be an isosceles triangle, of which the side 
AB is equal to AC ; then will the angle B be equal to 
the angle C. 

For, conceive the angle BAC to be bisected by the 
straight line AD ;* then, in tRe two triangles ABD, 
ACD, two. sides AB, AD, and the included angle in 
the one, are equal to the two sides AC, AD, and the included an- 

♦ Throughout this Treatise we shall assume the possibility of constructing our 
figures, although the methods of constructing them have not yet been explained. 
It ia not essential to a geometrical demonstration that the precise mode of con- 
structing the figures should be previously given. For the purpose of discovering 
the properties of figures, we are at liberty to suppose any figure to be constructed, 
or any line to be drawn, whose existence does not involve an impossibility. We 
shall show hereafter how the figarcs employed in these demonstrations may be 
constructed. 
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gle in the other; therefore (Pr. 6) the angle B is equal to the an- 
gle C. Therefore the angles at the base, etc. . 

Gor. 1. Hence, also, the line BD is equal to DC, and the angle 
ADB equal to ADC ; consequently, each of these angles is a right 
angle (Def. 19). Therefore^A^ line bisecting the vertical angle of 
an isosceles triangle bisects the base at right angles; and, converse- 
ly, the line bisecting the base of an isosceles triangle at right an^ 
gles bisects also the vertical angle. 

Cor. 2. Every equilateral triangle is also equiangular. 

PEOPOsiTioN XL THEOEEM {Conversc ofBrop. jr.). 
If two angles of a tHangle are equal to one another^ the qppo* 
site sides are also equal. 

Let ABC be a triangle having the angle ABC 
equal to the angle ACB ; then will the side AB be 
equal to the side AC. 

For if AB is not equal to AC, one of them must 
be greater than the other. Let AB be the greater, 
and from it cut off DB equal to AC the less, and 
join CD. 

Then, because in the triangles DBC, ACB, DB is 
equal to AC, and BC is common to both triangles, also, by sup- 
position, the angle DBC is equal to the angle ACB ; therefore 
the triangle DBC is equal to the triangle ACB (Pr. 6), the less to 
the greater, which is absurd. Hence AB is not unequal to AC, 
that is, it is equal to it. Therefore, if two angles, etc. 

Cor. Hence every equiangular triangle is also equilateral 

• 

PROPOSITION XII. THEOEEM. 

The greater side of every triangle is opposite to the greater an- 
gle ; and^ conversely^ the greater angle is opposite to the greater 
side. 

Let ABC be a triangle, having the angle ABC 
greater than the angle ACB ; then will the side AC 
be greater than the side AB. 

Draw the straight line BD, making the angle DBC 
equal to C ; then, in the triangle BCD, the side CD 
must be equal to BD (Pr. 11). Add AD to each; 
then will the sum of AD and DC be equal to the sum of AD and 
DB. But AB is less than the sum of AD and DB (Pr. 8) ; it is, 
therefore, less than AC. 

B 
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Conversdy^ if the side AC is greater than the side AB, then 
will the angle ABC be greater than the angle ACB. 

For if ABC is not greater than ACB, it must be 
either equal to it or less. It is not equal, because 
then the side AC would be ,equal to the side AB 
(Pr. 11), which is contrary to the supposition. Nei- 
ther is it less, because then the side AC would be 
^ less than the side AB, according to the former part 
of this proposition ; hence ABC must be greater than ACB. 
Therefore the greater side, etc. 

PBOPOsrnoN xiii. theobem. 

If two triangles have two sides of the one equal to two sides of 
the oihefT^ each to each^ but the included angles unequal^ the base 
of that which has the greater angle will be greater than the base 
of the other. . 

Let ABC, DEF be two triangles, 
having two sides of the one equal to 
two sides of the other, viz., AB equal 
to DE, and AC to DF, but the angle 
..\Aa S^C greater than the angle EDF; 
/^ then will the base BC be greater than 
the base EF. 

Of the two sides DE, DF, let DE be the side which is not 
gfeater than the other ; and at the point D, in the straight line 
DE, make the angle EDG equal to BAC ; make DG equal to AC 
or DF, and join EG. 

Because, in the triangles ABC, DEG, AB is equal to DE, and 
AC to DG ; also, the angle BAC is equal to the angle EDG ; 
therefore the base BC is equal to the base EG (Pr. 6). 

Draw the line DH bisecting the angle FDG, and meeting EG 
in H, and join FH. Now, because the angle FDH is eqjiial to the 
angle GDH, also DG is equal to DF, and DH is common to the 
two triangles FDH, GDH, therefore FH is equal to GH (Pr. 6). 
Adding EH to each of these equals, we have the sum of MI and 
HF equal to the sum* of EH and HG, or EG. But the sum of EH 
and HF is greater than EF (Pr. 8). Hence EG, or its equal BC, 
IS greater than EF. Therefore, if two triangles, eta 
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PBOPOsmoN xnr. theobem {Converse of 1^'op. XIIZ). 

If two triangles have two sides of the one eqiuzl to two sides of 
the otheTy each to each^ but the bases unequal^ the angle contained 
by the sides of that which has the greater base will be greater than 
the angle contained by the sides of the other. 

Let ABC, DEF be two triangles hav- 
ing two sides of the one equal to two 
sides of the other, viz., AB equal to DE, 
and AO to DFj but the base BC greater 
than the base EP; then will the angle 
BAC be greater than the angle EDF. 

For if it is not greater, it must be either * 
equal to it, or less. But the angle BAC is not equal to the angle 
EDF, because then the base BC would be equal to the base EF 
(Pr. 6), which is contrary to the supposition. Neither is it less, 
because then the base BC would be less than the base EF (Pr. 
13), which is also contrary to the supposition; therefore the an- 
gle BAC is not less than the angle EDF, and it has been proved 
that it is not equal to it ; hence the angle BAC must be greater 
than the angle EDF. Therefore, if two triangles, etc. 

PBOPOsrnoN xv. theobem. 

If two triangles have the three sides of the one equal to the three 
sides of the other ^ each to each^ the three angles wiU also be equals 
each to each, and the triangles themselves will be equal. 

Let ABC, DEF be two triangles o 

having the three sides of the one 
equal to the three sides of the ^ 

other, viz., AB equal to DE, BC y^ 
to EF, and AC to DF ; then will * 
the three angles also be equal, ^ 

viz., the angle A to the angle D, the angle B to the angle E, and 
the angle C to the angle F. 

Suppose the triangle ABC to be placed so that its base BC co- 
incides with its equal EF, but so that its vertex A falls on the op- 
posite side of EF from D, as at G. Join DG ; and because ED 
and EG are each equal to AB, they are equal to each other, and 
the triangle EDG is isosceles ; therefore the angle EDG is equal 
to the angle EGD (Pr. 10). 

Li the same manner it may be shown that the angle FDG is 
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equal to the angle F6D. Therefore, adding equals to equals, the 
two angles EDG, FDG are together equal to the two angles 
EGD, FGD ; that is, the angle EDF is equal to the angle EGF. 
But the angle EGF is, by hypothesis, equal to the angle BAC ; 
therefore also the angle BAG is equal to the angle EDF. 

Since the two sides AB and AC are equal to the two sides DE 
and DF, each to each, and their included angles BAC, EDF are 
also equal, the two triangles ABC, DEF are equal (Pr. 6), and 
their other angles are equal each to each, viz., the angle ABC to 
the^ angle DEF, and the angle ACB to the angle DFE. There- 
fore, if two triangles, etc. 

Scholium. In equal triangles, the equal angles are opposite to 
the equal sides ; thus the equal angles A and D are opposite to 
the equal sides BC, EF. 

PROPOSITION XVI. THEOEBM. 

From a given point without a straight line^ only 09ie perpen* 
dicular can be dravm to that line. 

Let A be the given point, and DE the given 
straight line ; from the point A only one p.er- 
pendicular can be drawn to DE. 
— E For, if possible, let there be drawn two per- 
pendiculars AB, AC. Produce the line AB to 
F, making BF equal to AB, and join CF. 
F • Then, in the triangles ABC, FBC, because AB 

is equal to BF, BC is common to both triangles, and the angle 
ABC is equal to the angle FBC, being both right angles (Pr. 2, 
Cor. 1) ; therefore two sides and the included angle of one tri- * 
angle, are equal to two sides and the included angle of the other 
triangle ; hence the angle ACB is equal to the angle FCB (Pr. 6). 
But, since the angle ACB is, by supposition, a right angle, 
FCB must also be a right angle ; and the two adjacent angles 
BCA, BCF, being together equal to two right angles, the two 
straight lines AC, AF must form one and the same straight line * 
(Pr. 3) ; that is, between the two points A and F, two straight 
lines, ABF, ACF, may be drawn, which is impossible (Ax. 11); 
hence AB and AC can not both be perpendicular to DE. There- 
fore, from a point, etc. 
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■ 

PBOPOSinON XYII. THSOBEM. 

If ^ from, a point withoiU a straight lincy a perpendicular he 
drawn to this line, and oblique lines be drawn to different points : 

\st. The perpendicular will be shorter than any oblique line, 

2d, Two oblique lines^ which meet the proposed line at equal dis- 
tances from the foot of tJie perpendicular^ wiUbe equal. 

3d. Of any two oUique lines^ that which is further from the 
perpendicular will be the longer. 

Let DE be the given straight line, and A 
any point without it. Draw AB perpendicu- 
lar to DE; draw, also, the oblique lines AC, 
AD, AE. Produce the line AB to F, making 
BP equal to AB, and join CF, DF. 

Mrst. Because, in the triangles ABC, FBC, 
AB is equal to BF, BC is common to the two 
triangles, and the angle ABC is equal to the angle FBC, "being 
both right angles (Pr. 2, Cor. 1) ; therefore two sides and the in- 
cluded angle of one triangle are equal to two sides and the in- 
cluded angle of the other triangle ; hence the side CF is equal to 
the side CA (Pr. 6). 

But the straight line ABF is shorter than the broken line ACF 
(Pr. 8) ; hence AB, the half of ABF, is shorter than AC, the half 
of ACF. Therefore the perpendicular AB is shorter than any 
oblique line, AC; 

Secondly. Let AC and AE be two oblique lines which meet the 
line DE at equal distances from the foot of the perpendicular; 
they will be equal to each other. 

For, in the triangles ABC, ABE, BC is equal to BE, AB is com- 
mon to the two triangles, and the angle ABC is equal to the an- 
gle ABE, being both right angles (Pr. 1, Cor.) ; therefore two 
sides and the included angle of one triangle are equal to two 
sides and the included angle of the other; hence the side AC is 
equal to the side AE (Pr. 6). Wherefore two oblique lines, equal- 
ly distant from the perpendicular, are equal. 

Thirdly. Let AC, AD be two oblique lines, of which AD is fur- 
ther from the perpendicular than AC ; then will AD be longer 
than AC. For it has already been proved that AC is equal to 
CF, and in the same manner it may be proved that AD is equal 
to DF. Now, by Pr. 9, the sum of the two lines AC, CF is less 
than the sum of the two lines AD, DF. Therefore AC, the half 
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of ACF, is less than AD, the half of ADF ; hence the oblique line 
which is furthest from the perpendicular is the longest. There- 
fore, if from a point, etc. 

Cor. 1. The perpendicular measures the shortest distance of a 
point from a line, because it is shorter than any oblique line. 
This shortest distance is frequently called the true distance, or 
simply the distance. 

Cor, 2. It is impossible to draw three equal straight lines from 
the same point to a given straight line. 

PEOPOSITION XVin. THEOREM. 

Ifthrmigh the midMe point of a straight line. a perpendicular 
is drawn to this line : 

1st, £h€h point in the perpendicular is equaUy distant from the 
tioo extremities of the line. 

2d, Any point out of the perpendicular is uneqicatty distant 
from those extremities. 

Let the straight line EF be drawn perpendicu- 
lar to A6 through its middle point, C. 

Mrst. Every point of EF is equally distant from 
the extremities of the line AB ; for, since AC is 
I equal to CB, the two oblique lines AD, DB are 
equally distant from Ihe perpendicular, and are, 
therefore, equal (Pr. 17). 
So, also, the two oblique lines AE, EB are equal, 
and the oblique lines AF, FB are equal ; therefore every point of 
the perpendicular is equally distant from the extremities A and B. 
Secondly. Let I be any point out of the perpendicular. Draw 
the straight line^ LA, IB ; one of these lines must cut the perpen- 
dicular in some point, as D. Join DB ; then, by the first case, 
AD is equal to DB. To each of these equals add ID ; then will 
lA be equal to the sum of ID and DB. Now, in the triangle IDB, 
IB is less than the sum of ID and DB (Pr. 8) ; it is, therefore, 
less than lA;* hence every point out of the perpendicular ia un- 
equally distant from the extremities A and B. 

Cor, If a straight line have two points, each of which is equal- 
ly distant from the two extremities of a second line, it will be 
perpendicular to the second line at its middle point. 
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PEOPOSmON" XIX. THEOBEM. 

If two right-angled triangles have the hypothenu&e and a aide 
of the one equal to the hypothenuse and a side of the other ^ each to 
eachy the triangles are equal. 

Let ABC, DEF be two right- 
angled triangles, having the hy- 
pothenuse AC and the side AB 
of the one equal to the hypothe- 
nuse DF and side DE of the oth- ^ 
er ; then will the side BC be equal to EF, and the triangle ABC 
to the triangle DEF. 

For if JBC is not equal to EF, one of them must be greater 
than the other. Let BC be the greater, and from it cut off BG 
equal to EF the les&, and join AG. 

Then, in the triangles ABG, DEF, because AB is equal to DE, 
BG is equal to EF, and the angle B equal to the angle E, both of 
them being right angles, the two triangles are equal (Pr. 6), and 
AG is equal to DF. But, by hypothesis, AC is equal to DF, and 
therefore AG is equal to AC. Now the oblique line AC, being 
further from the perpendicular than AG, is the longer (Pr. 17), 
and it has been proved to be equal, which is impossible. Hence 
BC is not unequal to EF; that is, it is equal to it ; and the trian- 
gle ABC is equal to the triangle DEF (Pr. 15). Therefore, if two 
right-angled triangles, etc. 

PROPOSITION XX. THEOEEM. 

Two straight lines perpendicular to the same straight line are 
parallel. 

Let the two straight lines AC, 
BD be both perpendicular to AB; 
then is AC parallel to BD. ^— :.7.'=»-o 

For if these lines are not par- ^ — " p" 

allel, being produced, they must 
meet on one side or the other of 
AB. Let them be produced, and meet in O ; then there will be 
two perpendiculars, OA, OB, let fall from the same point, on the 
same straight line, which is impossible (Pr. 16). Therefore two 
straight lines, etc. 
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PBOPOSinOK XXI. THBOBEII. 

If a straight line meeting two other straight lines makes the in^ 
terior angles on the same side together equal to two right angles^ 
the two lines are parallel. 

Let the straight line AB, which meets 
the two straight lines AC, 6D, make the 
interior angles on the same side, BAG, 
ABD,. together equal to two right angles; 
then is AC parallel to BD. 

From G, the middle point of. the lino 
AB, draw EFG perpendicular to AC ; it 
will also be perpendicular to BD. 

For the sum of the angles ABD and ABF is equal to two right 
angles (Pr. 2) ; and, by hypothesis, the sum of the angles ABD 
and BAC is equal to two right angles. Therefore the sum of 
ABD and ABF is equal to the sum of ABD and BAC. Take 
away the common angle ABD, and the remainder, ABF, is equal 
to BAC ; that is, GBF is equal to GAE. 

Again, the angle BGF is equal to the angle AGE (Pr. 5) ; and, 
by construction, BG is equal to GA ; hence the triangles BGF, 
AGE have two angles and the included side of the one equal to 
two angles and the included side of 'the other; they are, there- 
fore, equal (Pr. 1) ; and the angle BFG is equal to the angle AEG, 
But AEG is, by construction, a right angle, whence BFG is also 
a right angle ; that is, the two straight lines EC, FD, are perpen- 
dicular to the same straight line, and are consequently parallel 
(Pr. 20). Therefore, if a straight line, etc. 

Scholium. When two parallel lines AB, CD 
are cut by a third line EF, called the secant 
line, the eight angles formed at the points of 
intersection are named as follows : 

1st. The four angles 1, 2, 3, 4, without the 
parallel lines, are called exterior angles. 

2d. The four angles 6, 6, 7, 8, within the par- 
allel lines, are called interior angles. 

3d. The two angles on opposite sides of the secant line, and not 
adjacent, are called altemate angles, as 1 and 3, or 2 and 4. Also^ 
6 and 7, or 6 and 8. 
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psoposinoN xxn, theobem* 

If a straight line intersecting two other straight lines makes the 
aUemate angles equal to each other j or makes an exterior angle 
equal to the interior and remote upon the same side of the secant 
line^these two lines are parallel. 

Let the straight line £F, which intersects 
the two straight lines AB, CD, make the al- 
ternate angles AGH, GHD equal to each oth- 
er; then AB is parallel to CD. 
. For, to each of the equal angles AGH, 
GHD, add the angle HGB ; then the sum of 
AGH and HGB will be equal to the sum of 
GHD and HGB. But AGH and HGB are equal to two right an- 
gles (Pr. 2) ; therefore GHD and HGB are equal to two right an- 
gles ; and hence AB is parallel to CD (Pr. 21). 

Again, if the exterior angle EGB is equal to the interior and 
remote angle GHD, then is AB parallel to CD. 

For, the angle AGH is equal to the angle EGB (Pr. 6) ; and, 
by supposition, EGB is equal to GHD ; therefore the angle AGH 
is equal to the angle GHD, and they are alternate angles ; hence, 
by the first part of the proposition, AB is parallel to CD. There- 
fore, if a straight line, etc' 

PROPOSITION XXin. THEOBEM; 

{Converse of Propositions XXL and XXIZ) 

If a straight line intersect two parallel linesy it makes the alter- 
nate angles equal to each other / also^ any exterior angle equal to 
tTie interior and remote on the same side ; and the two interior an;' 
gles on the same side together equal to two right angles. 

Let the straight line EF intersect the vE 

two parallel lines AB,CD ; the alternate \ ^ 

angles AGH, GHD are equal to each oth- a — ....^y^" 3 

er; the exterior angle EGB is equal to K 

the interior and remote angle on the _ 

same side, GHD; and the two interior ^ V "^ 

angles on the same side, BGH, GHD, \ 

are together equal to two right angles. ^ 

For, if AGH is not equal to GHD, through G draw the line 
KL, making the angle KGH equal to GHD; then KL must be 

B2 
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pa'rallel to CD (Pr. 22). But, by supposition, AB is parallel to 
CD ; therefore, through the same point, G, two straight lines have 
been drawn parallel to CD, which is impossible (Ax. 12). There- 
fore the angles AGH, GHD are uot unequal ; that is, they are 
equal to each other. j 

^E Now the angle AGH is equal to EGB 

jL (Pi'« 5), and AGH has been proved equal I 

j^ ^S. — -^ -Q to GHD ; therefore EGB is also equal to 

GHD. Add to each of these equals the 
jj. angle BGH; then will the sum of EGB, 

— D BGH be equal to the sum of BGH, GHD. 
But EGB, BGH are equal to two right 
'^ angles (Pr. 2) ; therefore, also, BGH, 
GHD are equal to two right angles. Therefore, if a straight 
line, etc. 

Cor. 1. If a straight line is perpendicular to one of two paral- 
lel lines, it is also perpendicular to the other. 

Cor. 2. Of the eight angles formed by a line cutting two par- 
allel lines obliquely, the four acute angles are equal to each oth- 
er, and the four obtuse angles are also equal to each other. 

Cor. 3. If two lines, KL and CD, make with EF the two angles 
KGH, GHC, together less than two right angles, then will BJj 
and CD meet, if sufficiently produced. 

For if they do not meet they are parallel (Def. 24). But they 
are not parallel ; for then the angles KGH, GHC would be equal 
to two right angles. 

It is evident that the two lines KL and CD will meet on that 
side of EF on which the sum of the two angles KGH, GHC is 
less than two right angles. 

PROPOSITION XXrV. THEOREM. 

Straight Urns which are parallel to the same line areparaUd to 
each other. 

, Let the straight lines AB, CD be each 

2_ j J, of them parallel to the line EF; then will 

jB- AB be parallel to CD. 

C— 13 'D For, draw any straight line, as PQR, 

j perpendicular to EF. Then, since AB is 



^ IP ^ parallel to EF, PR, which is perpendicu- 

lar to EF, will also be perpendicular to 
AB (Pr. S3, Cor. 1) ; and, since CD is parallel to EF, PR will also 
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be perpendicular to CD. Hence AB and CD are both perpen- 
dicular to the same straight line, and are consequently parallel 
(Pr. 20). Therefore, straight lines which are parallel, etc. 

PBOPOSITION XXV. THEOREM. 

2\oo parallel Straight lines are every where equally distant Jrom 
e(zch other. 

Let AB, CD be two parallel straight lines, c -g c p 

From any points, E and F, in one of them, 

draw the lines EG, FH perpendicular to 

AB; they will also be perpendicular to 
CD (Pr. 23, Cor. 1). Join EH; then, because EG and FH are 
perpendicular to the same straight line AB, they are parallel (Pr. 
20) ; therefore the alternate angles, EHF, HEG, which they make 
with HE, are equal (Pr. 23). 

Again, because AB is parallel to CD, the alternate angles GHE, 
HEF are also equal. Therefore the triangles HEF, EHG have 
two angles of the one equ^l to two angles of the other, each to 
each, and the side EH, included between the equal angles, com- 
mon ; hence the triangles are equal (Pr. 7) ; and the line EG, 
which measures the distance of the parallels at the point E, is 
equal to the line FH, which measures the distance of the same 
parallels at the point F. Therefore, two parallel straight lines, etc. 

PROPOSITION XXVI. THEOREM. 

If two angles have their sides parallel each to each^ the two an- 
gles will either be eqiml, or supplements of each other. 

Let AB be parallel to DE, and BC to EF ; 
then the angle ABC will be equal to the angle 
DEF, and the angle ABC will be the supple- 
ment of the angle DEH. 

Produce DE, if necessary, until it meets BC 
in G. Then, because EF is parallel to GC, the 
angle DEF is equal to DGC (Pr; 23) ; and, be- 
cause DG is parallel to AB, the angle DGC is equal to ABC ; 
hence the angle DEF is equal to the angle ABC (Ax. 1). But 
the angle DEH is the supplement of DEF (Pr. 2). . Hence ABC 
is* the supplement of DEH^ Therefore, if two angles, etc. 

Scholium, Two angles are equal when their sides are not only 
parallel, but both fie in the same direction, as ABC, DEF ; or 
both lie in opposite directions, as ABC, HEK. They are supple* 
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mcnts of each other when their sides are parallel and two of their 
sides lie in the same direction, while the other two lie in opposite 
directions, as ABC, DEH. 

PEOPOSmON XXVII. THEOBEM. 

If one side of a triangle is produced^ the exterior angle is equal 
to the sum of the two interior and remote angles ; and the sum of 
the three interior angles of every triangle is equal to two right an- 
gles. 

Let ABO be any plane triangle, and let the 
side BO be produced to D ; then will the exte- 
rior angle ACD be equal to the sum of the two 
interior and remote angles A and B ; and the 
sum of the three angles ABC, BCA, CAB is 
equal to two right angles. 

For, conceive CE to be drawn parallel to the side AB of the 
triangle ; then, because AB is parallel to CE, and AC meets them, 
the alternate angles BAC, ACE are equal (Pr. 23). 

Again, because AB is parallel to CE, and BD meets them, the 
exterior angle* ECD is equal to the interior and remote angle 
ABC. But the angle ACE was. proved equal to BAC ; therefore 
the whole exterior angle ACD is equal to the two interior and 
remote angles CAB, ABC (Ax. 2). To each of these equals add 
the angle ACB ; then will the sum of the two angles ACD, ACB 
be equal to the sum of the three angles ABC, BCA, CAB. But 
the angles ACD, ACB are equal to two right angles (Pr. 2) ; 
hence, also, the angles ABC, BCA, CAB are together equal to 
two right angles. Therefore, if one side of a triangle, etc. 

Cor, 1. If the sum of two angles of a triangle is given, the third 
may be found by subtracting this sum from two right angles. 

Cor. 2. If two angles of one triangle are equal to two angles 
of another triangle, the third angles are equal, and the triangles 
are mutually equiangular. 

Cor. 3. A triangle can have but one right angle ; for if there 
were two, the third angle would be nothing. Still less can a tri- 
angle have more than one obtuse angle. • 

Cor. 4. In a right-angled triangle, the sum of the two acute 
angles is equal to one right angle; that is, each of the acute an- 
gles is the ciunplement of the other. 

Cor* 5. In an equilateral triangle, each of the angles is one 
third of two right angles, or two thirds of one nght angle. 
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PEOPOSmON XXVIII. THKOEEM. 

AU the interior angles of a polygon^ together with four right 
angkSy are equal to twice as many right angles as the figure has 
sides. 

Let ABODE be any polygon ; then all its in- jd 

terior angles A, B, C, D, E, together with four >/i\. 
right angles, are equal to twice as many right 'S^C^ ip j^c 
angles as the figure has sides. \ /\ 7 

For, from any point, F, within it, draw lines V/ \ / 

FA, FB, FC, etc., to all the angles. The poly- a b 

gon is thus divided into as many triangles as it has sides. 

Now the sum of the three angles of each of these triangles is 
equal to two right angles (Pr. 27); therefore the sum of the an- 
gles of all the triangles is equal to twice as many right angles as 
the polygon has sides. But the same angles are equal to the an- 
gles of the polygon, together with the angles at the point F, that 
is, together with four right angles (Pr. 6, Cor. 2). Therefore the 
angles of the polygon, together with four right angles, are equal 
to twice as many right angles as the figure has sides. 

Scholium, When this proposition is applied to concave poly- 
gons (Def. 37), each re-entering angle is to be regarded as great- 
er thaa two right angles. 

Cor. The sum of the angles of a quadrilateral is four right an- 
gles; of a pentagon, six right angles; of a hexagon, eight, etc. 

PROPOSITION XXIX. THEOBEM. 

IfaM the sides of any polygon be produced so as to form an 
exterior angle at each vertex, the sum of these exte/i*ior a^igles will 
be eqiccU to four right angles. 

Let all the sides of the polygon ABC, etc., be 
produced in the same direction ; that is, so as to 
form one exterior angle at each vertex ; then will 
the sum of the exterior angles be equal to four 
right angles. 

For each interior angle ABC, together with its 
adjacent exterior angle ABD, is equal to two 
right angles (Pr. 2) ; therefore the sum of all the interior and ex- 
terior angles is equal to twice as many right angle^as there are 
sides of the polygon; that is, they are equal to all the interior 
angles of the polygon, together with four right angles. Hence 
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the sum of the exterior angles must be equal to four right angles 
(Ax. 3). Therefore, if all the sides, etc. 

PBOPOSmON XXX. THEOREM. 

The opposite sides and angles of a paraJldogram are equal to 
each other. 





Let ABCD be a parallelogram ; then will its I 



opposite sides and angles be equal to each other. 
Draw the diagonal BD ; then, because AB is 
^ parallel to CD, and BD meets them, the alter- 
nate angles ABD, BDC are equal to each other (Pr. 23). 

Also, because AD is parallel to BC, and BD meets them, the 
alternate angles BDA, DBC are equal to each other. Hence the 
two triangles ABD, BDC have two angles, ABD, BDA of the 
one, equal to two angles, BDC, CBD of the other, each to each, 
and the side BD included between these equal angles common to 
the two triangles ; therefore their other sides are equal, each to 
each, and the third angle of the one to the third angle of the oth- 
er (Pr. 7), viz., the side AB to the side CD, and AD to BC, and 
the angle BAD equal to the angle BCD. 

Also, because the angle ABD is equal to the angle BDC, and 
the angle .CBD to the angle BDA, the whole angle ABC is equal 
to the whole angle ADC. But the angle BAD has been proved 
equal to the angle BCD ; therefore the opposite sides and angles 
of a parallelogram are equal to each other. 

CoT,\. Two parallels, AB, CD, comprehended between two oth- 
er parallels, AD, BC, are equal ; and the diagonal BD divides the 
parallelogram into two equal triangles. 

Cor, 2. If one angle of a parallelogram is a right angle, all its 
angles are right angles, and the figure is a rectangle. 

PEOPOSinoN xxxL THEOBEM (CowiieTse of Prop. XXX.) 
If the opposite sides of a quadrilateral are equals ecuih to eachj 
the equal sides areparcUlely and the figure is a parallelogram. 

Let ABDC be a quadrilateral, having its op- 
posite sides equal to each other, viz., the side 
AB equal to CD, and AC to BD ; then will the 
equal sides be parallel, and the figure will be a 
parallelogram. 

Draw the diagonal BC ; then the triangles ABC, BCD have all 
the sides of the one equal to the corresponding sides of the other, 
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each to each ; therefore the angle ABC is equal to the angle BCD 
(Pr. 15), and, consequently, the side AB is parallel to CD (Pr. 22). 
For a like reason, AC is parallel to BD ; hence the quadrilateral 
ABDC is a parallelogram. Therefore, if the opposite sides, etc. 

PEOPOSmON . XXXII. THEOBEM. 

If two opposite sides of a, quadrilateral are equal and parallel^ 
the other two sides are equal and parallel^ and the figure is a par- 
aUelogram. 

Let ABDC be a quadrilateral, having the sides a 

AB, CD equal apd parallel ; then will the sides 

AC, BD be also equal and parallel, and tho fig- 
ure will be a parallelogram. 

Draw, the diagonal BC ; then, because AB is 
parallel to CD, and BC meets them, the alternate angles ABC, 
BCD are equal (Pr. 23). 

Also, because AB is equal to CD, and BC is common to the 
two triangles ABC, BCD, the two triangles ABC, BCD have two 
sides and the included angle of the one equal to two sides* and 
the included angle of the other; therefore the side AC is equal to 
BD (Pr. 6), and the angle ACB to the angle CBD. 

And, because the straight line BC meets the two straight lines 
AC, BD, making the alternate angles BCA, CBD equal to each 
other, AC is parallel to BD (Pr. 22) ; hence the figure ABDC is a 
parallelogram. Therefore, if two opposite sides, etc. 

PROPOSITION XXXIII. THEOREM. 

The diagonals of every parallelogram bisect ea>ch other. 

Let ABCD be a parallelogram, whose diago- a 
nals AC, BD intersect each other in E ; then will \^"^-v». 
AE be equal to EC, and BE to ED. 

Because the alternate angles ABE, EDC are 
equal (Pr. 23), and also the alternate angles EAB, ECD, the tri- 
angles ABE, CDE have two angles in the one equal to two angles 
in the other, each to each, and the included sides AB, CD are also 
equal ; hence the remaining sides are equal, viz., AE to EC, and 
DE to EB. Therefore tie diagonals of every parallelogram, etc. 

Cor. If the side AB is equal to AD, the triangles AEB, AED 
have all the sides of the one equal to the corresponding sides of 
the other, and are consequently equal ; hence the angle AEB will 
equal the angle AED, and therefore the^ diagonals of a rhombus 
bisect each other at right angles. 




40 GEOMBTBY. 



BOOK IL 

RATIO AND PROPORTION. 

On the Relation of Magnitudes to Numbers. 

. 1. To measure a quantity is to find bow many times it contains 
another quantity of the same kind called the unit. 

To measure a line is to find how many times it contains another 
line called the unit of lengthy or the linear unit. Thus, when a 
line is said to be fifteen feet in length, it is to be understood that 
the line has been compared with the unit of length (one foot), and 
found to contain it fifteen times. 

The number which expresses how many times a quantity con- 
tains the unit is called the numerical measure of that quantity. 

2. Ratio is that relation between two quantities which is ex- 
pressed by the quotient of the first divided by the second. Thus 

the ratio of 12 to 4 is ^. The ratio of A to B is ^. The two 

4 B 

quantities compared together are called the terms of the ratio ; 

the first is called the antecedent^ and the second the consequent. 

3. To find the ratio of one quantity to another is to find how 
many times the first contains the second ; i. e., it is to measure 
the first by the second taken as the unit. If B be taken as the 

unit of measure, the quotient ^ is the numerical value of A ex- 

pressed in terms of this unit. 

The ratio of two quantities is the same as the ratio of their nu- 
merical measures. Thus, \S p denotes the unit, and i£p is con- 
tained m times in A, and n times in B, then 

-^^mp^jn^ 

^~~ np n 

4. Two quantities are said to be commensurahle when there is 
a third quantity of the same kind which is contained an exact 
number of Ximes in each. This third quantity is called the com- 
mon measure of the two given quantities. 

A B Thus the two lines AB, CD are commen- 

surable if there is a third line, MN, which is 

— ' — ' — ' — ' coptained an exact number of times in each ; 

^t-J for example, 1 times in AB, and 4 times in CD. 
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The ratio of two. commensurable quantities can therefore be 
exactly expressed by a number either whole or fractional. The 

ratio of AB to CD is I 

4 

6. Two quantities are said to be incommensurable when they 
have no common measure. Thus the diagonal and side of a 
square are said to be incommensurable (see B. IV., Pr. 36) ; also 
the circumference and diameter of a circle (see B.VI.,Pr. 11). 

Whether A and B are commensurable or not, their ratio is ei- 

pressed by --. 

6. To find the numericoU ratio of two given straight lines. Sup- 
pose AB and CD are two straight a E G B 
lines whose numerical ratio is re- ' » ; i LJ 

quired. C T D 

From the greater line, AB, cut off \ i » 
a part equal to the less, CD, as many times as possible ; for ex- 
ample, twice with a remainder EB less than CD. From CD cut 
off a part equal to the remainder EB as often as possible ; for ex- 
ample, once with, a remainder FD. From the first remainder BE 
cut oSL^ part equal to FD as often as possible ; for example, once 
with a remainder 6B. From the second remainder FD cut off a 
part equal to the third 6B as many times as possible. Continue 
this process until a remainder is found which is contained an ex- 
act number of times in the preceding one. This last remainder 
will be the common measure of the proposed lines ; and, regard- 
ing it as the measuring unit, we may easily find the values of the 
preceding remainders, and at length those of the proposed lines, 
whence we obtain their ratio in numbers. 

For example, if we find GB is contained exactly twice in FD, 
GB will be the common measure of the two proposed lines : for 
we have FD=2GB; 

EB=FD+GB=2GB+GB=3GB; 

CD=EB+FD=3GB+2GBr=:6GB; 

AB=2CD+EB=:10GB+3GB=:13GB. 
The ratio of the two lines AB, CD is therefore equal to that of 

13GB to 5GB, or 15. 

5 

T. It is possible that, however far this operation is continued, 
we may never find a remainder which is contained an exact num- 
ber of times in the preceding one. In such a case, the two quan- 
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titles have no common measure; that is, they are incommensurof 
ble, and their ratio can not be exactly expressed by any number, 
whole or fractional. 

8. But, although the ratio of incommensurable quantities can 
not be exacdy expressed by a number, yet, by taking the measur- 
ing uiiit sufficiently small, a ratio may always be found which 
shall approach as near as we please to the true ratio. 

Suppose — denotes the ratio of two incommensurable quanti- 
ties A and B, and let it be required to obtain a numerical expres- 
sion of this ratio which shall be correct within an assigned meas- 
ure of precision, say — . Let B be divided into 100 equal parts, 

and suppose A is found to contain 141 of these parts, with a re- 
mainder less than one of the parts; then we have 

A 141 ... 1 

:?T=rrr Wlthm 



B 100 100 ' 

that is, is an approximate value of the ratio — , within the as- 

100 ^^ B 

sumed measure of precision. In the same manner, by dividing B 
into a greater number of equal parts, the error of our approxi- 
mate value may be made as small as we please. 

9. To generalize this reasoning, let B be divided into n equal . 
parts, and let A contain m of these parts with a remainder less 
than one of the parts; then we have 

A m ... 1 

77=— Wlthm— ; 

and since n may be taken as great as we please, - may be made 

less than any assigned measure of precision, and — will be the 

n 

approximate value of the ratio — ., within the assigned limit* 

B 

10. The ratio of any two magnitudes A and B is equal to the 
ratio of two other magnitudes A' and B', when t/ie same number 
expresses the vcUue of either ratio to the same degree of approximor 
tion, however far the approximation may be carried. 

Let — represent the approximate value of either ratio, and let 
n 

B be divided into n equal parts ; then A will contain m of these 
parts plus a remainder which is less than one of the parts ; that 



BOOK IL 43 

is, the nnmerical expression of the ratio — will be ^ correct with- 

in - part. Hence the ratio —. can not differ from the ratio _ by 

80 much as -. But the measure _ may be assumed as small as we 
n n 

please ; that is, less than any assignable quantity, howeyer small. 

A ' . ' A' 

Hence ^ can not differ from ^ by any assignable quantity, how- 
eyer small ; that is, the two ratios are equal to each other. 
For an application of this principle, see B.HLjPr. 14. 

11. A proportion is an equality of ratios. Thus, if the ratio 

A . C 

|r-is equal to the ratio :rr, the equality 

A__C 

B""p 

constitutes a proportion. It may be read, the ratio of A to B 
equals the ratio of C to D ; or A is to B as C to D, 
A proportion is often written 

A:B=:C:D, 
or, A:B::C:D, 

where the notation A:B is equivalent to A-f-B. The first and 
last terms of a proportion are called the two extremes ; the sec- 
ond and third terms are called the two means. Of four proper* 
tional quantities, the last is called a fourth proportional to the 
other three taken in order. 

Since g=g^ 

it is obyious that if A is greater than B,C must be greater than 
D ; that is, if one antecedent is greater than its consequent, the 
other antecedent must be greater than its consequent ; if equal, 
equal ; and if less, less. 

12. Three quantities are said to be proportional when the ratio 
of the first to the second is equal to the ratio of the second to the 
third ; thus, if A, B, and.C are in proportion, then 

A:B::B:C, 
or, A:B=B:C. 

In this case the middle term is said to be a mean proportional 
between the other two, and C is called a third proportional to 
A and B. 

13. EguimitUiples of two magnitudes are the products arising 
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from multiplying those magnitudes by the same number. Thus 
7 A, 7B ar^ equimultiples of A and B ; so also are mA and mB. 

Geometers make use of the following technical terms to signify 
certain ways of changing either the order or magnitude of pro- 
portionals, so that they continue still to be proportionals. 

14. Alternation is when antecedent is compared with anlece^ 
dent, and consequent with consequent. 

Thus,if A:B::C:D, 

then, by alternation, A : C : : B : D. 

15. Inversion is when the antecedents are made the conse- 
quents, and the consequents the antecedents. 

Thus,if A:B::C:D, 

then, inversely, B : A : : D : C. 

IQ. Composition is when the sum of antecedent and consequend 
is compared either with the antecedent or consequent. 

Thus,if A:B:;C:D, 

then, by composition, A+B: A::C+D:C, 
and A+B:B::C+D:D. 

17. Division is when the difference of antecedent and conse- 
quent is compared either with the antecedent or consequent. 

Thus,if A:B::C:D, 

then, by division, A — B : A : : C — D : C, 
and A~B:B::C-D:D. 

18. When a proportion is said to exist among certain quanti- 
ties, these quantities are supposed to be represented, or to be 
capable of being represented by numbers (Art. 3). 

If, for example, in the proportion 

A:B::C:D, 
A, B, C, D denote lines, we may suppose one of these lines, or a 
fifth line, if we please, to be taken as a common measure to the 
whole, and to be regarded as unity; then A, B, C, D will each 
represent a certain number of units, entire or fractional, com- 
mensurable or incommensurable, and the proportion among the 
lines A, B, C, D becomes a proportion in numbers. Hence the 
product of two lines A and D may be regarded as the number of 
linear units contained in A multiplied by the number of linear 
units contained in D. . 

In the proportion A : B : : C : D, 

the quantities A and B may be of one kind, as lines, and the quan- 
tities G and D of another kind, as surfaces ; still, these quantities 
are to be regarded as represented by numbers. A and B will be 
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expressed in linear units, C and D in superficial units, and the 
product of A and D will be a number, as also the product of B 
and C. 

Axioms. 

1. Equimultiples of the same or of equal magnitudes are equal 
to one another. 

2. Those magnitudes of which the same or equal magnitudes 
are equimultiples are equal to one another. 

PEOPOSITION I. THEOBEM. 

If four quantities are prcportionalj t?ie proditct of the two ea> 
tremes is equal to the product of the two tnea^is. 

Let A, B, C, D be the numerical representatives of four propor- 
tional quantities, so that A : B :: C : D ; then will A xI)=B x C. 
For, since the four quantities are proportional, 

A C 

B D 

Multiplying each of these equal quantities by B (Ax. 1), we ob- 

tarn A= ^ » 

Multiplying each of these last equals by D, we have 

AxD=BxC. 

Cor. If there are three proportional quantities^ the prodicct of 
the two extremes is equal to the square of the mean. 

Thus, if A:B::B:C, 

then, by this proposition, A x C=B x B, which is equal to B\ 

PEOPOsmoN IL THEOREM. {Converse of Prop. I.) 
If the produce of two quantities is equal to the product of two 
others^ the one pair may he made the extremes^ and the other the 
means of a proportion. 

Thus, suppose we have given 

AxD=BxC; 
then will A:B::C:D. 

For, since AxD=BxC, dividing each of these equals by B 

(Ax. 2), we have A= • * 

Dividing each of these last equals by B, we obtain 

^=1^, or, A : B :: C : D. 
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PEOPOsmoN m. theobem. 

If four quantities are proportional^ they are also proportional 
when taken aUemately. 

Let A, B, C, D be the numerical representatives of four propor- 
tional quantities, so that 

A:B::C:D; 
then, alternately, A : C : : B : D. 

J'orjSince A:B::C:D, 

byPr.l, AxD=BxC. 

And, since A x D=:B x C, 

byPr.2, A:C::B:D. 

PROPOSITION rV. THEOBEM. 

Ratios that are equal to the same ratio are eqiud to each othsr. < 

Let A:B::C:D, 

and A:B::E:F; 

then.will C:D::E:F. 

For, since A:B::C:D. 

A C 
we have R^n' 

And, since A:B::E:F, 

A E 
we have r~F' 

C E * A 

But j^ and =, being severally equal to :^, must be equal to 

each other, and therefore 

C:D::E:F. 
Cor. If the antecedents of one proportion are equal to the an- 
tecedents of another proportion, the consequents are propor- 
tional. 

If A:B::C:D, 

and A:E::C:F, 

then will B:D::E:F. 

For, by alternation (Pr. 3), the first proportion becomes I 

A:C::B:D, 
and the second, A : C : : E : F. 

Therefore, by this proposition, 

B:D::E:F. 



BOOK n. 47 ' 

PEOPOSmON V. THEOBEM. 

If four quantities are proportional^ they are also proportional 
tohen taken inversely. 



Let 
then, inversely, 

Eor, since 
by Pr. 1, 
or, 
therefore, by Pr. 2, 


A:B::C:D; 

B:A::D:a 

A:B::C:D, 

AxD=BxC, 

BxC=AxD; 

B:A::D:C. 


PEOPOsrriON vi. theobem. 


If four quantities are 
by composition. 

-Let 
then, by composition. 

For, since 
byPr.l, 


proportional^ they are also proportional 

A:B::C:D; 
A+B:A::C+D:C. 
A:B::C:D, 
BxC=AxD. 



To each of these equals add 

AxC=AxC; 
then AxC+BxC=AxC-t-AxD, 

or,. (A+B)xC=Ax(C+D). 

Therefore,byPr.2, A+B: A::C+D:C. 

PEOPOsmoN vn. theobem. 

If four quantities are proportional^ they are also proportional 
by division. 

Let A:B::C:D; 

then, by division, A — B : A : : C — D : C. 

For, since . A:B::C:D, 

byPr.l, BxC=AxD. 

Subtract each of these equals from AxC; 
then, AxC-BxC=AxC-AxD, 

or, • (A-B)xC=Ax(C-D). 

Therefore, by Pr. 1, A-B : A : : C-D : C. 

PBOPOsmoN vni. theobem. 
If four quantities are proportional^ the sum of the first and sec- 
ond is to their difference as the sum of the third and fourth is to 
their difference. 

Let A:B::C:D; 
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then will A+B: A-B :: C+D: C-D. 

ByPr.6, A+B: A::C+D:C; 

and by Pr. 7, A-B: A::C-D:C. 

By alternation (Pr. 3), these proportions become 

A+B:C+D::A:C; 
and A-B:C-D::A:C. 

Hence, Pr. 4, A+B: C+D:: A-B: C-D; 
or, alternately, A+B : A— B : : C+D : C— D. 

PBOPOSmOX IX« THEOREM. 

If any number of quantities are proportional^ any one antece- 
dent is to its consequent as the sum of aU the antecedents is to the 
. sum of aU the consequents. 



Let 


A:B::C:D::E:F,etc.; 


then will 


A:B::A+C+E:B+D+F. 


For, since 


A:B::C:D, 


we have 


AxD=:BxC. 


And, since 


A:B::E:F, 



we have AxF=BxR 

To these equals add A x B= A x B, 
and we have 

AxB+AxD+AxF=AxB+BxC+BxE; 
or, Ax(B+D+F)=Bx-(A+C+E). 

But B+D+F may be regarded as a single quantity, and 
A+C+E as a single quantity. 
Therefore, by Pr.l, 

A : B : : A+C+E : B+D+F. 

PROPOSITION X. THEOREM. 

Equimultiples of two quantities have the sams- ratio as the 
quantities themselves. 

Let A and B be any two quantities of the same kind, and m 
any number, entire or fractional, we have the equality 

A mA 





B mB' 


or. 


A:B::mA:mB. 


Cor. If 


A:B::C:D, 


then 


mA : nB : : mC : wD ; 


and if 


mA:nB::mC:nD, 


then 


A:B::C:D; that is. 



If four magnitudes are proportional^ we may multiply the ante- 



BOOK n. 49 I 

• • • , 

cedents or tlie consequents^ or divide th&ii by the same quantitj/^ I 

and the results wiU be proportional. j 

PROPOSITIOK XI. THEOBEM. \ 

If four quantities are proportional^ their squares or cubes are \ 

also proportional. \ 



Let 


A :B ::C :D; 


then will 


A2:B2::C2:D2, 


and 


A3:B3::C3:D3. 


For, since 


A :B ::C :D, 



byPr.l, AxD=:BxC; 

or, multiplying each of these equals by itself (Ax. 1), we have 

A2xD2=B2xC2; 
and multiplying these last equals by A xD=:B x C, we have 

A3xD3=:B3xC3. 
Therefore, by Pr. 2, A^ : B^ : : C^ : DS 



and A3:B3 



:C3:I)3. 



PROPOSmON 3:11. THEOREM. 

If there are two sets of proportional quantities, the products of 
the corresponding terms are proportional. 

Let A:B::C:D, 

and * E:F::G:H; 

then will AxE:BxF::CxG:DxH. 

For, since A:B::C:D, 

byPr.l, AxD=BxC. 

And, since E:F::G:H, 

byPr.l, ExH=FxG. 

Multiplying together these iequal quantities, we have 

AxDxExH=BxCxFxG; 
or, (AxE)x(DxH)==:(BxF)x(Cx6); 

therefore, by Pr. 2, 

AxE:BxF::CxG:DxH. 

Cor. If A:B::C:D, 

and B:F::G:H, 

then A:F::CxG:DxH. 

For, by the proposition, 

AxB:BxF::CxG:DxH. 

Also, by Pr. 10, AxB:BxF::A:F; 
hence, by Pr. 4, A: F::CxG:DxH. 

C 
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PEOPOSITION XIIL THEOBEM. 

If three quantities are proportional^ the first is to t/ie third as 
the square of th^ first to the sqiuire of the second. 

Thus, if A:B::B :C, 

then A:C::A2:B2. 

For, since, A:B::B :C, 

and A:B::A :B; 

therefore,byPr.l2, A^: B^i-.AxBiBxO. 

But, by Pr. 10, AxB: BxC::A: C; 
hence, by Pr. 4, A:C::A»:B». 
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BOOK III 

THE CmCLE, AND THE IfEASCRE OF ANGLEa 

Definitions. 

1. A circle is a plane figure bounded by a line, all the points of 
which are equally distant from a point within, called the centre. 

The line which bounds the circle is called its circumference. 

2. Any straight line drawn from the centre of the circle to the 
circumference is called* a radius of the circle, as CA, CD. 

Any straight line drawn through the centre, and terminated 
each way by the circumference, is called a diam- 
eter, as AB. 

Cor. AH the radii of a circle are equal; also all 
the diameters are equal, and each is double the 
radius. 

3. An arc of a cirde is any portion of its cir- 
cumference, as E6F. 

The chord of an arc is the straight line which joins its two ex- 
tremities, as EF. 
The arc EGF is said to be subtended by its chord EF. 

4. A segment of a circle is the figure included between an arc 
and its chord, as EGF. 

Since the same chord EF subtends two arcs EGF, EHF^ to the 
same chord there correspond two segments EGF, EHF.. By the 
term segment, the smaller of the two is always to be understood, 
unless the contrary is expressed. 

5. A sector Of a; circle is the figure included between an arc and 
the two Itadii drawn to the extremities of the arc, as BCD. 

6. A straight line is said to be inscribed in a circle when its ex- 
tremities are on the circumference, as AB. 

An inscribed angle is one whose vertex is on the 
circumference, and which is formed by two chords, 
as BAC. 

. 1. A polygpn is said to be inscribed in a circle 
when all its angles have their vertiqes on the cir- 
cumference, as ABC. • The circle is then said to be described about 
the polygon. 

8. An angle is said to be inscribed in a segment when it is con- 
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tained by two straight lines drawn from any 

point in. the arc o.f the segment to the extremi- 

/q ties of the subtending chord. Thas. the angles 

ACB, ADB are inscribed in the segment ADCB. 



9. A secant is a line which cuts the circumfer- 
ence, 'and lies partly within and partly without 
the circle, as DE. 

10. A straight line is said to touch a circle 
when it meets the circumference, and, being pro- 
duced, does not cut it, as AB. 

Such a line is called a tangent^ and the point in which it meets 
the circumference is called the 2>o»n^ of contact^ as C. 

11. Two circumferences are said. to touch one 
another when they meet, but do not cut one an- 
other. 



12. A polygon is said to be d0$cribed about a 
circle when each side of the polygon touches the 
circumference of the circle. 

In this case the circle is said to be inscribed in 
the polygon. 





PROPOSITION I. THEOBEM. 

Eoefiry diameter divides the circle and its circumference into two 
equal parts. 

Let ACBD be a circle, and AB its diameter; 
then will the line AB divide the circle and its cir- 
cumference into two. equal parts.' 

If the figure ADB be turned* about AB, and su- 
perposed upon the figure ACB, the curve line ACB 
must coincide exactly with the curve line ADB; 
For if any part of the curve ACB were to fall either within or 
without* the curve ADB, there would be points in one or the 
other unequally distant from the centre, which is contrary t0 the 
definition of a circle." Hence the two figtires coincide throughout, 
and are equal in all respects. Therefore fevery diameter, etc. • 
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PROPOSmdN II. THEOREM. 

A straight line can not meet the circumference of a circle in 
m(yrethan two points, 

For^ if it be possible, let the straight line 
ABC meet the circumference of a circle in 
three points, DBE. Take F, the centre of the 
circle, and join FD, FB, FE. 

Then, because F is the centre of the circle, 
the three straight lines FD, FB, FE are all 
equal to each other. Hence three equal straight 
lines have been drawn from the same point to the same straight 
line, which is impossible (B. L, Pr. 17, Cor. 2*). Therefore a 
straight line, etc. 

PROPOSITIOK IIJ. THEOREM. 

In the same circle or in equal circles^ equal arcs are svhtended 
by equal chords^ and conversely equal chords subtend equal arcs. 

Let ADB, EHF be equal 
circles, and let the arcs AI 
D,EMH also be equal; then 
will the chord AD be equal 
to the chord EH. 

For, the diameter AB be- 
ing equal to the diameter 
EF, the semicircle ADB may be applied exactly to the semicircle 
EBiF, and the curve line AEDB will coincide entirely with the 
curve line EMHF (Pr. 1). But the arc AH) is, by hypothesis, 
equal to the arc EMH ; hence the point D will fall on the point 
H, and therefore the chord AD is equal to the chord EH (Ax. 11, 
B. I.). 

Conversely^ if the chord AD is equal to the chord EH, then the 
arc AH) will be equal to the arc EMH. 

For, if the radii CD, GH are drawn, the two triangles ACD, 
E6H will have their three sides equal, each to each, viz., AC to 
£G, CD to GH, and AD equal to EH; the triangles are conse- 
quently equal (B. L,Pr. 16), and the angle ACD is equal to the 
angle EGH. 

■ ■ ■ ' III . » ■ 1 1 I . I . I _ _ I ■ 

* In the references, the Roman numerals denote the Book, and the Arahic nu- 
merals indicate the Proposition. Thus, B. I., Pr. 17, means the seventeenth prop- 
osition of the first book. 
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BE 



Let, now,' the. semicircle 
ADBbe applied to the semi- 
circle EHF,so that AC may 
E coincide with EG; th^n, 
since the angle ACD is equal 
to the angle E6H, the ra- 
dius CD will coincide with- 



the radius 6H, and the point D with the point H. Therefore 
the arc AID must coincide with the arc EMH, and be equal to it. 
If the arcs are in the same circle, the demonstration is similar. 
Therefore, in the same circle, etc. 

PBOPOsrnoN iv. theobem. 
In the same circle or in equal circles^ equal angles at ths centre 
are subtended by equal arcs; and^ conversely^ equal arcs subtend 
equal angles at the centre. 

Let AGB, DHE be two equal cir^ 
cles, and let AC6, DFE be equal 
angles at their centres; then will 
the arc AB be equal to the arc DE. 
Join AB, DE; and, because the 
circles AGB, DHE are equal, their 
radii are equal. Therefore the two 
sides CA, CB are equal to the two sides FD, FE ; also, the angle 
at C is equal to the angle at F; therefore the base AB is equal 
to the base DE (B. I., Pr. 6). And, because the chord AB is 
equal to the chord DE, the arc AB must be equal to the arc DE 
(Pr. 3), 

Converselyy if the arc AB is equal to the arc DE, the angle AC 
B will be equal to the angle DFE. For, if these angles are not 
equal, one of them is the greater. Let ACB be the greateir, and 
take ACI equal to DFE ; then, because equal angles at the centre 
are subtended by equal arcs, the arc AI is equal to the arc DE. 
But the arc AB is equal to the arc DE ; therefore the arc AI is 
' equal to the arc AB, the less to the greater, which is impossible 
Hence the angle ACB is not unequal to the angle DFE, that is, it 
is equal to it Therefore, in the same circle, etc. 
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PEOPOSmON V. THEOSEM. 

In the same circky or in equal circles^ a ffreater are is subtend' 
edbya greater chord; and^ conversely ^ the greater chord subtends 
the greater arc^ the arcs being both less than a semircircfumference. 

In the circle AEB, let the arc AE be great- 
er than the arc AD ; then will the chord A£ 
be greater than the chord AD. 

Draw the radii CA, CD, CE. Now, if the 
arc AE were equal to the arc AD, the angle 
ACE would be equal to the angle ACD (Pr. 
4) ; hence it is clear that if the arc AE be 
greater than the arc AD, the angle ACE must be greater than 
the angle ACD. But the two sides AC, CE of the triangle ACE 
are equal to the two AC, CD of the triangle ACD, and the angle 
ACE is greater than the angle ACD ; therefore the third side A 
E is greater than the third side AD (B. L, Pr. 1 3) ; hence the chord 
which subtends the greater arc is the greater. 

Conversely y if the chord AE is greater than the chord AD, the 
arc AE is greater than the arc AD. For, because the two trian- 
gles ACE, ACD have two sides of the one equal to two sides of 
the other, each to each, but the base AE of the one is greater 
than the base AD of the other, therefore the angle ACE is great- 
er than the angle ACD (B. I.,Pr.l4), and hence the arc AEi is 
greater than the arc AD (Pr. 4). Therefore, in the same circle, etc. 

Scholium, If the arcs are greater than a semi-circumference, 
the contrary is true; that is, the greater arc is subtended by a 
smaller chord. 

PEOPOSmON VI. THEOEEM. 

The diameter which is perpendicular to a chord bisects the chords 
and also the arc which it subtends. 

Let AB6 be a circle, of which AB is a chord, and 
GE a diameter perpendicular to it ; the chord AB 
will be bisected in D, and the arc AEB will be bi- 
sected in E. 

Draw the radii CA, CB. The two right-angled 
triangles CD A, CDB have the side AC equal to CB, 
and CD common ; therefore the triangles are equal, and the base 
AD is equal to the base DB (B. I, Pr. 19). 

Secondly. Since the radius AC is equal to CB, and the line CD 
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bisects the line AB at right angles, it bisects also 
the vertical angle ACB (R L, Pr. 10, Cor. 1). And, 
since the angle ACE is equal to the angle BCE, the 
arc AE must be equal to the arc BE (B. ILL, Pr. 4). 
Hence the diameter 6E, perpendicular to the chord 
AB, divides the arc subtended by this chord into 
two equal parts in the point E. Moreover, since 
the semi-circumference GAE is equal to GBE (B. HI., Pr. 1), the 
arc AG must be equal to BG. Therefore the perpendicular, etc. ^ 
Corollary. The centre of the circle, the middle point of the 
chord AB, and .the middle point of the arc AEB subtended by 
this chord, are three points situated in a straight line perpendic- 
ular to the chord. Now two points are sufficient to determine 
the position of a straight line; therefore any straight line which 
passes through two of these points will necessarily pass through 
the third, and be perpendicular to the chord. 

^%Oythe perpendicvlar to the chord at its middle point jpasses 
through the centre of the cirde c&id through the middle of the- are 
subtended by the chord. 

PBOPOSiTION Vn. THEOREM. 

Through .any three points not in the same straight line one 
circumference may be made topass^ and but one. 

Let A, B, C be any three points not in the 
same straight line ; they all lie in the circum- 
ference of the same circle. Join AB, AC, and 
bisect these lines by the perpendiculars DF, E 
F ; DF and EF produced will meet one another. 
For, join DE ; then, because the angles ADF, 
AEF are together equal to two right angles, the 
angles FDE and FED are together less than two right angles; 
therefore DF and EF will meet if produced (B.I.,Pr.23,Cor. 3). 
Let them meet in F» Since this point lies in the perpendicular 
DF, it is equally distant from the two points A andB (B, I.,Pr. 
18) ; and, since it lies in the perpendicular EF, it is equally dis^- 
tant from the two points A and C ; therefore the three distances 
FA, FB, FC are all equal ; hence the circumference described 
from the centre F with the raidius FA will pass through the three 
given points A, B, C. 

Secondly. No other circumference can pass through the eaine 
points. For, if there were a second, its centre could not be out 
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of the line DP, for then it would be unequally distant from A and 
B (B. I.,Pr. 18) ; neither could it be out of the line FE, for the 
same reason ; therefore it must be on both the lines DF, FE. 
But two straight lines can not cut each other in more than one 
point, hence only one circumference can pass through three 
given points. Therefore, throug;h any three points, etc. 

Cor. 1. Two circumferences can not cut each other in more 
than two points; for, if they had three common- points, they 
would have the same centre, and would coincide with each other. 

Cot. 2. The perpendicular drawn from the middle of BC will 
pass through the point F, since this point is equally distant from 
B and C ; therefore the three straight lines bisecting the three 
sides of a triangle at right angles meet in the same point. 

» .a 

PBOPOSITIOK VIII. THEOREM.. 

In the same cirde or in equal circles^ equal chords are equally 
distant from the centre ; arid of two unequal chords^ the less is the 
more remote from the centre. 

Let the chords AB, DE, in the circle AB ^'^'"'""""^JB 

ED, be equal to one another; they are 
equally distant from the centre. ■ Take C, B/ 
the centre of the circle, and from it draw 
CF, CG, perpendiculars to ABi DE. 

Join CA, CD; then, because the radius ■A> ^^...^...^'^| / h 

CF is perpendicular to the chord KH^^ it bi- 
sects it (Pr. 6). Hence AF is the half of A 
B; and, for the same reason, DG is the half of DE. But ABis. 
equal to DE, therefore AF is equal to DG (B. I. j Ax. 7). Now, 
in the right-angled triangles ACF, DCG, the .hypothehuse AC is 
equal to the hypothenuse DC, and the side AF is equal to the 
side DG ; therefore the .triangles are equal, and CF is equal to C 
G (B. I., Pr. 19) ; hence the two equal chords AB, DE are equally 
distant from the centre. . 

. Secondly, Let the chord AH be greater than the chord DE; 
DE is further from the centre than AH. 

For, because the chord AHws. greater than the chord DE, the' 
arc ABH is greater than the arc DE (Pr. 5). From the aric AB 
H cut off a part, AB, equal to DE ; draw the chord AB, and let 
fall CF perpendicular to this chord, and CI perpendicular to AH. 
It is plain that CF is greater than CK/and CK than CI (B. L, Pr. 
17) ; much mor6, then, is CF greater than CL But CF is equal 

■'.•■••'■." C2 , ' 
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to CG, becauBe the chords AB, DE are equal; hence CG is great- 
er than CL Therefore, in the same circle, etc. 

Cor, Hence the diameter is the longest line that can be in- 
scribed in a circle. 




PEOPOSmON IX. THEOBEM. . . 

A straight line perpendicular to a diameter at its extremity is 
a tangent to the circumference. 

Let ABK be a circle, the centre of which is 
C, and the diameter AB, and let AD be drawn 
from A perpendicular to AB ; AD will be a tan- 
gent to the circumference. 

In AD take any point, E, and join CE ; then, 
since CE is an oblique line, it is Ibnger than the 
perpendicular CA (B. I., Pr. 1 7). 
Now CA is equal to CF ; therefore CE is greater than CF, and 
the point E must be without the circle. But E.is any point 
whatever in the line AD ; therefore AD has only the point A in 
cpmmon with the circumference, hence it ia a tangent (Def. 10). 
Therefore a straight line, etc. 

Cor. 1. Through the same point, A, in the circumference, only 
one tangent can be drawn. For, if possible, let a. second tangent, 
AG, be drawn; then, since-CA can not be perpendicular to A 
G (B. I., Pr. 1), another line, CH, must be perpendicular to AG, 
and therefore CH must be less than CA (B. L, Pr. 17) ; hence the 
point H falls within the circle, and AH produced will cut the cir- 
cumference. 

Cor, 2. A tangent, AD, to a circle at any pomt. A, is perpen- 
dicular to the diameter drawn to that point. For, since every 
point of the tangent except A is without the circumference, the 
radius CA is the shortest line that can be drawn from the point 
C to the line AD, and ia therefore perpendicular to this line (B. 
I.,Pr.l7). 

PEOPOSmON X. THEOEEM, 

Two parallels intercept equal arcs on a circumference. 

The proposition admits of three cases: 
Mrst, When the two parallels are secants, as 

AB, BE. , • 

Draw the radius CH perpendicular to AB ; 

it will also be perpendicular to DE (B. L, Pr. 
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23, Cor. 1) ; therefore the point H will be at the same time the 
middle of the arc AHB and of the arc DHE (Pr. 6). Hence the 
arc DH is equal to the arc HE, and the arc AH equal to HB, 
and therefore the arc AD is equal to the arc BE (B. L, Ax. 3). 

Second. When one of the two parallels is a secant and the oth* 
er a tangent. 

To the point of contact, H, draw the ra- 
dius CH ; it will be perpendicular to the 
tangent D£ (Pr. 9), and also to its parallel 
AB. But, since GH is perpendicular to 
the chord AB, the point H is the middle of 
the arc AHB (Pr. 6) ; therefore the arcs A 
H,HB, included between the parallels AB, 
DE, are equal. 

Third. If the two parallels DE, FG are 
tangents, the one at H, the other at K, draw the parallel secant 
AB; then, according to the former case, the. arc AH is equal to 
HB, and the arc AK is equul to KB ; hence the whole arc HAK 
is equal to the whole arc HBE (B. L, Ax. 2). It is also evident 
that each of these arcs is a semi-circumference. Therefore two 
parallels, etc. 

Scholium. The straight line joining the points of contact of 
two parallel tangents is a diameter. 

PEOPOSniON XI. THEOBEM. 

If two circumferences cut eoteh other ^ the straight line joining 
their centres bisects their common chord at right angles. 

Let two circumferen- 
ces cut each other in the 
points A and B ; then 
will the line AB be a 
common chord to the 
two circles. Now, if a 
perpendicular be erect- 
ed from the middle of thia'Chord,it will pass through C and D, the 
centres of the two circles (Pr. 6, Cor.). But only one straight 
Une can be drawn through two given points; therefore the 
straight line which passes through the centres will bisect the 
common chord at right angles. 
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PROPOSITION XII. THEOSBM. 

If two circumferences touch each other ^ either externally or inr 
temcUlj/^ the distance of their centres must be equal to the sum or 
difference of their radii. 

It is plain that the centres of the circles and the point of con* 
tact are. in the same straight line ; for, if possible, let the point of 
contact, A, be without the straight line CD. 





From A let fall npon CD, or CD produced, the perpendicular 
AE, and produce it to B, making BE equal to AE. Then, in the 
triangles ACE, BCE, the side AE is equal to EB, CE is common, 
and the angle AEC is equal to the angle BEC ; therefore AC is 
equal to CB (B. L,Pr. 6), and the point B is in the circumference 
ABF. In the same manper, it may be shown tol)e in the circum- 
ference ABG, and hence the point B is in both circumferences. 
Therefore the two circumferences have two points, A and B, in 
common ; that is, they cut each other, which is contrary to tbe 
hypothesis. Therefore the point of contact can not.be without 
the line joining the centres; and hence, when the circles touch 
each other externally, the distance of the centres CD is equal to 
the sum of the radii CA, DA ; and when they touch internally, 
the distance CD is equal to the difference of the radii CA, DA. 
Therefore, if two circumferences, etc. 

Scholium. If two circumferences touch each other externally 
or internally, their point of contact is in the straight line join- 
ing their centres. 

PROPOSITION XIIL TpEORSM^ 

Jf ttoo circumferences cut each other y the distance between their 
centres is less than the sum of their radii^ and greater than their 
difference, 

•Let two circumferences cut each other in the point A. Draw 
thei radii CA, DA ; then, because any side of a triangle is less 
than the- sum of the other two (B. I., Pr. 8), CD must be less 
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than the sum of AD and AC. Also, DA 
must be less than the sum of CD and C 
A ; or, subtracting CA from these un- 
equals (B. L, Ax. 6), CD must be great- 
er than the difference between DA and 
CA. Therefore, if two circumferences, 
etc. 

Scholium. There may be five different positions of two circles 
with respect to each other : , 

1st. When the distance between their centres is greater than 
the siim of their radii^ there can be neither contact nor intersec- 
tion. 
. 2d; Wheti the distance between their centres is equal to the 
sum of their radii, the circumferences touch each other eiictemally. 

d<i When the distance between their centre's is less than the 
sum of their radii, but greater than their difference, the circum- 
ferences intersect. 

4th. When the distance between their centres is equal to the 
difference of. their radii, the circumferences touch each other in* 
ternally. 

5th. When the distance between their centres is less than the 
difference of their radii, there can be neither contact nor intersec- 
tion. 



PBOPOSinOK XIV. . THEOBEM. 

In the same circle^ or in equal cirdesy two angles at the centre 
have the same ratio as their intercepted arcs. 

Case first. When the G- ' H 

angles are in the ratio 
of two whole numbers. 

Let ABG, DFH be 
equal circles, and let 
the angles ACB, DEF 
at their centres be in 
the ratio of two whole 
numbers ; then will 

the angle ACB : angle DEF : : arc AB : arc DF. 

Suppose, for example, that the angles ACB, DEF are to each 
other as 7 to 4; or, which is the same thing, suppose that the an- 
gle M, which may serve as a common measure, is contained seven 
times in the angle ACB, and four times in the angle DEF. Draw 
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radii to the several 
points of division of the 
arcs. The seven par- 
tial angles into which 
ACB is divided, heing 
each equal to any of the 
four partial angles into 
which DEF is divided, 
the partial arcs will also he equal to each other (Pr. 4), and the 
entire arc AB will he to the entire arc.DF as 7 to 4. Now. the 
same reasoning would apply if, in place of 7 apd 4, any whole 
numbers whatever were employed; therefore, if the ratio of the 
angles ACB, DEF can be expressed in whole numbers, the arcs 
AB, DF will be to each other as the angles ACB, DEF. 

Case second. When the angles are incommensurable ; that is, 
their ratio can not be expressed exactly in numbers. 

Suppose the angle DEF to be divided into any number n of 
equal parts ; then ACB will contain a certain number m of these 
parts, plus a remainder which is less than one of the parts. The 

ACB . m . .' 

numerical expression of the ratio Tvcvri will be — , correct within 

Drib n 

-part (B.IL,Art. 10). Drawradiito the severalpoints of division 

of the arcs. The arc DF will be divided into n equal parts, and 
the arc AB will contain m such parts, plus a remainder which is 
less than one of the parts. Therefore the numerical expression 

AB 771 1 

of the ratio ttts will also be — , correct within — part. Hence the 
DF n n'^ 

same number, — , expresses the value of the ratio yyifK" ^^^ ^^ 
Yyp, however small the parts into which DEF is divided. There- 
fore these ratios must be absolutely equal; and hence, whatever 
may be the ratio of the two angles, we have the proportion 

angle ACB : angle DEF ; : arc AB : arc DF. 

Therefore, in the same circle, etc. 

Schoiiuin, Since the angle at the centre of a circle and the arc 
interoepted by its sides are so related that when one is increased 
or diminished, the other is increased or diminished in the same 
ratio, an angle at the centre is said to be measured by its inter* 
cepted arc. 
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It shonld, however, be observed that, since angles and arcs are 
unlike quantities, they are necessarily measured by different units. 
The most simple unit of measure for angles is the right angle, and 
the corresponding unit of measure for arcs is a quadrant. An 
acute angle would accordingly be expressed by some number be- 
tween and 1 ; an obtuse angle by some number between 1 and 2, 

The unit, however, most commonly employed for angles is an 
angle equal to -^th part of a right angle, called a degree. The 
corresponding unit of measure for arcs is -^th part of a quadrant, 
and i3 also called a degree. An angle or an arc is thus numeri- 
cally expressed by the unit degree and its subdivisions. A right 
aiigle and a quadrant are both expressed by 90 degrees. If an 
angle is |ths of a right angle, it is expressed by 72 degrees. 

Cor, Since in equal circles sectors are equal when their angles 
are equal, it follows that in eqical circles sectors are to each othef 
as their arcs. 




PEOPOsmoN xy. theobem. 

An inscribed angle is measured by half the arc included betiween 
its sides. 

Let BAD be an angle inscribed in the cir- 
cle BAD. . The angle BAD is measured by 
half the arc BD. 

Mrst. Let C, the centre of the circle, be 
-within the angle BAD. Draw the diameter 
AE, also the radii CB, CD. 

Because CA is equal to OB, the apgle CAB 
is equal to the. angle CBA (B. L, Pr. 10) ; 
therefore the angles CAB, CBA are together 
double the angle CAB. But the angle BCE is equal (B.L,Pr. 
27) to the angles CAB, CBA ; therefore, also, the angle BCE is 
double of the angle BAO. Now the angle B 
CE, being an angle at the centre, is measured 
by the arc BE ; hence the angle BAE is meas- 
ured by the half of BE. For the same reason, 
the angle DAE is measured by half the arc DE. 
Therefore the whole adgle BAD is mieasured 
by half the arc BD. 

Second. Let C, the centre of the circle, be 
without the angle BAD. Draw the diameter 
AE. 
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It may be demoDstrated, as in the firat case, 
that the aqgle BAE is measured by half the 
arc BE, and the angle DAE by half the arc 
DE ; hence their difference, BAD, is measured 
by half of BD. Therefore, an inscribed angle, 
etc. 

Cor. I. All the angles BAG, BDC, etc., in- 
scribed in the same segment, are equals for 
they are all measured by half the same- arc B 
EC. (See next fig.) 

Cor. 2. An angle BCD at the centre of a circle \% double of the 
angle BAD at the circumference, subtended by the same arc. 

Cor. 3. Every angle inscribed in a semicircle is a right angle, 
because it is measured by half a semi-circumference ; that is, the 
fourth part of a circumference. 

Cor. 4. Every angle inscribed in a segment 
greater than a semicircle is an acute angle, for 
it is measured by half an arc less than a semi- 
circumference. 

Every angle inscribed in a segment less than 
a semicircle ig an obtuse angle, for it is meas- 
ured by half an arc greater than a semi-circum* 

ference. 

Cor. 6. The opposite angles of an inscribed quadrilateml, ABE 
C, are supplements of each other ; for the angle BAG is measured 
by half the arc BEC, and the angle BEC is measured by half the 
arc BAC; therefore the two angles BAG, BEC, taken together, 
are measui*ed by half the circumference ; hence their sum is equal 
to two right angles. 

PEOPOSmON XVI. THEOBEK. 

The angh formed by a tangent and a Qhord is measured by half 
the arc included betioeen its sides. 

Let the straight line BE touch the cir- 
cumference ACDF in the point A, and front 
A let the chord AC be drawn; the angle 
BAC is measured by half the arc AFC. 

From the point A draw the diameter A 
D. The angle BAD is a right angle (Pr. 
9), and is measured by half the semi-cir- 
cumference AFD ; also, the angle DAG is 
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measured by half the arc DC (Pr. 15) ; therefore the sum of the 
angles BAD, DAC is measured by half the entire arc AFDC* 

In the same manner, it may be shown that the angle GAE is 
measured by half the arc AGO, included between its sides. 

Got. The angle BAC is equal to an angle inscribed in the seg- 
ment AGC, and the angle EAC is equal to an angle inscribed in 
the segment AFC. 

PEOPOSmON XVIL THEOREM. 

The angle formed by two chords which cut each other is meas" 
ttredby one half the stem of the arcs intercepted between its sides 
and between the sides of its vertical angle. 

Let AB, CD be two chords which cut each oth- 
er at E ; then will the angle AED be measured by 
one half the sum of the arcs AD and BC, intercept- 
ed between the sides of AED and the sides of its 
vertical angle BEC. 

Join AC ; the angle AED is equal to the sum of 
the angles ACD and BAC (B. L, Pr. 27). But A 
CD is measured by half the arc AD (B. III., Pr. 15), and the an- 
gle BAC is measured by half the arc BC. Therefore AED is 
measured by half the sum of the arcs AD and BC. Therefore 
the angle, etc. # 

PEOPOSmON XVIII. THEOBEM. 

The angle formed by two secants intersecting withoiU the cir- 
cumferencSyis measured by one half the difference of the intercept- 
ed arcs. 

Let AB, AC be two secants which intersect at 
A; then will the angle BAC be measured by one 
half the differeace of the arcs BC and DE. 

Join CD ; the angle BDC is equal to the sum 
of the angles DAC and ACD (B.L,Pr. 21) ; there- 
fore the angle A is equal to the difference of the 
angles BDC and ACD. But the angle BDC is 
measured by one half the arc BC (B. in.,Pr. 15), and the angle A 
CD is measured by one half the arc DE, Therefore the angle A 
is measured by one half the difference of the arcs BC and DB. 
Therefore the angle, etc. 
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BOOK IV. 

COMPARISON AND MEASUREMENT OF POLYGONS 

Dejlnitions. 

1. The area of a figure is its superficial content. The area is 
'expressed numerically by the number of times that the figure 

contains some other surface which is assumed for its measuring 
unit ; that is, it is the ratio of its surface to that of the unit of 
surface. A unit of surface is called a superficial unit. The most 
convenient superficial unit is the square, whose 6ide is the linear 
unit, as a square foot or a square yard. 

2. Equal figures are such as may be applied the one to the oth- 
er, so as to coincide throughout. Thus two circles having equal 
radii are equal ; and two triangles having the three sides of the 
one equal to the three sides of the other, each to each, are also 
equal. 

3. Equivalent figures are such as contain equal areas. Two 
figures may be equivalent, however dissimilar. Thus a circle 
may be equivalent to a square, a triangle to a rectangle, etc. 

4. Similar polygons are such as have the angles of the one 
equal to the angles of the other, each to each, and the sides about 
the equal angles proportional. Sides which have the same posi- 
tion in the two polygons, or which are adjacent to equal angles, 
are called homologous. The equal angles may also be called 
homologous angles. 

fiqual polygons are always similar, but similar polygons may 
be very unequal. - 

6. Two sides of one polygon are said to be reciprocally proper-* 

tional to two sides of another when one side of the first is to one 

side of the second as the remaining side of the second is to the 

remaining side of the first. 

6. In different circles, similar arcs^ sectors, or segments are those 

which correspond to equal angles at the 
centre. 

Thus, if the angles A and D are equal, 

the arc BC will be similar to the arc EP, 

F the sector ABC to the sector DEF, and 

the segment BGC to the segment EHF. 
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1. The aUitude of a triangle is the perpen- 
dicular let fall from the vertex of an angle on 
the opposite side, taken as a base, or on the base 
produced. 

8. The altitude of a paraUdogram is the per- 
pendicular drawn to the base from the opposite 
side. 

9. The aUitvde of a, trapezoid is the perpendicu- 
lar distance between its parallel sides. 






PROPOSITION I. THEOEEM, 

Parallelograms which have equal bases and equal altitudes are 
equivalent. 

Let the parallelograms 
ABCD, ABEF be placed 
so that their equal bases 
shall coincide with each 
other. Let AB be the 
common base; and, since 
the two parallelograms are supposed to have equal altitudes, 
their upper bases, DC, FE, will be in thei same straight line par- 
allel to AB. 

Now, because ABCD is a parallelogram, DC is equal to AB 
_(B. L,Pr. 30). For the same reason, FE is equal to AB, where- 
fore DC is equal to FE; hence, if DC and FE be taken away 
from the same line DE, the remainders CE and DF will be equal. 
But AD is also equal to BC, and AF to BE ; therefore the trian- 
gles DAF,CBE are mutually equilateral, and consequently equal. 

Now if from the quadrilateral ABED we take the triangle 
ADF, there will remain the parallelogram ABEF ; and if from 
the same quadrilateral we take the triangle BCE, there will re- 
main the parallelogram ABCD. Therefore the two parallelo- 
grams ABCD, ABEF, which have the same base and the same 
altitude, are equivalent. 

Gor. Every parallelogram is equivalent to the rectangle which 
has the same base and the same altitude. 

PBOPOsrnoN ii. theorem. 
Every triangle is half of the parallelogram which has the same 
base and the same altitude. 

Let the parallelogram ABDE and the triangle ABC have the 
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game base, AB, and the siame altitude ; tbe 
triangle is half of the parallelogram. 

Complete the parallelogram A6FC ; then 
thp parallelogram ABFO is equivalent to 
the parallelogram ABDE,' because they 
have the same base and the same altitude 
(Pr. 1). But the triangle ABG is half of the parallelogram ABFC 
(B. I, Pr. 30, Cor. 1), wherefore the triangle ABC is also half of the 
parallelogram ABDE. Therefore every triangle, «to. 

(7or. 1. Every triangle is half of the rectangle which has the 
same base and altitude. 

{7or. 2. Triangles which have equal bases and equal altitudes 
are equivalent. 

PEOPOSmON III. THEOREM. 

Two rectangles having equal altitudes are to each other as t/ieir 
bases. 

i> F C Let ABCD, AEFD be two rectangles 

which have the same altitude AD; they 
are to each other as their bases AB, AE. 
Case first When the bases are in the 
E B ratio of two whole numbers; for exam- 

ple, as 7 to 4. If AB be divided into seven equal parts, AE will 
contain four of those parts. At each point of division erect a 
perpendicular to the base ; seven partial rectangles will thus be 
formed, all equal to each other, since they have equal bases and 
altitudes (Pr. 1). The rectangle ABCD will contain seven par- 
tial rectangles, while AEFD will contain four; therefore the rect- 
angle ABCD is to the rectangle AEFD as 7 to 4, or as AB to AE, 
The same reasoning is applicable to any other ratio than that of 
7 to 4 ; therefore, whenever the ratio of the bases can be expressed 
in whole numbers, we shall have 

ABCD:AEFD::AB:AE. 
Case second. When the ratio of the bases can not be expressed 
exactly in numbers, the proposition may be proved by the same 
method employed in B. Ill, Pr. 14. Therefore two rectangles, etc. 

PROPOSniON IV. THEOREM. 

Any two rectangles are to each other as the products of their 
bases by their altitudes. 

. Let ABCD, AEGF be two rectangles ; the ratio of the rectan- 
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gle ABCD to the I'ectangle AEGF is the same with the ratio of 
the product of AB by AD to the product of AE by AF ; that is, 

ABCD : AEGF:: ABx AD : AEx AF. 

Having placed the two rectangles so that H D C 

the angles at A are vertical, produce the 
sides GE, CD till they meet in R The two 
rectangles ABCD, AEHD have the same 
altitude AD; they are, therefore, as their 
basesAB,AE(Pr.3). 

So, also, the rectangles AEHD, AEGF, 
having the same altitude AE, are to each other as their bases 
AD, AF. Thus we have the two proportions 

ABCD : AEHD :: AB : AE, 
AEHD : AEGF :: AD : AF. 

Hence (B. H., Pr. 12, Cor.) > 

ABCD : AEGF:: ABx AD : AEx AF. 

Scholium, Hence we may take as the measure of a rectangle 
the product of its base by its altitude, provided we understand 
by it the product of two numbers, one of which is the number of 
linear units contained in the base, and the other the number of 
linear units contained in the altitude. 

Thus, if the base of a rectangle contains 6 
inches, and the altitude 4 inches, the rectangle 
can be divided into 24 squares, each equalto 
one square inch ; that is, its area is represented 
by 24 square inches. If the base of a second 
rectangle contains 9 inches, £^nd its altitude 5 inches, its area is 
represented by 46 square inches, and the ratio of the two rect- 
angles is that of 24 to 46. 

PEOPOSmON V. THEOBEM. 

Tfie area of any paraUeiogram is equal to the product of itB 
base by its altitude. 

Let ABCD be a parallelogram, AF its alti- J* P B C 

tude,' and AB^its base; then is its surface 
measured by the product of AB by AF. For, 
upon the biase AB, construct a rectangle hav- 







ing the altitude AF; the parallelogram ABCD A 
is equivalent to the rectangle ABEF (Pr. 1, Cor.). But the rect- 
angle ABEF is measured by AB X AF (Pr. 4, Sch.) ; therefore the 
area of the parallelogram ABCD is equal to AB x AFw * 




10 GSOMETBT; 

Cor. Parallelograms having equal bases are to each other as 
their altitudes, and parallelograms having equal altitudes are to 
each other as their bases; for magnitudes have the same ratio 
that their equimultiples have (B. II, Pr. 10). 

PROPOSITION VI. THEOBEM. 

The area of a triangle is equal to half the product of its base 
by its altitude. 

Let ABC be any triangle, BC its base, and AD 
its altitude ; the area of the triangle ABC is 
measured by half the product of BC by AD. 
For, complete the parallelogram ABCE. The 
B D C triangle ABC is half of the parallelogram ABCE 

(Pr. 2); but the area of the parallelogram is equal to BCxAD 
(Pr. 6) ; hence the area of the triangle is equal to one half of the 
product of BC by AD. Therefore the area of a triangle, etc. 

Cor. 1. Triangles having equal altitudes are to each other as 
their bases, and triangles having equal bases are to each other as 
their altitudes. 

Cor. 2. Equivalent triangles whose bases are equal have equal 
altitudes, and equivalent triangles whose altitudes are equal have 
equal bases. 

Scholium. The area of a triangle is equal to ?ialf tJie product of 
its perimeter by the radius of the inscribed circle. Let O be the 
Cav centre of the inscribed circle. Prom this 

point let fall the perpendiculars OD, OE, 

OF upon the sides AB, BC, AC, and draw 

the lines AO, BO, CO. By this proposi- 

"* tion we have triangle AOB=i(ABxOD), 

triangle AOC=i(ACxOF), and triangle BOC=i(BCxOE). 

Now the triangle ABC is equivalent to the sum of the triangles 

AOB, AOC, and BOC, and the three perpendiculars OD, OE, OF 

are equal to each other. 

Hence ABC=1(AB+AC+BC)0D. 

PEOPOSinON VII. THEOEEM. 

The ar-ea of a trapezoid is equal to the product of its cdtUude 
by half the sum of its parallel sides. 

Let ABCD be a trapezoid, DE its altitude, AB and CD its par- 
allel sides ; its area is measured by hjilf the product of DE by the 
sum of its sides AB, CD. 
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Bisect BC in F, and through F draw GH 
parallel to AD, and produce DC to H. 

In the two triangles BFG, CFH the side W 
BF iSj by construction, equal to CF, the ver- 7 
tical angles BFG, CFH are equal (B. L, Pr. Z_ 
6), and the angle FCH is equal to the alter- A E G- B 

jiate angle FBG, because CH and BG are parallel (B. I., Pr. 23) ; 
therefore the triangle CFH is equal to the triangle BFG. 

Now if from the whole figure ABFHD we take away the tri- 
angle CFH, there will jemain the trapezoid ABCD ; and if from 
the same figure ABFHD we take away the equal triangle BFG, 
there will remain the parallelogram AGHD. Therefore the trape- 
zoid. ABCD is equivalent to the parallelogram AGHD, and is 
measured by the product of AG by DE. 

Also, because AG is equal to DH, and BG to CH, therefore the 
sum of AB and CD is equal to the sum of AG and DH, or twice 
AG. Hence AG is ^qual to half the sum of the parallel sides 
AB, CD; therefore the area of the trapezoid ABCD is -equal to 
the product of the altitude DE by half the sum of the bases AB, 
CD. 

Cor. If through the point F,*the middle of BC, we draw FK 
parallel to the base AB, the point K will also be the middle of 
AD. For the figute AJKFG is a parallelogram, as also DKFH, 
the opposite sides being parallel. Therefore AK is. equal to FG, 
and DK to HF. But FG is equal to FH, since the triangles BFG, 
CFH are equal ; therefore AK is equal to DK. 

Now, since KF is equal to AG, the area of the trapezoid is equal 
to DExKF. Hence the area of a trapezoid is equal to its aUi- 
tilde rmdtiplied hy the line which joins the middle points of the 
sides tjohich are hot parallel. 

PBOPOsmoN vni. theoeem. 
If a straig/U line is divided into any twoparts^ the square of the 
whole line is equivalent to the squares of the two parts^ together 
with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any » E H D 

two parts in C ; the square on AB is equivatlent 
to the squares on AC, CB, together with twice ^ 
the rectangle contained.by AC, CB ; that is, 

AB2,or (AC+CB)2:=:AC2+CB2+2ACXCB; 

Upon AB describe the square ABDE ; take A C B 
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E H D -^^ equal to AC ; through F draw FG parallel to 

AB, and through C draw CH parallel to AE. 

The square ABDE is divided into four parts: 
the first, ACIF, is the square on AC, since AF 
was taken equal to AC. The second part, IGDH, 
is the square on CB ; for, because AB is equal 
"' "' to AE, and AC to AF, therefore BC is equal to 
EF (B. L, Ax. 3). 

But, because BCIG- is a parallelogram, GI is equal to BC; and 
because DEFG is a parallelogram, DG is equal to EF (B..I.,Pr. 
80) ; therefore HIGD is equal to a square described on BC. If 
these two parts are taken from the entire square, there will re- 
msiia the two rectangles BCIG,EFIH, each of which is measured 
by ACxCB; therefore the whole square on AB is equivalent to 
the squares on AC and CB, together with twice the rectangle of 
AC X CB. Therefore, if a straight line, etc. 

Cor, The square of any line is equival^t to four times the 
square of half that line. For, if AC is equal to CB, the four fig- 
ures AI, CG, FH, ID become equal squares. 

Scholium 1. If a and b denote the numbers which represent the 
two parts of the line AB, this proposition may be expressed alge- 
braically thus : . {a+by=ia^+2ab+b^ ' ^ 

Scholium Q. A rectangle is said to be contained by any two of 
the straight lines which are about one of the right angles. 

PROPOSITION IX. THEOBEM. 

The square described on the difference of two lines is equivalent 
to the sum of the squares of the lines^ diminished by twice the rect- 
angle contained by the lines. 

Let AB, BC be any two lines, and AC their difference ; the 
square described on AC is equivalent to the sum of the squares 
on AB and CB, diminished by twice the rectangle contained by 
AB,CB; thatis, 

AC2, or (AB-BC)2=AB2+BC2-2AB xBC. 
i^ ;p G K Ilpon AB describe the square ABKF; take 

^ AE equal to AC ; through O draw CG parallel 

H to BK, and through E draw HI parallel to 
AB, and complete the square EFLL 

Because AB is equal to AF, and AC to AE, 
therefore- CB is equal to EF, and GK to LF. 
Therefore LG is equal to FK or AB, and hence 
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the two rectangles CBKG, GLID are each measured by AB x BC. 
If these rectangles are taken from the entire figure ABKLIE, 
which is equivalent to AB^+BC^, there will evidently remain the 
square ACDE. Therefore the square described, etc. 

Scholium. This proposition is expressed algebraically thus: 

PROPOSITION X. THEOREM. 

The rectangle contained hy th/e sum and difference of two lines 
is equivalent to the difference of the squares of those lines. 

Let AB, BC be any two lines ; the yectangle contained by the 
sum and difference of AB andBC is equivalent to the difference 
of the squares on AB and BC ; that is, 

(AB+BC) X (AB-BC) = AB^-BC^. 

Upon AB describe the square ABKF, and ^ 
upon AC describe the square ACDE; produce 
AB so that BI shall be equal to BC, and com- ^ 
plete the rectangle AXLE. 

The base AI of the rectangle AILE is the 
sum of the two lines AB, BC, and its altitude 
AE is the difference of the same lines ; there- 
fore AILE is the rectangle contained by the sum and difference 
of the lines AB,BC. 

But this rectangle is composed of the two parts ABHE and 
BILH ; and the part BILH is equal to the rectangle FGDE, for 
BH is equal to DE, and BI is equal to EF. Therefore AILE is 
equivalent to the figure ABHD6F. But ABHDGF is the excess 
of the square ABKF above the square DHKG, which is the 
square of BC; therefore 

(AB+BC) X (AB-BC)= AB2-BC2. 

Schclivm. This proposition is expressed algebraically thus : 

{a+h) X (a— &)=a2—62. 

PEOPOSITION XI. THEOREM. 

In any right^ngUd triangle the square described on the hy- 
pothefiuse is equivalent to the sum of the squares described on the 
other two sides. 

Let ABC be a right-angled triangle, having the right angle 
BAC ; the square described upon the side BC is equivalent to 
the sum of the squares upon BA, AC. 

On BC describe the square BCED, and on BA, AC, the squares 

D 
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BG, CH ; and through A draw AL parallel to 
BD, and join AD, FC. 

Then,becaase each of the angles BAC,BAG 
is a right angle, CA is in the same straight line 
with AG (B. L, Pr. 3). For the same reason, 
BA and AH are in the same straight line. 

The angle ABD is composed of the angle 
ABC and the right angle CBD. The angle 
FBC is composed of the same angle ABC and 
the right angle ABF; therefore the whole angle ABD is equal to 
the angle FBC. But AB is equal to BF, being sides of the same 
square, and BD is equal to hC for the same reason ; therefore the 
triangles ABD, FBC have two sides and the included angle equal ; 
they are therefore equal (B. I, Pr. 6). 

But the rectangle BDLK is double of the triangle ABD, be- 
cause they have the same base BD, and the same altitude BK 
(Pr. 2, Cor. 1) ; and the square AF is double of the triangle FBC, 
for they have the same base BF, and the same altitude AB. Now 
the doubles of equals are equal to one another (B. L, Ax. 6) ; there- 
fore the rectangle BDLK is equivalent to the square AF, 

In the same manner it may be demonstrated that the rectan- 
gle CELK is equivalent to the square AI; therefore the whole 
square BCED, described on the hypothenuse, is equivalent to the 
two squares ABFG, AGIH, described on- the two other sides ; 
that is, BC2=AB2+AC2 

Scholium, Tradition has ascribed the discovery of this propo- 
sition to Pythagoras (bom about 680 B.C.), and hence it is com- 
monly called the Pythagorean theorem. 

Cor, 1, The square of one of the sides of a right-angled triangle 
is equivalent to the square of the hypothenuse, diminished by the 
square of the other side; that is, 

AB2=BC2-AC2. 
Hence, if the numerical measures of two sides of a right-an- 
gled triangle are given, that of the third may be found. For 

example, if BC=5, and AB=4, then AC = the square foot of 
(52_42)--3, 

Also, if AC=5, and AB=12, then BC=13. 

Cor, 2. The square BCED, and the rectangle BKLD, having the 
same altitude, are to each other as their bases BC, BK (Pr. 3). 
But the rectangle BKLD is equivalent to the square AF ; there- 
fore BC2:AB2::BC:BK. 
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In the same maDner, BC^ : AC^ : : BC : KC. 

Therefore (B. II., Pr. 4, Cor.), 

AB2:AC2::BK:KC. 

That is, in any right-angled triangle, if a line be drawn from 
the right angle perpendicular to the hypothenuse, the squares of 
the two sides are proportional to the adja^cent segments of the hy- 
pothenuse; also, th^ square of the hypothenuse is to the square of 
either of the sides as the hypothenuse is to the segment adjacent to 
that side. 

Cor. 3. Let ABCD be a square, and AC its diag- 
onal; the triangle ABC being right-angled and 
isosceles, we have 

AC2= AB2+BC2=2AB2 ; 

therefore the square described on the diagonal, of a 
square is double of the square described on a side, 

Kwe extract the square root of each member of this equation, 
we shall have AC= AB'v/2 ; or AC : AB ; : ^2 : 1. 

The square root of 2 is 1.4142136, correct to seven decimal 
places. Since the square root of 2 is an incommensurable num- 
ber, it follows that the diagonal of a square is incommensurable 
with its side. 

PEOPOsrriON xii. theoeem. 
In any triangle^ the square of the side opposite to an acute an- 
gle is less than the squares of the base and of the other side by 
twice the rectangle contained by the base, and the distance from the 
acute angle to the foot of th^ perpendicular let fall from the oppo- 
site angle. 

Let ABC be any triangle, and the angle at C one of its acute 
angles, and upon BC let fall the perpendicular AD from the op- 
posite angle ; then will 

AB2=BC2+ AC2^2BC x CD. 

First. When the perpendicular falls within the 
triangle ABC, we have BD = BC — CD, and there- 
fore BD2=BC2+CD2~2BCxCD (Pr. 9). To 
each of these equals add AD^ ; then BD2+ AD^ 
=:BC2+CD2+ AD2~.2BC X CD. 

But in the right-angled triangle ABD, BD^^- 
AD2=AB2; and in the triangle ADC, GD^+ 
AD2=:AC2 (Pr. 11) ; therefore 

AB2=BC2+ AC2- 2BC X CD. 
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Secondly, When the perpendicular falls with* 
out the triangle ABC, we have BD=CD— BC, 
and therefore BD2=:CD2+BC2-2CDxBC (Pr. 
9). To each of these equals add AD^ ; then 
BD2+ AD2=CD2+ AD2+BC2-2CD x BC. 

But BD2+AD2=:AB2; andCD2+AD2=AC2; 
therefore AB2=BC2+AC2-2BCxCD. 
Scholium. When the perpendicular AD falls upon AB^this prop- 
osition reduces to the same as Pr. 11, Cor. 1. 

PBOPOsrnoN xiii. theobbm. 
In an obtuse-angled triangle,^ the square of the aide opposite the 
obtuse angle is greater than the squares of the base and the other 
side by twice the rectangle contained by the base, and the distance 
from the obtuse angle to the foot of tJie perpendicular let faU from 
the opposite angle on the base produced. 

Let ABC be an obtuse-angled triangle, having the 

obtuse angle ABC, and from the point A let -AJ) be 

drawn perpendicular to BC produced ; the square 

of AC is greater than the squares of AB, BC by 

twice the rectangle BC x BD. 

For CD is equal to BC+BD ; therefore CD2=BC2-<-BD2+2BC 

X BD (Pr. 8). To each of these equals add AD2 ; then GD^+ 

AD2=BC2+BD2+ AD2+2BC x BD. 

But AC2 is equal to CDHAD^ (Pr. 11), and AB^ is equal to 
BD2+AD2; therefore AC2=BC2+AB2+2BCxBD. Therefore, 
in an obtuse-angled triangle, etc. 

Scholium. The right-angled triangle is the only one in which 
the sum of the squares of two sides is equivalent to the square on 
the third side ; for, if the angle contained by the two sides is 
acute, the sum of their squares is greater than the square of the 
opposite side ; if obtuse, it is less. 

PEOPOsrrioN xiv. theobem. 

In any triangle, if a straight line is drawn from the vertex to 
the middle of the base, the sum of the squares of the other two sides 
is equivalent to twice the sqiuire of the bisecting line, together with 
twice the square of half the base. 

Let ABC be a triangle having a line AD drawn from the 
middle of the base to the opposite angle ; the squares of BA and 
AC are together double of the squares of AD and BD. 






BOOK IV. 11 

From A draw AE perpendicular to BC; 
then, in the triangle ABD,by Pr. 13, 

AB2 = AD2 + DB2+ 2DB x DE ; 
and, in the triangle ADC, by Pr. 12, 

AC2=:AD2+DC2-2DC xDE. 
Hence, by adding these equals, and observ- b 
ing that BD=DC, and therefore BD2=DC2, 
and DB X DE =DC x DE, we obtain 

AB2+ AC2= 2 AD2 + 2DB2. 
Therefore, in any triangle, etc. 

PBOPOsrnoN xv. theorem. 
In every paraUelogram^ the sum of the squares ofthefcmr sides 
is equal to th^ sum of the squares of the diagonals. 

Let ABCD be a parallelogram, of which the A p 

diagonals are AC and BD; the sum of the 
squares of AC and BD is equal to the sum of 
the squares of AB, BC, CD, DA 

The diagonals AC and BD bisect each other 
in E (B. I., Pr. 33) ; therefore, in the triangle ABD (Pr. 14), 

AB2+ AD2=2BE2+2AE2 ; 
and, in the triangle BDC, 

CD2 + BC2 = 2BE2 + 2EC2. 
Adding these equals, and observing that AE is equal to EC, 
we have AB2+BC2+CD2+AD2=4BE2+4AE2. 

But 4BE2=BD2, and 4AE2=rAC2 (Pr. 8, Cor.) ; therefore 

AB2+BC2+CD2+AD2=BD2+ACa. 
Therefore, in every parallelogram, etc. 

PROPOSmON XVI. THEOREM. 

If a straight line he dravm parallel to the base of a triangle^it 
vxiU cut the other sides proportionally ; and if the sides be cut pro- 
portionally, the cutting line wiU be parallel to the base of the tri- 
angle. 

Let DE be drawn parallel to BC, the base of the triangle AB 
C ; then will AD : DB :: AE : EC. 

Join BE and DC ; then the triangle BDE is equiv- 
alent to the triangle DEC, because they have the 
same base, DE, and the same altitude, since their 
vertices B and C are in a line parallel to the base 
(Pr. 2, Cor. 2). 
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The triangles ADE, BDE, whose common vertex 
is E, having the same altitude, are to each other as 
their bases AD, DB (Pr. 6, Cor. 1) ; hence 

ADE:BDE::AD:DB. 
The triangles ADE, DEG, whose common vertex 
^ is D, having the same altitude, are to each other as 
their bases AE, EC ; therefore 
► ADE:DEC::AE:EC. 

But, since the triangle BDE is equivalent to the triangle DEC, 
therefore (B. 11., Pr. 4), 

AD;DB::AE:EC. 
Conversely y let DE cut the sides AB, AC, so that AD:DB:: 
AE : EC ; then DE will be parallel to BC. 

For AD :DB:: ADE: BDE (Pr. 6, Cor. 1) ; and AE:EC::AD 
E : DEC ; therefore (B. 11.^ Pr. 4), ADE : BDE :: ADE : DEG ; 
that is, the triangles BDE, DEC have the same ratio to the tri- 
angle ADE; consequently, the triangles BDE, DEC are equiva- 
lent, and, having the same base, DE, their altitudes are equal (Pr. 
6, Cor. 2) ; that is, they are between the same parallels. There- 
fore, if a straight line, etc. 

Cor, 1. Since, by this proposition, AD : DB : : AE : EC ; by com- 
position, AD+DB : AD :: AE+EC : AE (B. II., Pr. 6), or AB :: 
AD::AC:AE; also, AB:BD::AC:EC. 

Cor. 2. If two lines he drawn paraJM to the base 
of a triangle^ they will divide the other sides pro- 
portionaUy. For, because FG is- drawn parallel 
to BC, by the preceding proposition, AF : FB : : A 
G : GC. Also, by the last corollary, because DE 
is parallel to FG, AF : DF : : AG : EG. Therefore 
DF : FB : : EG : GC (B. H., Pr. 4, Cor.). 
Also, AD:DF::AE:EG. 
Cor, 3. If any number of lines be drawn parallel to the base of 
a triangle, the sides will be cut proportionally. 

PROPOSITION XVII. THEOREM. 

The line which bisects the vertical angle of a triangle divides 
the base into two segments^ which are proportional to the adjacent 
sides. 

Let the angle BAC of the triangle ABC be bisected by tbo 
straight line AD ; then will 

BD:DC::BA:AC. 
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Through the point B draw BE parallel to D « 
A, meeting CA produced in E. The triangle A 
BE is isosceles. For, since AD is parallel to E 
By the angle ABE is equal to the alternate an- 
gle DAB (B. L,Pr. 23), and the exterior angle 
CAD is equal to the interior and remote angle AEB. But, by 
hypothesis, the angle DAB is equal to the angle DAC ; therefore 
the angle ABE is equal to AEB, and the side AE to the side AB 
(B.I.,Pr.ll). 

And because AD is parallel to BE, the base of the triangle BC 
E (Pr. 16), BD : DC :: EA : Aa 

But AE is equal to AB, therefore 

BD:DC::BA:Aa 

Therefore, the line, etc. 

PBOPOsmoN xvni. theobeh. 
Ths line which bisects the exterior angle of a triangle divides 
the base produced into segments which are proportional to the ad- 
jacent sides. 

Let BA, one side of the triangle ABC, 
be produced to E, and let the exterior 
angle CAE be bisected by the straight 
line AD^ which meets the base produced 
at D ; then 

BD:DC::BA:AC. 

Through C draw CF parallel to' AD, meeting AB at F. Then, 
because the straight line AC meets the parallels AD^ FC, the an- 
gle ACF is equal to the alternate angle CAD (B. L, Pr. 23). But 
the angle CAD is, by hypothesis, equal to DAE; therefore DAE 
is equal to ACF. 

Again, because the straight line FAE meets the parallels AD, 
FC, the exterior angle DAE is equal to the interior and remote 
angle AFC (B. I., Pr. 23). But DAE has been shown equal to A 
CF; therefore ACF is equal to -^^C, and therefore AF is equal to 
AC (B.I.,Pr.ll). 

And because FC is parallel to AD, one of the sides of the tri- 
angle ABD, therefore (B. IV., Pr. 16) BD : DC : : BA : AF. But 
AF is equal to AC ; therefore 

BD:DC::BA:AC. 

Therefore, the line, etc. 

8chx>livm. By the segments of a line we understand the por- 
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tions into which the line is divided at a given point. So also by 
the segments of a line produced to a given point, we understand 
the distances between the given point and the extremities of the 
line. 

PEOPOSmON XIX. THEOBBM. 

Two triangles which are mutually equiangular have their /u>* 
mologous sides proportional^ and are similar. 

Let ABC,DEFbe two triangles which 
are mutually equiangular, having the 
angle A=D, B=E, and C=F; then the 
homologous sides will be proportional, 
and we shall have 
AB:DE::AC:DF::BC:EF. 
Take AG=DE, AH=:DF, and join GH. Then the triangles 
A6H, DEF are equal, since two sides and the included angle ia 
the one are respectively equal to two sides and the included an- 
gle in the other (B. I., Pr. 6). Therefore the angle A6H is equal 
to the angle E. But, by hypothesis, the angle E is equal to the 
angle B ; therefore the angle B is equal to A6H, and therefore 
GH is parallel to BC (B. L, Pr. 22). Hence (B. IV., Pr. 16) we 
have AB : AG : : AC : AH. 

Draw HL parallel to AB ; then BGHL is a parallelogram, and 
BL.is equal to GH. 
Also (B. IV.,Pr. 16), we have 

AC:AH::BC:BLorGH. 
Since these two proportions contain the same ratio AC : AH, 
we conclude (B. H., Pr. 4) 

AB : AG:: AC : AH::BC : GH, 
or, AB : DE:: AC : DF::BC : EF. 

Therefore the triangles ABC, DEF have their homologous sides 
proportional ; hence, by Def. 4, they are similar. 

Cor. Two triangles are similar when two angles of the one are 
respectively equal to two angles of the other, for then the third 
angles must also be equal (B. I., JPr. 27, Cor. 2). 

Scholium. In similar triangles the homologous sides are oppo- 
site to the equal angles; thus, the angle ACB being equal to the 
angle DFE, the side AB is homologous to DE, and so with the 
other sides. 
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PROPOSmON XX. THEOBEM. 

Tloo trianples which have their homologous sides proportional 
are mutually/ equiangular and similar. 

Let the triangles ABC, DEP have 
their sides proportional, so that 

BC : EF:: AB : DE:: AC : DF; 
then will the triangles have their an- 
gles equal, viz., the angle A to the an- 
gle D, B equal to E, and C equal to F. 

Take AG=DE, AH=:DF, and join GH. By hypothesis we 
have AB:DE::AC:DF; 

or, substituting for DE and DF their equals AG and AH, we have 

AB:AG::AC:AH. 
Therefore GH is parallel to BC (B. IV., Pr. 16), and the triangles 
ABC, AGH are mutually equiangular. Hence we have 

AC:AH::BC:GH. 
But, by hypothesis, we have 

AC:DF::BC:EF; 
and, since AH=DF, we conclude that GH=EF. 

Therefore the triangles AGH, DEF, having the three sides of 
the one equal to the three sides of the other, are equal, and there- 
fore the angle DEF is equal to AGH, which is equal to ABC ; 
also, the angle DFE is equal to AHG, which is equal to ACB ; and 
the angle D is equal to A. Hence the triangles ABC, DEF are 
mutually equiangular and similar. Therefore two triangles, etc. 

Scholium. It will be seen from the last two propositions that 
triangles which are mutually equiangular have their homologous 
sides proportional, and conversely, so that either of these condi- 
tions involves the other. This is not true of figures having more 
than three sides, for in quadrilaterals we may change the angles 
without changing the sides ; or we may change the proportion 
of the sides without changing the angles. Thus, i>y 
if we draw EF parallel to DC, the angles of the 
quadrilateral ABFE are equal to those of the quad- 
rilateral ABCD, but the proportion of the sides is a" 
changed. Also, without changing the four sides AB, BC, CD,, DA, 
we may change the angles by moving the point D toward B, or 
from it. 

D2 
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PBOPOSinON XXI. THEOBEM. 

Two triangles are similar when they have ah angle of the one 
equal to an angle of the other ^ and the sides includi7ig those angles 
proportional 

Let the triangles ABC, DEF have the an- 
gle A of the one equal to the angle D of the 
other, and let AB : DE : : AC : DF ; the trian- 
gle ABC is similar to the triangle DEF. 
Take AG equal to DE, also AH equal to 
* DF, and join GH. Then the triangles AGH, 
DEF are equal, since two sides and the included angle in the one 
are respectively equal to two sides and the included angle in the 
other (B. L, Pr. 6). But, by hypothesis, 

AB:DE::AC:DF; 
therefore AB : AG : : AC : AH ; 

that is, the sides AB, AC, of the triangle ABC, are cut propor- 
tionally by the line GH ; therefore GH is parallel to BC (Pr. 16). 
Hence (B. L, Pr. 23) the angle AGH is equal to ABC, and the 
triangle AGH is similar to the triangle ABC. But the triangle 
DEF has been shown to be equal to the triangle AGH; hence the 
triangle DEF is similar to the triangle ABC. Therefore, two tri- 
angles, etc. 

PROPOSITION XXn. THEOREM. 

Two triangles are similar when they have their hx>mologous sides 
parallel each to each^ or perpendicitlar each to each. 

Let the triangles ABC, abCj DEF have their homologous sides 
parallel each to each, or perpendicular each to each, the triangles 
are similar. 

J^irst. Let the homologous sides 
be parallel each to each. If the 
side AB is parallel to a5, and BC 
to bCj the angle B is equal to the 
angle b (B. L, Pr. 26) ; also, if AC 
is parallel to ac, the angle C is 
equal to the angle c / and hence 
the angle A is equal to the angle 
a. Therefore the triangles ABC, 
abc are equiangular, and consequently similar. 

Secondly, Let the homologous sides be perpendicular each to 
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each. Let the side DE be perpendicular to AB, and the side DF 
to AC. Produce DE to I, and DF to H; then, in the quadrilat- 
eral AIDH, the two angles I and H are right angles. But the 
four angles of a quadrilateral are together equal to four right 
angles (B. L, Pr. 28, Cor.) ; therefore the two remaining angles 
lAH, IDH are together equal to two right angles. But the two 
angles EDF, IDH are together equal to two right angles (B. L, 
Pr. 2) ; therefore the angle EDF is equal to lAH or BAC. 

In the same manner, if the side EF is also perpendicular to B 
C, it may be proved, that the angle DFE is equal to C, and, con- 
sequently, the angle DEF is equal to B ; hence the triangles ABC, 
DEF are equiangular and similar. Therefore, two triangles, etc. 

Scholium. When the sides of the two triangles are parallel to 
each other, the parallel sides are homologous ; but when the sides 
are perpendicular to each other, the perpendicular sides are ho- 
mologous. Thus DE is homologous to AB, DF to AC, and EF 
toBC. 

PROPOSmON XXIII. THEOBEM. 

In a right-angled triangle^ if a perpendicular is drawn from the 
rigM angle to the hypoth^nuse; 

Ist. The triangles on each side of the perpendicular are similar 
to the whole triangle and to each other. 

2d. The perpendicvlar is a mean proportional between the seg- 
ments of the hypothenuse. 

3d. £ldch of the sides is n mean proportional between the hypoth- 
enuse and its segment adjacent to that side. 

Let ABC be a right-angled triangle, having 
the right angle BAC, and from the angle A 
let AD be drawn perpendicular to the hypoth- 
enuse BC. 

Mrst. The triangles ABD, ACD are similar 
to the whole triangle ABC, and to each other. 

The triangles BAD, BAC have the common angle B, also the 
angle BAC equal to BDA, each of them being a right angle, and, 
therefore, the remaining angle ACB is equal to the remaining an- 
gle BAD (B. L, Pr. 27, Cor. 2) ; therefore the triangles ABC, AB 
D are equiangular and similar. In like manner, it may be proved 
that the triangle ADC is equiangular and similar to the triangle 
ABC ; therefore the three triangles ABC, ABD, ACD are equi- 
angular, and similar to each other. 
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Secondly. The perpendicular AD is a mean proportional be- 
tween the segments BD, DC of the hypothenuse. For, since the 
triangle ABD is similar to the triangle ADC, their homologous 
sides are proportional (Def. 3), and we have 

BD: AD?: AD: DC. 
Thirdly. Each of the sides AB, AC is a mean proportional be- 
tween the hypothenuse and the segment adjacent to that side. 
For, since the triangle BAD ia similar to the triangle BAC, ye 
have BC:BA::BA:BD. 

And, since the triangle ABC is similar to the triangle ACD, we 
have BC:CA::CA:CD. 

Therefore, in a right-angled triangle, etc. 

Cor. If from a point A, in the circumference of 
a circle, two chords AB, AC are drawn to the ex- 
tremities of the diameter BC, the triangle BAC 
C will be right-angled at A (B. in.,Pr. 16, Cor. 3) ; 
therefore the perpendicular AD is a mean proportional between 
BD and DC, the two segments of the diameter; that is, 

AD2=BDxDC. 

PROPOSITION XXIV, THEOBEM. 

Tijbo triafigleSj having an angle in the one equal to an angle in 
the other ^ are to each other as the rectangles of the sides which con- 
tain the equal angles. 

Let the two triangles ABC, ADE have the angle 
A in common; then will the triangle ABC be to the 
triangle ADE as the rectangle ABxAC is to the 
rectangle AD x AE. 

Join BK Then the two triangles ABE, ADE, 
having the common vertex E, have the same alti- 
tude, and are to each other as their bases AB, AD (Pr. 6, Cor. 1) ; 
therefore ABE : ADE : : AB : AD. 

Also, the two triangles ABC, ABE, having the common vertex 
B, have the same altitude, and are to each other as their bases 
AC,AE; therefore ABC : ABE :: AC : AE. 
Hence (B. n.,Pr. 12, Cor.) 

ABC:ADE::ABxAC:ADxAE. 
Therefore two triangles, etc. 

Cor. 1. If the rectangles of the sides containing the equal" an- 
gles are equivalent, the triangles will be equivalent. ' ' . 
Cor. 2. Parallelograms which are mutually equiangular are to 
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each other as the rectangles of the sides which contain the equal 
angles. 

PROPOSITION XXV. THEOBEH. 

Similar triangles are to each other as the squares described on 
their homologous sides. 

Let ABC, DEF be two similar trian- 
gles, having the angle A equal to D, the 
angle B equal to E, and C equal to F ; 
then the triangle ABC is to the triangle 
DEF as the square on BC is to the square 
on EF. 

By similar triangles, we have (Def. 4) 

AB:DE::BC:EF. 

Also, BC:EF::BC:EF. 

Multiplying together the corresponding tei*ms of these propor- 
tions, we obtain (B. IL, Pr. 12), 

ABxBC:DExEF::BC2:EF2. 

But, by Pr. 24, 

ABC:DEF::ABxBC:DExEF; 
hence (B. H., Pr. 4) ABC : DEF : : BC^ : EF^. 

Therefore similar triangles, etc. 

PEOPOSmON XXVI. THEOBEM. 

Two similar polygons may he divided into the same number of 
triangles^ similar each to each^ and similarly situated. 

Let ABCDE, FGHIK be two simi- b 

lar polygons; they may be divided ^..^^^^^^^^^^.c ^-^v. 

into the same number of similar tri- ^^::'" "7 ^^^—'^^ 
angles. Join AC, AD, FH, FI. \ "^'^^/ V^--^^ 

Because the polygon ABCDE is 
similar to the polygon FGHIK, tbe angle B is equal to the angle 
G(Def.4),andAB:BC::FG:GH. 

And, because the triangles ABC, FGH have an angle in the one 
equal to an angle in the other, and the sides about these equal 
angles proportional, they are similar (Pr. 21) ; therefore the an- 
gle BCA is equal to the angle GHF. Also, because the polygons 
are similar, the whole angle BCD is equal (Def 4) to the whole 
angle GHI ; therefore the remaining angle ACD is equal to the 
remaining angle FHL Now, because the triangles ABC, FGH 
are similar, AC : FH : : BC : GH. 
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« 

And, because the polygons are similar (Def. 4), 

BC:GH::CD:HI; 
whence AC : FH : : CD : HI ; 

that is, the sides about the -equal angles ACD, FHI are propor- 
tional ; therefore the triangle ACD is similar to the triangle FHI 
(Pr. 21). For the same reason, the triangle ADE is similar to 
the triangle "FIK ; therefore the similar polygons ABCDE, F6H 
IK are divided into the same number of triangles, which are sim- 
ilar each to each, and similarly situated. 

Cot. Conversely, if two polygons are composed of the same 
number of triangles^ similar each to each^ and similarly situatedy 
the polygons are similar. 

For, because the triangles are similar, the angle ABC is equal 
to FGH ; and because the angle BCA is equal to GHF, and ACD 
to FHI, therefore the angle BCD is equal to GHI. For the same 
reason, the angle CDE is equal to HIK, and so on for the other 
angles. Therefore the two polygons are mutually equiangular. 

Moreover, the sides about the equal angles are proportional. 
For, because the triangles are similar, AB : FG : : BC : GH. Also, 
BC:GH::AC:FH, and AC: FH::CD:HI; hence BC:GH:: 
CD:HL 

In the same manner, it may be proved that CD : HI : : DE : IK, 
and so on for the other sides. Therefore the two polygons are 
similar. 

PEOPOsmoN xxyii. theobem. 
The perimeters oftioo similar polygons are to each other as any 
two homologous sides^ and their areas are as the squares of those 
sides. 

Let ABCDE, FGHIK be 
two similar polygons, and 
let AB be the side homolo- 
^j gous to FG; then the pe- 
rimeter of ABCDE is to the 
perimeter of FGHIK as AB 
is to FG ; and the area of 
ABCDE is to the area of 
FGHIK as AB^ is to FG^. 

Mrst. Because the polygon ABCDE is similar to the polygon 
FGHIK (Def. 4), 

AB:FG::BC:GH::CD:in,etc.; 
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therefore (B. n.,Pr. 9) the sum of the antecedents AB+BC+ CD, 
etc., which form the perimeter of the first figure, is to the sum of 
the consequents FG+GH+HI, etc., which form the perimeter of 
the second figure, as any one antecedent is to its consequent, or 
as AB to FG. 

Secondly. Because the triangle ABC is similar to the triangle 
FGH, the triangle ABC : triangle FGH : : AC^ : FH^ (Pr. 25). 

And, because the triangle ACD is similar to the triangle FHI, 

ACD:Fffl::AC2:FH2. 
Therefore the triangle ABC : triangle FGH :: triangle ACD : tri- 
angle FHI (B. H., Pr. 4). 

In the same manner, it may be proved that 

ACD:FHI::ADE:FIK. 
Therefore, as the sum of the antecedents ABC+ACD+ADE, or 
the polygon ABCDE, is to the sum of the consequents FGH+ 
FHI+FIK, or the polygon FGHIK, so is any one antecedent, as 
ABC, to its consequent FGH ; or, as AB^ to FG^. Therefore the 
perimeters, etc. 

PROPOSITION XXVIII. THEOREM. 

If two chords ifi a circle cut each other ^ the rectangle contained 
by the parts of the one is equivalent to the rectangle contained by 
the parts of the other. 

Let the two chords AB, CD, in the circle AC 
BD, cut each other in the point E ; the rectan- 
gle contained by AE, EB is equivalent to the 
rectangle contained by DE, EC. 

Join AC and BD. Then, in the triangles AC 
E, DBE, the angles at E are equal, being verti- 
cal angles (B. I.,Pr. 5) ; the angle A is equal to 
the angle D, being inscribed in the same segment (B. in.,Pr. 15, 
Cor. 1) ; therefore the angle C is equal to the angle B. The tri- 
angles are consequently similar; and hence (Pr. 19) 

AE:DE::EC:EB, 
or (B. n., Pr. 1) AE X EB : : DE X EC. 

Therefore, if two chords, etc. 

Cor. The parts of two chords which cut each othei* in a circle 
are reciprocaUy proportiorml ; that is, AE : DE : : EC: EB. 
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PEOPOSmON XXIX. TUEOREM. 

If from, a point vnthout a circle a tangent and a secant he 
draumy the square of the tangent will be equivalent to the rectangle 
contained by the whole secant and its external segment. 

^ Let A be any point without the circle BCD, 

and let AB be a tangent, and AC a secant ; then 
the square of AB is equivalent to the rectangle 
ADxAC. 

Join BD and BC. Then the triangles ABD 
and ABC are similar, because they have the an- 
gle A in common ; also, the angle ABD, formed 
by a tangent and a chord, is measured by half 
the arc BD (B. EDL, Pr. 16), and the angle C is measured by half 
the same arc ; therefore the angle ABD is equal to C, and the two 
triangles ABD, ABC are mutually equiangular, and consequent- 
ly similar; therefore (Pr. 19) 

AC:AB::AB:AD; 
whence (B. H, Pr. L) AB^ = AC x AD. 
Therefore, if from a point, etc. 

Cor. 1. If from a point without a circle a tangent and a secant 
be drawn, the tangent will be a mean proportional between the 
whole secant and its external segment. 

Cor, 2. If from a point without a circle two secants be drawn, 
the rectangle contained by either secant and its external segment 
will be equivalent to the rectangle contained by the other secant 
and its external segment; for each of these rectangles is equiva- 
lent to the square of the tangent from the same point. 

Cor, 3. If from a point without a circle two secants be drawn, 
the whole secants will be reciprocally proportional to their ex- 
ternal segments. 

PROPOSmON XXX. THEOBEM. 

. If an angle of a triangle be bisected by a line which cuts the 
base, the rectangle contained by the sides of the triangle is equiva- 
lent to the rectangle contained by the segments of the base, together 
with the square of the bisecting line. 

Let ABC be a triangle, and let the angle BAC be bisected by 
the straight line AD; the rectangle BAxAC is equivalent to 
BD X DC, together with the square of AD. 

Describe the circle ACEB about the triangle, and produce AD 
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to meet the circumference in E, and join EC. 
Then, because the angle BAD is equal to the 
angle CAE, and the angle ABD to the angle q 
AEC, for they are in the same segment (B. 
III., Pr. 15, Cor. 1), the triangles ABD, AEC 
are mutually equiangular and similar; there- 
fore (Pr. 19) 

BA:AD::AE:AC; 
consequently (B. IL, Pr. 1), 

BAxAC=ADxAE. 
But AE=AD+DE; and multiplying each of these equals by 
AD, we have ^. 3) AD x AE=AD2+AD xDE. But AD xDE 
=BDxDC (Pr. 28) ; hence 

BAxAC=BDxDC+AD2. 

Therefore, if an angle, etc. 

PROPOSITION XXXI. THEOREM. 

In. any triangle^ the rectangle contained by two aides is equivor 
lent to the rectangle corUahiedhy the diameter of the circumscribed 
circle^ and the perpendicular let fall upon the third side from t/ie 
vertex of the opposite angle^ 

In the triangle ABC, let AD be drawn per- 
pendicular to BC, and let AE be the diameter 
of the circumscribed circle ; then 

ABxACzrAExAD. 

For, drawing EC, the right angle ADB is 
equal to the angle ACE in a semicircle (B. HI., 
Pr. 15), and the angle B to the angle E in the 
same segment (B. ILL, Pr. 15) ; therefore the triangles ABD, AEC 
are similar, and we have 

AB:AE::AD:AC; 
and hence AB x AC = AE x AD. 

Therefore, in any triangle, etc. 

PROPOSITION XXXII. THEOREM. 

The rectangle contained by the diagonals of a quadrilateral in- 
scribed in a circle is equivalent to the sum of the rectangles of the 
opposite sides. 

Let ABCD be any quadrilateral inscribed in a circle, and let 
the diagonals AC, BD be drawn; the rectangle AC x BD is equiv- 
alent the sum of the two rectangles AD x BC and AB x CD. 
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triangle EBC. 



Draw the straight line BE, making the an* 
gle ABE equal to the angle DBC. To each 
G of these eqaals add the angle EBD; then will 
the angle ABD be eqaal to the angle EBC. 
But the angle BDA is equal to the angle 
BCE, because they are both in the same seg- 
ment (B. IIL, Pr. 15, Cor. 1) ; hence the trian- 
gle ABD is equiangular and similar to the 
Therefore we have AD : BD : : CE : BC ; 
and, consequently, AD x BC = BD x CE. 

Again, because the angle ABE is equal to the angle DBC, and 
t^e angle BAE to the angle BDC, being angles in the same seg- 
ment, the triangle ABE is similar to the triangle DBC ; and hence 

AB:AE::BD:CD; 
consequently, AB x CD=BD x AE. 

Adding together these two results, we obtain 

AD X BC4- ABx CD=BD x CE+BD x AE, 
which equals BD x (CE+ AE), or BD x AC. 
Therefore the rectangle, etc. 

PBOPOSmON XXXIII. • THEOBEV. 

The perpendiculars drawn from the three angles of any triangle 
to the opposite sides intersect one another in the same point 

tf the triangle be right angled, it is plain that all the perpen- 
diculars pass through the right angle. But if it be not right an- 
gled, let ABC be the triangle, and about it 
describe a circle. Let B and C be two acute 
angles ; draw ADE perpendicular to BC, 
meeting the circumference in E. Make DF 
equal to DE ; join BF, and produce it, if nec- 
essary, to cut AC, or AC produced, in G; then 
BG is perpendicular to AC. 

Join BE ; and, because FD is equal to DE, 
the angles at D are right angles, and DB is common to the two 
triangles FDB, EDB, the angle FBD is equal to EBD (B. L,Pr. 
6). But CAD, EBD are also equal, because they are in the same 
segment (B. ni.,Pr. 15). Therefore CAD is equal to FBD or 
GBC. But the angle ACB is common to the two triangles ACD, 
BCG, and therefore the remaining angles ADC, BGC ai*e equal 
(B.I.,Pr. 21). But ADC is a right angle; therefore also BGC is 
a right angle, and BG is perpendicular to AC. 
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In the same manner, it may be shown that the straight line 
CH, drawn through C and P, is perpendicular to AB, and the 
three perpendiculars all pass through F. Therefore the perpen- 
diculars, etc. 

PBOPOSmON XXXIV. THEOBEM. 

If from any angle of a triangle a perpendicular be drawn to 
the opposite side or base, the rectangle contained by the sum and 
differe^ice of the other two sides is equivalent to the rectangle con* 
tainedby the sum and difference of the segments of the base. 

Let ABC be any triangle, and let AD be a perpendicular drawn 
from the angle A on the base BC ; then 

(AC+AB) X (AC-AB) = (CD+DB) x (CD~DB). 
From A as a centre, with a radius equal to AB, the shorter of 





B 

the two sides, describe a circumference BFE. Produce AC to 
meet the circumference in E, and CB, if necessary, to meet it in F. 

Then, because AB is equal to AE or AG, CE= AC+AB, the 
sum of the sides ; and C6=:AC— AB, the difference of the sides. 
Also, because BD is equal to DF (B. IlI.,Pr. 6), when the per- 
pendicular falls within the triangle, CF=CD~DF=CD-DB, 
the difference of the segments of the base. But when the per- 
pendicular falls without the triangle, CF==CD4-DF=C]>+DB, 
the sum of the segments of the base. 

Now, in either case, the rectangle CE x CG is equivalent to 
CB X CF (Pr. 29, Cor. 2) ; that is, 

(AC+AB) X (AC-.AB)=(CD+DB)x (CD-DB). 
• Therefore, if from any angle, etc. 

Cor. If we reduce the preceding equation to a proportion (B, 
IL,Pr. 2), we shall have 

CD+DB : AC+AB :: AC- AB : CD-DB ; 
that is, the sum of the segments of the base is to the sum of the 
two other sides as the difference of the latter is to the difference 
of the segments of the base. 
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PEOPOSmON XXXV. THEOBEH. 

The diagonal and side of a square have no common measure. 

Let ABCD be a square, and AC its diagonal ; AC and AB have 
no common measure. 

In order to find the common measure, if there 
is one, we must apply CB to CA as often as it 
is contained in it. For this purpose, from the 
centre C, with a radius CB, describe the semi- 
circle EBF. We perceive that CB is contained 
once in AC, with a remainder AE, which re- 
mainder must be compared with BC, or its equal 
AB. 

Now, since the angle ABC is a right angle, AB is a tangent to 
the circumference; and AE : AB:: AB : AF (Prop. 29, Cor. 1). 
Instead, therefore, of comparing AE with AB, we may substitute 
the equal ratio of AB to AF. But AB is contained twice in AF, 
with a remainder AE, which must be again compared with AB. 
Instead, however, of comparing AE with AB, we may again em- 
ploy the equal ratio of AB to AF. Hence at each operation we 
are obliged to compare AB with AF, which leaves a remainder 
AE ; from which we see that the process will never terminate, 
and therefore there is no common measure between the diagonal 
and side of a square ; that is, there is no line, however small, 
which is contained an exact number of times in each of them. 

The same conclusion was amved at in Pr. 11, Cor. 3, by a dif- 
ferent method. 
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BOOK V. 

PROBLEMS. 

Hitherto we have assumed the possibility qf constructing our 
figures, although the methods of constructing them have not yet 
been explained. . For the purpose of discovering the properties 
of figures, we are at liberty to suppose any figure to be con- 
structed, or any line to be drawn, whose existence does not in- 
volve an impossibility. We now proceed to show how the fig- 
ures employed in these demonstrations may be constructed. 

All the constructions of Elementary Geometry are supposed 
to be efiected by means of straight lines and circumferences of 
circles, these being the only lines treated of in the Elements. A 
straight line is supposed to be drawn by means of a ruler, and a 
circle by the aid of a pair of compasses. By means of other 
curves, which are treated of in Higher Geometry, more difficult 
problems may be constructed, such as to divide any angle into 
three equal parts ; to find two mean proportionals between two 
given lines, etc. 

Postulates. 

1. A straight line may be drawn from any one point to any 
other point. 

2. A terminated straight line may be produced to any length 
m a straight line. 

3. From the greater of two straight lines, a part may be cut 
off equal to the less. 

4. A circumference may be described from any centre and with 
any radius. 

PROBLBM I. 

To bisect a given straight line. 

Let AB be the given straight line which it 
is required to bisect. 

From the centre A, with a radius greater A 
than the half of AB, describe an arc of a cir- 
cle (Postulate 4) ; and from the centre B, with 
the same radius, describe another arc inter- 
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secting the former in D and E. Through the points of intersec- 
tion draw the straight line DE (Post. 1) ; it will bisect AB in C. 
For the two points D and E, being each equally distant from 
the extremities A and B, must both lie in the perpendicular, 
raised from the middle point of AB (B. I., Pr. 18, Cor.). There- 
fore the line DE divides the line AB into two equal parts at the 
point G. 

PBOBLEM II. 

To draw a perpendicular to a straight line from a giveti point 
in that line, 

^ ^ Let BC be the given straight line, and A the 

/ ^ point given in it ; it is required to draw a straight 

line perpendicular to BC through the given point 
A. 

^^ In the straight line BC take any point B, and 

^ -^ ^ make AC equal to AB (Post. 3). From B as a 
centre, with a radius greater than BA, describe an arc of a circle 
(Post, 4) ; and from C as a centre, with the same radius, describe 
another arc intersecting the former in D. Draw AD (Post. 1), 
and it will be the perpendicular required. 

For the points A and D, being equally distant from B and C, 
must be in a line perpendicular to the middle of BC (B. I.,Pr. 18, 
"Cor.). Therefore AD has been drawn perpendicular to BC from 
the point A. * 

Scholium, The same constniction serves to make a right angle 
BAD at a given point A, on a given line BC. 

PROBLEM III. 

To draw a perpefidicular to a straight line from a given point 
without it. 

A Let BD be a straight line of unlimited length, 

I and let A be a given point without it. It is 

required to draw a perpendicular to BD from 
C y the point A. 

]B"*' ^....^i) Take any point E upon the other side of 

E| BD, and from the centre A, with the radius 

\L^ AE, describe the arc BD, cutting the line BCD 

'I * in thfe two points B and D. From the points 

B and D as centres, describe two arcs, as in Prob. 2, cutting each 

other in F. Join AF, and it will be the perpendicular required. 
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For the two points A and F are each equally distant from the 
points B and D ; therefore the line AF has been drawn perpen- 
dicular to BD (B. I., Pr. 18, Cor.) from the given point A, 

♦ PBOBLEM IV, 

At a given point in a straight line^ to make an angle equal to a 
given angle. 

Let AB be the given straight line, A 
the given point in it, and C the given 
angle ; it is required to make an angle 
at the point A, in the straight line AB, 
that shall be equal to the given angle C. 

With C as centre, and any radius, describe an arc DE termin* 
ating in the sides of the angle ; and from the point A as a centre, 
with the same radius, describe the' indefinite arc BF. Draw the 
chord D£ ; and from B as a centre, with a radius equal to D£, 
describe an arc cutting the arc BF in G. Draw AG, and the an* 
gle BAG will be equal to the given angle C. 

For the two arcs BG, DE are described with equal radii, and 
they have equal chords ; they are, therefore, equal (B. IIL, Pr. 3). 
But equal arcs subtend equal angles (B. in.,Pr. 4), and hence 
the angle A has been made equal to the given angle C. 

PBOBLEM V. 

To bisect a given arc or a given angle, 

Mrst. Let ADB be the given arc which it is re- 
quired to bisect. 

Draw the chord AB, and from the centre C 
draw CD perpendicular to AB (Prob. 3) ; it will 
bisect the arc ADB (B. m., Pr. 6), because CD is 
a radius perpendicular to a chord. 

Secondly/; Let ACB be an angle which it is required to bisect. 
From C as centre, with any radius, describe an arc AB ; and, by 
the first case, draw the line CD bisecting the arc ADB. The line 
CD will also bisect the angle ACB.. For the angles ACD, BCD 
are equal, being subtended by the equal arcs AD, DB (B. DX, 
Pr. 4). 

Scholium. By the same construction, each of the halves AD, 
DB may be bisected ; and thus by successive bisections an arc 
or angle may be divided into four equal parts, into eight, six- 
teen, etc 
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PBOBLEM VI. 

Through a given point to draw a straight line parallel to a 
given line. 

B B_-^ "• ^^ ^ ^® ^^® given point, and BC the given 

^. .--''* straight line ; it is required to draw through 

. .iiill the point A a straight line parallel to BC, 

"^ In BC take any point D, and join AD. 

Then, at the point A, in the straight lin^ AI), make the angle 
DAE equal to the angle ADB (Prob. 4). 

Now, because the straight line AD, which meets the two 
straight lines BC, AE, makes the alternate angles ADB, DAG 
equal to each other, AE is parallel to BC (B. L,Pr. 22). There- 
fore the straight line AE has been drawn through the point A, 
parallel to the given line BC* 

PBOBLEM VII. 

Tuoo angles of a triangle being given^ to find tlie third angle. 

The three angles of every triangle are to- 
gether equal ti two right angles (B. I., Pr. 27). 
Therefore, draw the indefinite line ABC. At 
the point B make the angle ABD equal to one 

*" ^^ ^ of the given angles (Prob. 4), and the angle 

DBE equal to the other given angle ; then will the angle EBC 

be equal to the third angle of the triangle. 

For the three angles ABD, DBE, EBC are together equal to 

two right angles (B. L,Pr. 2), which is the sum of all the angles 

of the triangle. 

PBOBLEM vrn. 
2loo sides and the included angle of a triangle being given^ to 
construct the triangle. 

Draw the straight line BC equal to one of the 
given sides. At the point B make the angle ABC 
equal to the given angle (Prob. 4), and take AB 
^ equal to the other given side. Join AC, and ABC 
will be the given triangle required. For its sides 
AB, BC are made equal to the given sides, and the included an- 
gle B is made equal to the given angle. 
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FBOBLBM IX. 

One side and two angles of a triangle being given^ to construct 
the triangle. 

The two given angles will either be both adjacent to the given 
side, or one adjacent and the other opposite. In the latter case, 
find the third angle (Prob. 7), and then the two adjacent angles 
will be known. 

Draw the straight line AB equal to the given 
side ; at the point A make the angle BAC eqnal to 
one of the adjacent angles, and at the point B 
make the angle ABD equal to the other adjacent 
angle. The two lines AC, BD will cut each other 
in E, and ABE will be the triangle required ; for 
its side AB is equal to the given side, and two of its angles are 
equal to the given angles. 

PROBLEM X. 

The three sides of a triangle being given, to construct the triangle. 

Draw the straight line BC equal to one of the given ^ 

sides. From the point B as a centre, with a radius ^ 

equal to one of the other sides, describe an arc of g. 
circle; and from the point C as a centre, with a radius 
eqnal to the third side, describe another arc cutting 
the former in A. Draw AB, AC ; then will ABC be 
the triangle required, because its three sides are equal to the 
three given straight lines. 

Scholium, If one of the given lines was equal to or greater 
than the ^um of the other two, the arcs would not intersect each 
other, and the problem would be impossible; but the solution 
will always be possible wheq each side is less than the sum of 
the other two. 

PBOBLBM XI. 

Two sides of a triangle and the angle opposite to one of them 
being given, to construct the triangle. 

Draw an indefinite straight line BC. At the point B make 
the angle ABC equal to the given angle, and make BA equal to 
that side which is adjacent to the given angle. Then from A as 
a centre, with a radius equal to the other side, describe an arc 
cutting BC in the points E and F. Join AE, AF. 

E 
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If the points E and F both fall on the same 
side of the angle B, each of the triangles ABE, 
ABF will satisfy the given conditions ; but if 
they fall on different sides of B, only one of 
them, as ABF, will satisfy the conditions, and 
therefore this will be the triangle required. 

If the points E and F coincide with one another, which will 
happen when AEB is a right angle, there will be only one trian- 
gle, ABD, which is the triangle .required. 

Scholium. If the side opposite the given angle were less than 
the perpendicular let fall from A upon BC, the problem would be 
impossible. 

PBOBLEM XII. 

ThjDO adjacent aides of a parallelogram and their included angle 
being given^ to construct the parallelogram. 

Draw the straight line AB equal to one 
of the given sides. At the point A make 
the angle BAC equal to the given angle, 
and take AC equal to the other given side. 
From the point C as a centre, with a ra- 
dius equal to AB, describe an arc, and from the point B as a cen- 
tre, with a radius equal to AC, describe another arc intersecting 
the former in D. Draw BD, CD ; then will ABDC be the paral- 
lelogram required. For, by construction, the opposite sides are 
equal ; therefore the figure is a parallelogram (B. I.,Pr. 31), and 
it is formed with the given sides and the given angle. 

Cor. If the given angle is a right angle, the figure will be a 
rectangle; and if, at the same time,' the sides, are equal, ^t will be 
a square. 

PROBLEM XIII. 

To find the centre of a given circumference or of a given arc. 

Let ABC be the given circumference or 
arc ; it is required to find its centre. 

Take any three points in the arc, as A, 
B, C, and join AB, BC. Bisect AB in D 
(Prob, I.), and through D draw DF perpen- 
dicular to AB (Prob. 2). In the same man- 
ner, draw EF perpendicular to BC at its 
middle point. The perpendiculars DF,EF 
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will meet in a point F equally distant from the points A, B, and 
C (B. in., Pr. 7), and therefore F is the centre of the circle. 

Scholium, By the same construction, a circumference may be 
made to pass through three given points. A, B, C ; and also, a cir- 
cle may be described about a triangle. 

PROBLEM XIV. 

Through a given pointy to draw a tangent to a given circum" 
ference. 

First Let the given point A be with- 
out the circle BDE; it is required to 
draw a tangent to the circumference 
through the point A. 

Find the centre of the circle C, and 
join AC. Bisect AC in T> ; and, with D 
as a centre, and a radius equal to AD, 
describe a circumference intersecting the given circumference in 
B. Draw AB, and it will be the tangent required. 

Draw the radius CB. The angle ABC, being inscribed in a 
semicircle, is a right angle (B. m, Pr. 16, Cor. 3). Hence the line 
AB is a perpendicular at thfe extremity of the radius CB ; it is, 
therefore, a tangent to the circumference (B. IIL,Pr. 9). 

Secondly. If the given point is in the circumference of the cir- 
cle, as the point B, draw the radius BC, and make BA perpen- 
dicular to BC. BA will be the tangent required (B. III., Pr. 9). 

Scholium. When the point A lies without the circle, two tan- 
gents may always be drawn ; for the circumference, whose cen- 
tre is D, intersects the given circumference in two points. 

PROBLEM XV. 

To inscribe a circle in a given triangle. 

Let ABC be the given triangle ; it is required 
to inscribe a circle in it. 

Bisect any two angles B and C by the lines BD, 
CD, meeting each, other in the point D. From 
the point of intersection, let fall the perpendicu- 
lars DE, DF, DG on the three sides of the trian- b 
gle ; these perpendiculars will all be equal. 

For, by construction, the angle EBD is equal to the angle 
FBD ; the right angle DEB is equal to the right angle DFB ; 
hence the third angle BDE is equal to the third angle BDF (B, 
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L, Pr. 2 7, Cor. 2). Moreover, the side BD is common to the two tri- 
angles BDE, BDF, and the angles adjacent to this side are equal;, 
therefore the two triangles are equal, and DE is equal to DF. 

For the same reason, DG is equal to DF. Therefore the three 
straight lines DE, DF, DG are equal to each other ; and, if a cir- 
cupaference be described from the centre D, with a radius equal 
to DE, it will pass through the extremities of the lines DF,I)G. 
It will also touch the straight lines AB, BC, CA, because the an- 
gles at the points E, F, G are right angles (B. HI., Pr. 9). There- 
fore the circle EFG is inscribed in the triangle ABC (B. III., 
Def.l2). 

Scholium, The three lines which bisect the angles of a triangle 
all meet in the same point, viz., the centre of the inscribed circle. 

FBOBLEM XVI. 

Upon a given straight li?ie, to describe a segment of a circle 
which shall contain a given angle. 

Let AB be the given straight line, upon which it is required to 
describe a segment of a circle containing a given angle. 

At the point A, in the straight line AB, make the angle BAD 
equal to the given angle ; and from the point A draw AC perpen- 




dicular to AD. Bisect AB in E, and from E draw EO perpen- 
dicular to AB. From the point C, where these perpendiculars 
meet, with a radius equal to AC, describe a circle. Then will 
AGB be the segment required. 

For, since AD is a perpendicular at the extremity of the radius 
AC, it is a tangent (B. in.,Pr. 9), and the angle BAD is meas- 
ured by half the arc AFB (B. IIL, Pr. 1 6). Also, the angle AGB, 
being an inscribed angle, is measured by half the same arc AFB ; 
hence the angle AGB is equal to the angle BAD, which, by con- 
struction, is equal to the given angle. Therefore any angle in- 
scribed in the segment AGB is equal to' the given angle. 
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Scholium. If the given angle was a right angle, the required 
segment would be a semicircle, described on AB as a diameter. 

PBOBLEM XVII. 

To divide a given straight line into any number of equal parta^ 
or into parts proportional to given lines. 

First. Let AB be the given straight line c^ 

which it is proposed to divide into any ^^^^7^/ 

number of equal parts, as, for example, ^.^^f^'i^i / 

five. ....^^W / / / 

■t^L. r I t III 

From the point A draw the indefinite ^ i B 

straight line AC, making any angle with AB. In AC take any 
point D, and set off AD five times upon AC. Join BC, and draw 
DE parallel to it ; then is AE the fifth part of AB. 

For, since ED is parallel to BC, we have AE: AB::AD: AC 
(B. IV., Pr. 16). But AD is the fifth part of AC ; therefore AE 
is the fifth part of AB. 

Secondly. Let AB be the given straight line, and AC a divided 
line ; it is required to divide AB similarly to AC, Suppose AC 
to be divided in the points D and E. Place 
AB, AC so as to contain any angle ; join BC, 
and through the points D, E draw DF, EG 
parallel to BC. The line AB will be divided 
into parts proportional to those of AC. 

For, because DF and EG are both parallel 
toCB,wehaveAD:AF::DE:FG::EC:GB 
(B.IV.,Pr.l6,Cor.2)^ 

PBOBLEM XVIIL 

To find a fourth proportional to three given lines. 

From any point A draw two straight lines 
AD, AE, containing any angle DAE, and 
make AB, BD, AC respectively equal to the 
proposed lines. Join B, C, and through D 
draw DE parallel to BC ; then will CE be the ^^ I 
fourth proportional required. -^ 

For, because BC is parallel to DE, we have 

AB : BD :: AC : CE (B. IV., Pr. 16). 

Cor. In the same manner may be found a third proportional to 
two given lines A and B, for this will be the same as a fourth 
proportional to the three lines A, B, B. 
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PBOBLEM XIX. 

To find a mean proportional between two given lines. 

j> Let AB, BC be the two given straight lines; 

it is required to find a mean proportional be- 



J 

/ 



X 




A- 



L^ 



J tween them. 

<? Place AB, BC in a straight line ; upon AC de- 
scribe the semicircle ADC, and from the point B draw BD perpen- 
dicular to AC. Then will BD be the mean proportional required. 
For the perpendicular BD, let fall from a point ill the circum- 
ference upon the diameter, is a mean proportional between the 
two segments of the diameter AB, BC (B. IV., Pr. 23, Cor.), and 
these segments are equal to the two given lines. 

FBOBLEH XX. 

To divide a given line into two parts such that the greater part 
may be a mean proportional between the whole line and the other 
part. 

B Let AB be the given straight line ; it is 
^ ^-^*^: required to divide it into two parts at the 
/•I' / point F, such that AB : AF : : AF : FB. 

At the extremity of the line AB erect 
^^ the perpendicular BC, and make it equal 
to the half of AB. From C as a centre, 
with a radius equal to CB, describe a circle. Draw AC cutting 
the circumference in D, and make AF equal to AD. The line AB 
will be divided in the point F in the manner required. 

For, since AB is a perpendicular to the radius CB at its ex- 
tremity, it is a tangent (B. III., Pr. 9) ; and, if we produce AC to 
E, we shall have AE : AB : : AB : AD (B. IV., Pr. 2d). Therefore, 
by division (B. II,Pr. 7), AE-AB : AB :: AB-AD : AD. But,by^ 
construction, AB is equal to DE, and therefore AE-— AB is equal 
to AD or AF, and AB- AD is equal to FB. Hence AF : AB : : 
FB : KD or AF ; and, consequently, by inversion (B. IL, Pr. 6), 

AB:AF::AF:FB. 
Schol. 1. The line AB is said to be divided in extreme and mean 
.ratio. An example of its use may be seen in Book VI, Pr. 6. 

Schol. 2. Let AB=a/ AF=AD=AC~CD. CD=^. 
But AC=VAB2+BC2=v/aH-=\/— =-V5- 
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Therefore . AP=|V5-|=|x(V5-l). 

PBOBLEM XXL 

Through a given point in a given angle^ to draw a straight line 
.80 that the parts included between the point and the sides of the 
angle may be equal. 

Let A be the given point, and BCD the given 
angle ; it is required to draw through A a line 
BD, so that BA may be equal to AD. 

Through the point A draw AE parallel to BC, 
and take DE equal to CE. Through the points 
D and A draw the line BAD ; it will be the B 
line required. 

For, because AE is parallel to BC, we have (B. IV., Pr. 16) 

DE:EC::DA:AB. 
But DE is equal to EC ; therefore DA is equal to AB. 

PBOHLEM XXIL 

To construct a square that shall be equivalent to a given paral' 
Idogram or to a given triangle. 

JFtrst Let ABCD be the given parallelogram, d o 

AB its base, and DE its altitude. Find a mean / / 

proportional between AB and DE (Prob. 19), and / I / 

represent it by X ; the square described on X will -^ * ^ 
be equivalent to the given parallelogram ABCD. 

For, by construction, AB:X::X:DE; hence X^ is equal to 
ABxDE (B.n.,Pr. l,Cor.). But ABxDE is the measure of 
the parallelogram, and X^ is the measure of the square. There- 
fore the square described on X is equivalent to the given paral- 
lelogram ABCD. 

Secon^y, Let ABC be the given triangle, BC its j^ 

base, and AD its altitude. Find a mean proportion- 
al between BC and the half of AD, and represent it 
by Y. Then will the square described on Y be 
equivalent to the triangle ABC. 

For, by construction, BC : Y : : Y : -J- AD ; hence Y^ is equivalent 
to BCxi -AD. But BCxi AD is the measure of the triangle 
ABC ; therefore the square described on Y is equivalent to the 
triangle ABC. 
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PSOBLEM XXIII. 

t^on a given straight line^ to construct a rectangle equivalent to 
a given rectangle. 

Let AB be the given straight 
line, and CDPE the given rectan- 
gle. It is required to construct on 
the line AB a rectangle equivalent 
to CDFE. 

Find a fourth proportional (Prob. 
18) to the three lines AB, CD, CE, and let AG be that fourth pro- 
portional. The rectangle constructed on the lines AB, AG will 
be equivalent to CDFE. 

For, because AB : CD : : CE : AG (B. IL, Pr. 1), AB x AG=CD 
X CE. Therefore the rectangle ABHG is equivalent to the rect- 
angle CDFE, and it is constructed upon the given line AB. 

PBOBLEM XXIV. 

To construct a triangle which shall be eqtdvale^it to a given 
polygon. 

Let ABCDE be the given polygon ; it is re- 
quired to construct a triangle equivalent to it. 
Draw the diagonal BD, cutting off the tri- 
angle BCD. Through the point C draw CP 
parallel to DB, meeting AB produced in F. 
"^ Join DP, and the polygon AFDE will be 
equivalent to the polygon ABCDE. 

For the triangles BFD, BCD, being upon the same base BD, 
and between the same parallels BD, PC, are equivalent. To each 
of these equals add the polygon ABDE ; then will the polygon 
AFDE be equivalent to the polygon ABCDE ; that is, we have 
found a polygon equivalent to the given polygon, and having the 
number of its sides' diminished by one. 

In the same manner, a polygon may be found equivalent to 
AFDE, and having the number of its sides diminished by one ; 
and, by continuing the process, the number of sides may be at 
last reduced to three, and a triangle be thus obtained equivalent 
to the given polygon. 

Scholium. By Prob. 22, any triangle may be changed into an 
equivalent square, and hence a square can always be found 
equivalent to any given polygon. This operation is called sqicar* 
ing the polygon, or finding its quadrature. 
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The problem of the quadrature of the circle consists in finding 
a square equivalent to a circle whose diameter is given. 

PROBLEM XXV. 

To construct a square equivalent to the sum or difference of two 
given squares. 

JBirst, To make a square equivalent to the sum of two given 
squares, draw two indefinite lines AB, BC at 
right angles to each other. Take AB equal to 
the side of one of the given squares, and BC equal 
to the side of the other. Join AC ; it will be the 
side of the required square. A. B 

For the triangle ABC, being right-angled at B, the square on 
AC will be equivalent to the sum of the squares upon AB and BC 
(B.IV.,Pr.ll). 

Secondly. To make a square equivalent to the difference of two 
given squares, draw the lines AB, BC at right angles to each 
other, and take AB equal to the side of the less square. Then, 
from A as a centre, with a radius equal to the other side of the 
square, describe an arc intersecting BC in C ; BC will be the side 
of the square required, because the square of BC is equivalent to 
the difference of the squares of AC and AB (B. IV., Pr. 11, Cor. 1). 

Scholiym, In the same manner, a square may be made equiva- 
lent to the sum of three or more given squares ; for the same 
construction which reduces two of them to one will reduce three 
of them to two, and these two to one. 

PROBLEM XXVI. 

Upon a given straight line^ to co9istruct a polygon similar to a 
given polygon. 

Let ABCDE be the given D 

polygon, and F6 be the given _ ^^-"'''^x i 

straight line ; it is required, 
upon the line FG, to con- 
struct a polygon similar to 
ABCDE. 

Draw the diagonals BD, 
BE. At the point F, in the straight line FG, make the angle 
GFK equal to the angle BAE, and at the point G make the an- 
gle FGK equal to the angle ABE. The lines FK, GK will inter, 
sect in K, ancl FGK will be a triangle similar to ABE. 

E2 
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In the same manner, on GK construct the triangle GKI similar 
to BED, and on GI construct the triangle GIH similar to BDC. 
The polygon F6HIK will be the polygon required. For these 
two polygons are composed of the same number of triangles, 
which are similar to each other, and similarly situated ; there- 
fore the polygons are similar (B. IV., Pr. 26, Cor.). 

PROBLEM XXVII. 

Given the area of a rectangle and the sum of two adjacent sides^ 
to consttuct the rectangle. 

Let AB be a straight line equal to the sum of the sides of the 
required rectangle, • 

Upon AB as a diameter, describe a semi- 
's^ circle. At the point A erect the perpendicu- 
>^ ^ lar AC, and make it equal to the side of a 
_j square having the given area. Through C 
^ ^ draw the line CD parallel to AB, and let it 
meet the circumference in D, and from D draw DE perpendicular 
to ABl Then will AE and EB be the sides of the rectangle re- 
quired. 

For (B.rV.jPr. 23, Cor.) the rectangle AExEB is equivalent 
to the square of DE or CA, which is, by construction, equivalent 
to the given area. Also, the sum of the sides AE and EB is 
equal to the given line A&, 

Scholium. The side of the square having the given area must 
not be greater than the half of AB, for in that case the line CD 
would not meet the circumference ADB. 

problem: xxviii. 

Given the area of a rectangle and the difference of two adjacent 
sideSy to construct the rectangle. • 

Let AB be a straight line equal to the dif- 
ference of the sides of the required rectangle. 

Upon AB as a diameter describe a circle, 
and at the extremity of the diameter draw 
the tangent AC equal to the side of a square 
having the given area. Through the point 
C and the centre F draw the secant CE ; then 
will CD, CE be the adjacent sides of the rect- 
angle required. 
For (B. IV., Pr. 29) the rectangle CD xCE ia equivalent to the 
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square of AC, which is, by construction, equivalent to the given 
area. Also, the difference of the lines C£, CD is equal to D£ or 
AB. 

PBOBLBM XXIX. 

To find two straight lines hafiing the same ratio as the areas of 
two given polygons. 

Since any two polygons can always be transformed into squares, 
this problem requires us to find two straight lines in the same ra- 
tio as two given squares. 

Draw two lines, AC, BC, at right angles with 
each other, and make AC equal to a side of one of 
the given squares, and BC equal to a side of the 
other given square. Join AB, and from C draw 
CD perpendicular to AB. Then (B. IV., Pr. 11, Cor. 2) we have 

AD:DB::AC2:CB2. 
Therefore AD, DB are in the ratio of the areas of the given poly- 
gons. 

PBOBLBM XXX. 

To find a square which shall be to a given square in the ratio 
of two given straight lines. 

Upon a line of indefinite length, take AB 
equal to one of the given lines, and BC equal 
to the other line. Upon AC as a diameter de- 
scribe ti semicircle, and at B erect the perpen- 
dicular BD, cutting the circumference in D: 
Join DA, DC ; and upon DA, or DA produced, take DE equal to 
a side of the given square. Through the point E draw EP paral- 
lel to AC; then DF is a side of the required square. 

For, because EF is parallel to AC (B. IV., Pr. 16), we have 

DE:DF::DA:DC; 
whence (B. IL, Plr. 1 1) DE^ : DF^ : : DA^ : DC«. 

Also, because ADC is a right-angled triangle (B.rV.,Pr. 11), 
we have DA^ : DC^ : : AB : BC. 

Hence DE^ : DF^ : : AB : BC. 

Therefore the square described on DE is to the square de- 
scribed on DF in the ratio of the two given straight lines. 
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PSOBLEM XXXI. 

To conBtruct a polygon similar to one given polygon^ andequir)* 
aknt to another given polygon. 

y^ ^...^^^ Let P and Q be two given 

q\ \ ^ / polygons. It is required to con- 

— D struct a polygon similar to F, 
and equivalent to Q. 
■S- Find M, the side of a square 

equivalent to P (Pr. 24, SchoL), and N, the side of a square equiv- 
alent to Q. Let AB be one side of P, and let CD be a fourth pro- 
portional to the three lines M, N, AB. Upon the side CD ho- 
mologous to AB, construct the polygon P' similar to P (Pr. 26); 
it will be equivalent to the polygon Q. 
For (B.IV.,Pr. 27) P:F: AB^rCD^. 
But, by consti*uction, AB : CD : : M : N, 
or AB2:CD2::M2:N2. 

Hence PrFiiM^-.N^. 

But, by construction, 

M2=P,andN2=:Q; 
therefore P:F::P:Q. 

Hence P'=Q. Therefore the polygon P' is similar to the poly- 
gon P, and equivalent to the polygon Q. 

PBOBLEM XXXII. ' . 

To draw a common tangent to two given circles. • 

Let C and c be the centres of the 
two given circles. With C as a cen- 
tre, and a radius CB equal to the dif- 
ference of the two given radii CA and 
ea, describe a circumference, and from 
draw a straight line touching the 
circle CB in the point B (Prob. 14). 

Join CB, and produce it to meet the given circumference in A. 

Draw ca parallel to CA, and join Ao. Then Aa is the common 

tangent to the two given circles. 
For, by the construction, BC=:AC— ao/ and also BC=AC— 

AB ; whence a€=AB, and ABca is a parallelogram (B, I, Pr. 32). 

But the angle B is a right angle ; therefore this parallelogram is 

a rectangle, and the angles at A and a are right angles. Hence 

Aa is a tangent to both circles. 
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Since two tangents can be drawn from c to the circle BC, there 
are two common tangents to the given circles, viz., Aa and Dd. 

Scholium, Two other tangents can be drawn to the two given 
circles, and their points of contact will lie upon opposite sides of 
the line joining the centres. For this purpose CB must be taken 
equal to the simi of the given radii 
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BOOK VI 

KEGUIiAR POLYGONS, AND THE AREA OF THE CIRCLE. 

Definition. 

A regular polygon is a polygon which is both equiangalar and 
equilateral. 

An equilateral triangle is a regular polygon of three sides; a 
square is one of four. 

PEOPOSmON I. THEOEBM. 

Regular polygons of ths same number of sides are similar 
figures. 

Let ABCDEF, obcdefhQ two 

regular polygons of the same 

j^a/ \d number of sides; then will they 

be similar figures. 

For, since the two polygons 





B C have the same number of sides, 

they must have the same number of angles. Moreover, the sum 
of the angles of the one polygon is equal to the sum of the angles 
of the other (B.L,Pr. 28) ; and, since the polygons are each equi- 
angular, it follows that the angle A is the same part of the sum 
of the angles A, B, C, D, E, F, that the angle a is of the sum of 
the angles a, 5, c, c?, e,f Therefore the two angles A and a are 
equal to each other. The same is true of the angles B and &, C 
and c, etc. 

Moreover, since the polygons are regular, the sides AB, BC, 
CD, etc., are equal to each other (Def ) ; so, also, are the sides ab^ 
bc^ cd^ etc. Therefore AB : aft : : BC : be : : CD : cJ, etc. Hence the 
two polygons have their angles equal, and their homologous sides 
proportional ; they are consequently similar (B. IV., Def 4). 
Thetefore, regular polygons, etc. 

Cor. The perimeters of two regular polygons of the same 
number of sides are to each other as their homologous sides, 
and their areas are as the squares of those sides (B. IV., Pr. 27). 

Scholium. The magnitude of the angles of a regular polygon is 
.determined by the number of its sides. 
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PROPOSITION II. THEOREM. 

A circle may he described about any regular polygon^ and a 
circle may also he inscribed within it. 

Let ABCDEF be any regular polygon ; a 
circle may be described about it, and anoth- 
er may be inscribed within it. 

Bisect the angles FAB, ABC by the straight 
Imes AO, BO, and, from the point O in which 
they meet, dmw the lines OC,OD, OE, OF to 
the other angles of the polygon. ^S*" '"^ 

Then, because in the triangles OBA, OBC, AB is, by hypothe- 
sis, equal to BC, BO is common to the two triangles, and the in- 
cluded angles OBA, OBC are, by construction, equal to each oth- 
er; therefore the angle OAB is equal to the angle OCB. But 
OAB is, by construction, the half of FAB, and FAB is, by hy- 
pothesis, equal to DCB ; therefore OCB is the half of DCB ; that 
is, the angle BCD is bisected by the line OC. In the same man- 
ner, it may be proved that the angles CDE, DEF, EFA are bi- 
sected by the straight lines OD, OE, OF. 

Now, because the angles OAB, OBA, being halves of equal an- 
gles, are equal to each other, OA is equal to OB (B.L,Pr. 11). 
For the same reason, OC, OD, OE, OF are each of them equal to 
OA Therefore a circumference described from the centre O, 
with a radius equal to OA, will pass through each of the points 
B, C, D, E, F, and be described about the polygon. 

Secondly. A circle may be inscribed within the polygon ABC 
DEF. 

For the sides AB, BC, CD, etc., are equal chords of the same 
circle; hence they are equally distant from the centre O (B. IH., 
Pr. 8) ; that is, the perpendiculars OG, OH, etc., are all equal to 
each other. Therefore, if from O as a centre, with a radius OG, 
a circumference be described, it will touch the side BC (B. HI., 
Pr. 9), and each of the other sides of the polygon; hence the cir- 
cle will be inscribed within the polygon. Therefore a circle may 
be described, etc. 

Scholium 1. In regular polygons, the centre of the inscribed 
and circumscribed circles is also called the centre of the poly- 
gon ; and the perpendicular from the centre upon one of the 
sides, that is, the radius of the inscribed circle, is called the 
apothegm of the polygon. 
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Since all the chords AB, BG, etc., are equal, the angles at the 
centre, AOB, BOC, etc., are eqnal ; and the valae of each may be 
found by dividing four right angles by the number of sides of the 
polygon. 

The angle at the centre of the inscribed equilateral triangle is 
^ of four right angles, or 120^; the angle at the centre of the 
regular inscribed pentagon is ^ of four right angles, or 72^ ; the 
angle at the centre of the regular hexagon is i of four right an- 
gles, or 60° ; the angle at the centre of the regular decagon is -^ 
of four right angles, or 36°. 

iSch. 2. To inscribe a regular polygon of any number of sides 
in a circle, it is only necessary to divide the circumference into 
the same number of equal parts ; for, if the arcs are equal, the 
chords AB, BC, CD, etc., will be equal. Hence the triangles 
AOB, BOC, COD, etc., will also be equal, because they are mu- 
tually equilateral ; therefore all the angles ABC, BCD, CDE, 
etc., will be equal, and the figure ABCDEF will be a regular 
polygon. 

PEOPOSniON III. PBOBLEM. 

To inscribe a square in a given circle. 

Let ABCD'be the given circle ; it is required to 
inscribe ^ square in it 

Draw two diameters AC, BD at right angles to 
each other, and join AB, BC, CD, DA. 

Because the angles AEB, BEC, etc., are equal, 
the chords AB, BC, etc., are also equal. And be- 
cause the angles ABC, BCD, etc., are inscribed in semicircles, 
they are right angles (B. IIL, Pr. 16, Cor. 2). Therefore ABCD is 
a square, and it is inscribed in the circle ABCD. 

Cor, Since the triangle AEB is right-angled and isosceles, we 
have the proportion AB : AE :: ^2 : 1 (B. IV., Pr. 11, Cor. 3) ; 
therefore the side of the inscribed square is to the radius^ as the 
square root of 2 is to unity. 

PEOPOSITIOK rv. THEOEEM. 

The side of a regular hexagon is equal to the radius of the cir-- 
cumscribed circle. 

Let ABCDEF be a regular hexagon inscribed in a circle whose 
centre is O ; then any side, as AB, will be equal to the radius 
AO. 
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Draw the radius BO. Then the angle AOB 
is the sixth pai-t of four right angles (Pr. 2, 
Sch. 1), or the third part of two right angles. 
Also, because the three angles of every trian- 
gle are equal to two right angles, the two an- 
gles OAB, OBA are together equal to two 
thirds of two right angles ; and since AO is 
equal to BO, each of these angles is one third 
of two right angles. Hence the triangle AOB is equiangular, 
and AB is equal to AO. Therefore the side of a regular hexa- 
gon, etc. 

Cor, To inscribe a regular hexagon in a given circle, the radius 
must be applied six times upon the circumference. By joining 
the alternate angles A, C, E, an equilateral triangle will be in- 
scribed in the circle. 

ScK 1. In the right-angled triangle ACD we have AC2=AD* 
— DC2=4A02-AO»=3A02. Whence AC= AO-v/3 ; that is, the 
side of an equilateral triangle is equal to the radius of the drcum- 
scribed circle midtipliedhy the square root of 3. 

Sch 2. The area of the triangle ACE (B. IV., Pr. 6, Sch.)=|AO 
xOH. 

AC ACV3 



But 



Therefore 



0B=:^=: 
V3 3 

6 



Hence the triangle ACE=4ACx^^^^=— 1/3; that is, the 

6 4 

area of an equilateral triangle is equal to one fourth the square of 

one of its sides multiplied by the square root of three. 



PBOPOSmON V. PBOBLEM. 

To inscribe a regular decagon in a given circle. 

Let ABH be the given circle ; it is re- 
quired to inscribe in it a regular decagon. 

Take C the centre of the circle ; draw the 
radius AC, and divide it in extreme and mean 
ratio (B.V.,Pr. 20) at the point D. Make 
the chord AB equal to CD, the greater seg- 
ment ; then will AB be the side of a regular 
decagon inscribed in the circle. 





114 GS031STBY. 

Join BC, BD. Then, by construction, AC 
:CD::CD:AD; but AB is equal to CD; 
therefore AC : AB::AB : AD. Hence the 
triangles ACB, ABD have a common angle 
A included between proportional sides; thej 
are therefore similar (B. IV., Pi*. 21). 

And because the triangle ACB is isosceles, 
the triangle ABD must also be isosceles, and 
AB is equal to BD. But AB was made equal to CD ; hence BD 
is equal to CD, and the angle DBC is equal to the angle DCB. 
Therefore the exterior angle ADB, which is equal to the sum of 
DCB and DBC, must be double of DCB. But the angle ADB is 
equal to DAB, therefore each of the angles 'CAB, CBA is double 
of the angle ACB. Hence the sum of the three angles of the tri« 
angle ACB is five times the angle C. But these three angles are 
equal to two right angles (B. I., Pr. 21) ; therefore the angle C is 
the fifth part of two right angles, or the tenth part of four right 
angles. Hence the arc AB is one tenth of the circumference, and 
the chord AB is the side of a regular decagon inscribed in tha 
circle. 

AC 

Scholium. AB=CD=--^x(V6-l) (seeB.V.,Pr. 20,Sch.2); 

that is, the side of a regular decagon is equal to half the radius 
of the circumscribed circle^ multiplied hy the square root of five, 
less unity. 

Cor. 1. By joining the alternate angles of the regular decagon, 
a regular pentagon, AEGIL, may be inscribed in the circle. 

Cor. 2. By combining this Proposition with the preceding, a 
regular pentedecagon may be inscribed in a circle. 

For, let AN be the side of a regular hexagon ; then the arc AN" 
will be one sixth of the whole circumference, and the arc AB one 
tenth of the whole circumference. Hence the arc BN" will be ^ 
"—nr or xV? ^^^ *^® chord of this arc will be the side of a regular 
pentedecagon. 

Scholium. By bisecting the arcs subtended by the sides of any 
polygon, another polygon of double the number of sides may be 
inscribed in a circle. Hence the square will enable us to inscribe 
regular polygons of 8, 16, 32, etc., sides ; the hexagon will enable 
us to inscribe polygons of 12, 24, etc., sides ; the decagon will en- 
able us to inscribe polygons of 20, 40, etc., sides ; and the pente* 
decagon, polygons of 30, 60, etc., sides. 
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The ancient geometricians were unacquainted with any method 
of inscribing in a circle regular polygons of 7, 9, 11, 13, 14, 17, 
etc., sides, and for a long time it was believed that these poly- 
gons could not be constructed geometrically; but Gauss, a Ger- 
man mathematician, has shown that a regular polygon of 17 sides 
may be inscribed in a circle by employing straight lines and cir- 
cles only. 

PBOPOSITION VL PBOBLEM. 

A regiHar polygon inscribed in a circle being giveny to describe 
a eimiiar polygon about the circle. 

Let ABCDEF be a regular polygon in- 
scribed in the circle ABD ; it is required to 
describe a similar polygon about the circle. 

Bisect the arc AB in G, and through G x^ 
draw the tangent LM. Bisect also the arc 
BC in H, and through H draw the tangent 
MN, and in the same manner draw tangents 
to the middle points of the arcs CD, DE, etc. M H N 

These tangents, by their intersections, will form a circumscribed 
polygon similar to the one inscribed. 

Find O, the centre of the circle, and draw the radii OG, OH. 
Then, because OG is perpendicular to the tangent LM (B. IIL, 
Pr. 9), and also to the chord AB (B. IIL, Pr. 6, Cor.), the tangent 
is parallel to the chord (B. L,Pr. 20). In the same manner, it 
maybe proved that the other sides of the circumscribed polygon 
are parallel to the sides of the inscribed polygon, and therefore 
the angles of the circumscribed polygon are equal to those of the 
inscribed one (B. L, Pr. 26). 

Since the arcs BG, BH are halves of the equal arcs AGB, BHC, 
they are equal to each other ; that is, the vertex B is at the mid- 
dle point of the arc GBH. 

Joiu OM ; the line OM will pass through the point B. For 
the right-angled triangles OMH, OMG have the hypothenuse OM 
common, and the side OH equal to OG; therefore the angle GOM 
is equal to the angle HOM (B. L,Pr. 19), and the line OM passes 
through the point B, the middle of the arc GBH. 

Now, because the triangle OAB is similar to the triangle OLM, 
and tHe triangle OBC to the triangle OMN, we have the propor- 
tions AB:LM::BO:MO; 
also . • BC:MN::BO:MO; 
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therefore (B. II., Pr. 4) AB : LM : : BC : MK 
'But AB is equal to BC ; therefore LM is 
equal to MN. 

In the same manner, it may be proved 
that the other sides of the circumscribed 
polygon are equal to each other. Hence 
this polygon is regular, and similar to the 
M H N one inscribed. 
Cor, 1. Conversely, if the circumscribed polygon is given, and 
it is required to form the similar inscribed one, draw the lines 
Oli, OM, ON, etc., to the angles of the polygon ; these lines will 
meet the circumference in the points A, B, C, etc. Join these 
points by the lines .AB, BC, CD, etc., and a similar polygon will 
be inscribed in the circle. 

Or we may simply join the points of contact G, H, I, etc., by 
the chords GH, HI, etc., and there will be formed an inscribed 
polygon similar to the circumscribed one. 

Cor. 2. Hence we can circumscribe about a circle any regular 
polygon which can be inscribed within it, and convereely. 

Cor. 3. A side of the circumscribed polygon MN is equal to 
twice MH, or MG+MH. 

PEOPOSITION VII. THEOEEM. 

Tlie area of a regular polygon is equivalent to the product of 
Us perimeter by half the radius of the inscribed circle. 

Let ABCDEF be a regular polygon, and 
G the centre of the inscribed circle. From 
G draw lines to all the angles of the poly- 
gon. The polygon will thus be divided 
into as many triangles as it has sides ; and 
the common altitude of these triangles is 
GH, the radius of the circle. 
Now the area of ther triangle BGrC is 
equal to the product of BC by the half of GH (B. IV., Pr. 6), and 
so of all the other triangles having their vertices in G. Hence 
the sum of all the triangles, that is, the surface of the polygon, is 
equivalent to the product of the sum of the bases AB, BC., etc. ; 
that is, the perimeter of the polygon, multiplied by half of GH, 
or half the radius of the inscribed circle. Therefore the a*rea of 
a regular polygon, etc. 
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PROPOSITION VIII. THEOBEMu 

The perimeters of two regular polygons of the same number of 
sides are to each other as the radii of the inscribed or circum- 
scribed cirdesj and their areas are as the squares of these radii. 

' Let ABCDEF, a^cdefhe two 
regular polygons of the same 
number of sides ; let G and g 
be the centres of the circum- A.J 
scribed circles ; and let GH, gh 
be drawn perpendicular to BC 
and be; then will the perime- 
ters of the polygons be as the radii BG, bg of the circumscribed 
circles ; and also as GH, gh^ the radii of the inscribed circles. 

The angle BGC is equal to the angle bgc (Pr. 2,Sch. 1), and, 
since the triangles BGC, bgc are isosceles, they are similar. So, 
also, are the right-angled triangles BGH, bgh ; and, consequent- 
ly, BC :6c:: BG:^^:: GH:^A. But the perimeters of the two 
polygons are to each other as the sides BC, be (Pr. I., Cor.) ; they 
are therefore to each other as the radii BG, bg of the circum- 
scribed circles ; and also as the radii GH, gh of the inscribed 
circles. 

The areas of these polygons are to each other as the squares 
of the homologous sides BC, be (Pr. 1, Cor.) ; they are therefore 
as the squares of BG, bg^ the radii of the circumscribed circles, or 
as the squares of GH, gh^ the radii of the inscribed circles. 

PEOPOSmON IX. PEOBLEM. 

The area of a regular inscribed polygon and that of a similar 
circumscribed polygon being given^ to find the areas of regular in- 
sdribed and circumscribed polygons having doidde the number of 
sides. 



Let ABbe a side of the given inscribed e 
polygon ; EF, parallel to AB, a side of the 
similar circumscribed polygon, and C the 
centre of the circle. Draw the chord AG, 
and it will be the side of the inscribed poly- 
gon having double the number of sides. 
At the points A and B draw tangents, 
meeting EF in the points H and I; then 
will HI, which is double of HG, be a side 



H e I 



F 
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I F of the similar circumscribed polygon (Pr. 
^ 6,Cor. 1). 

Let p represent the inscribed polygon 
whose side is AB, P the corresponding cir- 
cumscribed polygon ; p' the inscribed poly- 
gon having double the number of sides, P' 
the similar circumscribed polygon. Then 
it is plain that the space CAD is the same 
part of /> that CEG is of P; also, CAG of 
p\ and CAHG of P'; for each of these spaces must be repeated 
the same number of times to complete the polygons to which 
they severally belong. 

First. The triangles ACD, ACG, whose common vertex is A, 
are to each other as their bases CD, CG ; they are also to each 
other as the polygons /> and^'y hence 

p:p'-GD'.CG. 
Again, the triangles CGA, CGE, whose common vertex is G, 
are to each other as their bases CA, CE ; they are also to each 
other as the polygons p' and P ; hence 

i> :P::CA:CE. 
But, since AD is parallel to EG, we have CD : CG : : CA : CE ; 
therefore, p ip' : :p' : P ; 

that is, the polygon p' w a mean proportional between the two given 
polygons. 

Secondly. Tlie triangles CGH, CHE, having the common alti- 
tude CG, are to each other as their bases GH, HE. But, since CH 
bisects the angle GCE, we have (B. rV.,Pr. 17) 

GH : HE :: CG : CE :: CD : CA, or CG::p :p'. 
Therefore CGH : CHE : :p :p'; 

hence (B. H., Pr. 6) 

CGH : CGH-I-CHE, or CGE ::p :p+p\ 
or 2CGH : CGE : : 2p :p+p'. 

But 2CGH, or CGHA : CGE : : F : P. 



Therefore 



2»P 

P'': P : : 2p*p+p'; whence F=-^y— ,/ 

P-rP 



that is, the polygon F' is found by dividing twice the product of 
the two given polygons by the sum of the two inscribed polygons. 
Hence, by means of the polygons p and P, it is easy to find the 
polygons y and P' having double the number of sides. 
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PEOPOSmON X. THEOBEM. 

A circle being given^ two similar polygons can always he founds 
live one described abovi the circle^ and the other inscribed in it^ 
ijohich shaU differ from each other by less titan any assignable 
Murface. 

Let ACD be the given circle, and the square of X any given 
surface however small ; a polygon can be inscribed in the circle 
ACD, and a similar polygon be described about it, such that the 
difference between them shall be less than the square of X 

Bisect AC, a fourth part of the circumference ; then bisect the 
half of this fourth, and so continue the bisection until an arc is 
found whose chord AB is less than X. As this arc must be con- 
tained a certain number of times exactly in the whole circumfer- 
ence, if we apply chords AB, BC, etc^, each equal to AB, the last 
will terminate at A, and a regular polygon, ABCD, etc., will be 
inscribed in the circle. 

Next describe a similar polygon about the circle (Pr. 6) ; the 
difference of these two polygons will be less than the square of X 

Find the centre G, and draw the di- 
ameter AD, Let EF be a side of the ^/ 
circumscribed polygon, and join EG, FG. ^^ 
These lines will pass through the points 

A and B, as was shown in Pr. 6. Draw E^fj ^-^ ^^D 

GH to the point of contact H ; it will 
bisect AB in I, and be perpendicular to 
it (B. ni, Pr. 6, cor.). Join also BD. 

Let P represent the circumscribed 
polygon, and j9 the inscribed polygon. Then, because the poly^ 
gons are similar, they are as the squares of the homologous sides 
EF and AB (B. IV., Pr. 27) ;^ that is, because the triangles EFG, 
ABG are similar, as the square of EG to the square of AG, that 
is,ofHG. 

Again, the triangles EHG, ABD, having their sides parallel to 
each other, are similar, and therefore 

EG:HG::AD:BD. 
But the polygon P is to the polygon p as the square of EG to 
the square of HG ; 

hence P \p \ : AD^ : BD^, 

and, by division, 

P ; P-2? : : AD2 : AD^-BD^, or AB^. 
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But the square of AD is greater than a 
regular polygon of eight sides described 
about the circle, because it contains that 
polygon ; and, for the same reason, the 
JD polygon of eight sides is greater than 
the polygon of sixteen, and so on. There- 
fore P is less than the square of AD, 
and, consequently (B. II., Def. 11), P— /> 
is less than the square of AB ; that is, 
less than the given square on X. Hence the difference of the 
two polygons is less than the given surface. 

Cor. Since the circle can not be less than any inscribed poly- 
gon, nor greater than any circumscribed one, it follows that a 
polygon may he inscribed in a circle^ and another described about 
it, each of which shall differ from the circle by less than any as- 
signable surface. 

Scholium. A variable quantity is a quantity which assumes 
successively diiferent values. When the successive values of a 
variable quantity approach more and more nearly to some con- 
stant quantity, so that the difference between the variable and 
the constant may become less than any assignable quantity, the 
constant is called the limit of the variable. Thus, if we suppose 
the number of sides of a regular polygon to increase, the magni- 
tude of each angle will also increase; and if the number of sides 
be made greater than any finite number, each angle of the poly- 
gon will approach indefinitely near to two right angles. Here 
the variable quantity is the angle of the regular polygon, and 
the limit toward which its value continually approaches is two 
right angles. We see, also, that the circle is the limit to which 
the inscribed and circumscribed polygons approach when the 
number of their sides is indefinitely increased. When the num- 
ber of sides of the polygon is greater than any finite number, the 
difference between the polygon and circle becomes less than any 
finite quantity ; that is, the circle becomes identical with the 
inscribed polygon, and also with the circumscribed polygon. The 
circle may therefore be regarded as a regular polygon of an infr 
nite number of sides. 

PROPOSITION XI. PROBLEM. 

To compute the area of a circle whose radius is unity. 
If the radius of a circle be unity, the diameter will be repre- 
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fsented by 2, and the area of the oircamBcribed square will be 4 ; 
while that of the inscribed square, being half the circumscribed, 
is 2. 

Now, according to Pr. 9, the area of the inscribed octagon is 
a mean proportional between the two squares p and P, so that 

/>'=y'8=2.82843. Also, the circumscribed octagon P'.— ^ — 



16 



=3.31371. 



P+P 



2+i/8 

Having thus obtained 'the inscribed and circumscribed octa- 
gons, we may in the same way determine the polygons having 
twice the number of sides. We must put/>=2.82843, and P= 

3.31371, and we shall have »'= 'v/»P=3.06147 ; and F= J^=: 

p+p . 

3.18260. . , 

These polygons of 16 sides will furnish us those of 32, and 
thus we may proceed until there is no difference between the in- 
scribed and circumscribed polygons, at least for any number of 
decimal places which may be desired. ThQ following table gives 
the result of this computation for five decimal places : 

• Number of Sides. Inscribed Polygon. . Circumscribed Polygon. 



4 


2.00000 


4.00000 


8 


2.82843 


3.31371 


16 


3.06147 


3.18260 


32 


• 3.12145 


3.15172 


64 


3.13655 


3.14412 


128 


3.14033 


3.14222 


256 


• 3.14128 


3.14175 


512 


3.14151 


8.14163 


1024 


3.14157 


3.14160 


2048 


3.14159 


3.14159 



IH^ow, as the inscribed polygon can not be greater than tjie 
circle, and the circumscribed polygon can not be less than, the 
circle, it is plain that 3.14159 must express the* area of a circle, 
whose radius is unity, correct to five deciinal places. 

Aftei^ three bisections of a quadrant of a circle we obtain the 
inscribed polygon of §2 ^ides, which differs from the correspond- 
ing circumscribed polygon only in the SQCond decimal place. 
After five bisections we obtain pdlygojis of 128 sides, which dif- 
fer only in the third decimal place ; after nine bisections they 
agree to five decimal places, but differ in the sixth place ; afler 
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eighteen bisections they agree to ten decimal places ; and thus, 
by ooptinually bisecting the arcs subtended by the sides of the 
polygon, new polygons are formedj both inscribed and circom* 
scribed, which agree to a griBater number of decimal places. 

Vieta, by means of inscribed and circumscribed polygons, car-- 
ried the approximation to ten places of figures; Van Ceulen car- 
ried it to 36 places; Sharp computed the area to 72 places; De 
Lagny to 128 places; and Dr. Clausen has carried the computa* 
tion to 250 places of decimals. 

By continuing this process ©f bisection, the difference between 
the inscribed and circumscribed polygons may be made less than 
any quantity we can assign, however small. 

PEOPOSmON XII. THBOBBM. 

Tlie area of a circle is equal to the product of its drcuhiference 
hy half the radius. • 

Let ABE be a circle whose centre is C and 
radius CA : the area of the circle is equal to the 
product of its circumference by half of CA. . 

Inscribe in the circle any regular polygon, and 
from the centre draw CD perpendicular to one of 
the sides. The area of the polygon will be equal 
^^T" ^ ^ to its perimeter. multiplied by half of CD (Pr. 7). 
Conceive the number of sides of the polygon to be indefinitely 
increased by continually bisecting the arcs subtended by the 
sides, its perimeter will approach more nearly to the circumfer- 
ehce of the circle ; and, when the number of sides of the polygon 
is greater than any finite number, the perimeter of the polygon 
will coincide with the circumference of the circle ; the perpendic- 
ular CD will become equal to the radius CA, and the area of the 
polygon will be equal to the area of the circle (Pr. lO,SchoL). 
Therefore the area of the circle is e^ual to the product of its. cir- 
cumference by half the radius. 

(7or. The area of a sector is equal to the pro* 
dkct of its arc hy half its roMvs, 

For the sector ACB is to the whole circle ABD 
as the arc AEB is to the 'whole circumference 
ABD (B. in.*,Pr. 14, Cor.) ; or, since magnitudes 
havfe the same ratio which their equimultiples 
have (B. 11., Pr. 10), as the* arc AEB x^AC is to 
the circumference ABD x^AC. * 
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' Bat this last expression is equal to the area of the circle ; 
therefore the area of the sector AGB is equal to the product of 
Its arc AEB by half of AC. 

PBOPOSmON XIII. THEOBEM. 

The circumferences of circles are to each other as their radii^ 
and their areas are as the squares of their radii. 

Let B and r denote the radii of two circles; C and o their ciiv 
cumferences ; A and a their areas ; then we shall have 

C:c::R:r, 
and A:a::R2:r2. 

Inscribe within the circled two regular polygons having the 
same number of sides. Now, whatever be the number of sides 
of the polygons, their perimeters will be to each other as the rar« 
dii of the circumscribed circles (Pr. 8). Conceive the arcs sub* 
tended by the sides of the polygons to be continually bisected 
until the number 9f sides of the polygons becomes indefinitely 
great, the perimeters of the polygons will approach more nearly 
to the circumferences of the circles ; and when the number of 
sides of the polygons is greater than any finite number, the pe^ 
rimeters of the polygons will coincide with the circumferences of 
the circles, and we shall have 

C:c::R:r. 

Again, the areas of the polygons are to each other as the 
squares of the radii of the circumscribed circles (Pr. 8). But 
when the number of sides of the polygons is greater than any 
finite number, the areas of the polygons become equal to the 
areas of the circles, and we shall have 

A:a::^^:r^, 

Cor. 1. Similar arcs are to each other as their radii, and similar 
sectors are as the squares of their radii 

For, since the arcs AB, ab are similar, j^^^^ — *"**i^9 a. 
the angle C is equal to the angle c (B. 
IV., Def. 6). But the angle C is to four 
right angles as the arc AB is to the 
whole circnmference described with the 
radius AC (B. IIL,Pr. 14), and the an- 
gle c is to four right angles as the arc abiato the circumference 
descnbed with the radius ac. Therefore the arcs AB, ab are to 
each other as the circumferences of which they form a part. But 
these circumferences are to each other as AC, ac; therefore 
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arc AB: arc ab:: AC: <ic. 

For the same reason, the sectorB ACB, acb are as the entire cir- 
cles to which they belong, and these are as the squares of their 
radii; therefore 

sector ACB : sector acb : : AC^ : acP. 

Cor. 2. Let n represent the circumference of a circle whose di« 
ameter is unity; also, let D represent the diameter, R the radius, 
and C the circumference of any other circle;. then, since the cir- 
cumferences of circles are to each other as their diameters, 

l:ir::2R:C; 
therefore C=27fR=7rD; 

that is, the circufnference of a circle is -equal to the product of its 
diameter by the constant number v. 

Cor. 3. According to Pr. 12, the area of a circle is equal to the 
product of its circumference by half the radius. 

If we put A to represent the area of a circle., then 

A=CxiR=2TRxiR=7rR2; 
that is, t?te area of a circle is equal to the product of the square 
of its radius by the constant number T. 

Cor. 4. When R is equal to unity, we have A=ir ; that is, tt i« 
equcU to the area of a circle tbhose radius is unity. According to 
Pr. ll,9r is therefore equal to 3.14159 nearly. This number ia 
represented'by n-, because it is the first letter of the Greek word 
which signifies circumference. 
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EAST EXSRC3ISES ON THE PRECEDING BOOKS. 

A few theorems without demonstrations, and problems with* 
out solutions, are here subjoined for the exercise of the pupil. 
They will be found admirably adapted to familiarize the begin- 
ner with the preceding- principles, and to impart dexterity in 
their application. No general rule can be given which will be 
found applicable in all cases, and infallibly lead to the demonstra- 
tion of a proposed theorem, or the solution of a problem. The 
following directions may prove of some service : 

ANALYSIS OF THEOBEMS. 

1. Construct-a diagram as directed in the enunciation, and as- 
sume that the theorem is true. 

2. Consider what consequences result from this assumption by 
combining with it theorems which have been already proved, 
and which are applicable to the diagram. 

8. Examine, whether any of these consequences are already 
Imown to be true or to he false. 

4. If the assumption of the truth of the proposition lead to 
some consequence which is inconsistent with any demonstratied 
truth, the false conclusion thus arrived at indicates the falsehood 
of the proposition; and by reversing the process of the analysis, 
it may be demonstrated that the theorem can not be true. 

5. If none of the consequences so deduced be knovm to be ei- 
ther true or false, proceed to deduce other consequences from all, 
or any of thesd, until a result is obtained which is known to be 
either true or false. 

6. If we thus arrive at some truth which has been previously 
demonstrated, we then retrace the steps of the investigation pur- 
sued in the analysis till they terminate in the theorem which 
Was assumed. This process will constitute the demonstration 
of the theorem. • 

ANALYSIS OF PBOBLEMS. 

1. Construct the diagram as directed in the enunciation, and 
suppose the solution of the problem to be effected. 
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2. Study the relations of the lines, angles, triangles, ete^ in tlie 
diagram, and endeavor to discover the dependence of the as- 
sumed solution on some previous theorem or problem in the Ge- 
ometry. ... 

3. If such can not be tound, draw other lines parallel or per- 
pendicular, as th6 case may seem to require ; join given points; 
or points assumed in the solution, and describe circles if nece&* 
sary ; and then proceed to trace the dependence of the assumed 
solution on some theorem or problem in Geometry. 

4. ]^we thus arrive at some previously demonstrated or admit* 
ted truth, we shall obtain a direct solution of the problem by as- 
suming the last consequence of the analysis as the first stepi of 
the process, and proceeding in a contrary order through the sev^- 
eral steps of the analysis until the process terminate in the pro1> 
lem required. 

GEOMETRICAL EXERCISES ON BOOK I. 

THEOBEMS. 

JV(>p. 1. The difference between any two sides of a triangle is 
less than the third side. See Prop. 8. 

JPrcp. 2. The sum of the diagonals of a quadrilateral is less 
than the sum of any four lines that can be drawn from any point 
whatever (except the intersection of the diagonals) to the four 
angles. See Prop. 8. 

JFVop. 3. Ka straight line which bisects the vertical angle of a 
triangle also bisects the base, the remaining sides of the triangle 
are equal to each other. 

Demonstration. Produce AD, the bisecting line, making DE= 
DA ; then in the, etc. 

Prop.i. Ifjbhe base of an isosceles triangle be produced, the 
exterior angle exceeds one right angle by half the vertical angle. 
See Prop. 27. 

IVop. 6. In any right-angled triangle, the middle point of the 
hypothenuse is equally distant from the three angles. 

Dem. From D, the middle point of the hypothenuse, draw per- 
pendiculars upon the two sides of the triangle; then, etc. 

Jhrop. 6. If, on the sides of a square, at equal distances from the 
four angles, four points be taken, pne«on each side, the figure 
formed by joining those points will also be a square. See Prop. 6. 

I^op. 7. The parallelogram whose diagonals are equal is rect- 
angular. See Prop. 82. 
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« • 

I^op. 8. If the* diagonals of a quadrilateral bisect each other, 
the figure is a parallelogram. See Props. 6 and 22. 

I^rop, 9. Any line drawn through the centre of the diagonal of 
a parallelogram to meet the sides is bisected in that point, and 
&lso bisects- the parallelogram. See Props. 1 and 29. 

JPrcp. 10, The sum of the three straight lines drawn from atiy 
point within a triangle, to the three vertices is less than the sum 
and greater. than the half sum of the three sides of the triangle* 
See Props. 8 and 9. 

PBOBLEMS. * 

J^cp. 1. .On a given line describe an isosceles triangle, each of • 
whose equ§kl sides shall be double of the base. 

Solution. Produce the given base AB both ways, making AC:;i2 
AB=BD. With centre A and. radius AD^ describe a circle, etc. 

IVop. 2. On a given line describe a square, of which the line 
shall be the diagonal. 

Sol. Bisect the given line AB at right angles by DCE, and 
make CD=CE=CA or CB ; then, etc. 

I^qp. 3. Divide a right angle into three equal angles. 

Sol. On one of the sides containing the right angle describe an 
equilateral triangle, etc. 

I^'op. 4. One of the acute angles of a right-angled triangle is 
three times as great as the other ; trisect the smaller of thesci^ 

Sol. The smaller angle is one fourth of a right angle, and its 
third part is one twelfth of a right angle. May be solved by the 
method of Prop. 3. 

Jh'qpi 6. Construct an equilateral triangle, having given the 
length of the perpendicular drawn from one of the angles on the 
opposite side. 

Sol. M^y be solved by the method of Prop. 3. 

EXERCISES ON BOOK U. 

1. Find a third proportional to 8 and 12. Ans. 18. 

2. Find a fourth proportional to 12, 16, and 39. Ana. 62. 

3. Find a mean proportional between 24 and 64, Ans. 36. 

4. If A : B :: C : D, prove that 

AH AB+B2 : A2-AB+B2 :: CHCD+D^ : C2-CD+D'. 
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GEOMETRIOAL EXERCISES ON BOOK tn. 

THEOBSMS. 

Prep. 1. Every chord of a circle is less than the diameter. See 
B.I.,Pr.7. • 

J^op. 2. If an arc of a circle be divided into three equal parts 
by three straight lines drawn from one extremity of the arc, the 
angle contained by two of the straight lines will be bisected by 
the third. See B.m.,Pn 15. 

JPrqp. 3. Any two chords of a circle which cut a diameter in 
the sam6 point, and make equal angles with it, are equal to each 
other. SeeB.III.,Pr.l7. . ' 

I^op. 4. The straight lines which join toward the same parts 
the extremities of any two chords in a circle equally distant from 
the centre, are parallel to each other. 

Prop. 5. The two straight lines which join the opposite ex- 
tremities of two parallel chords intersect in a point in that di- 
ameter which is perpendicular to the chords. 

Prop. 6. If two opposite sides of a quadrilateral figure inscribed 
in a circle are equal, the other two sides will be parallel. 

Prop. 7. All the equal chords in a circle may be touched by an- 
other circle. 

Prop. 8. The lines bisecting at right angles the sides of a trian- 
gle all meet in one point. See B. I., Pr. 18. 

Prop. 9. If the diameter of a circle be one af the equal sides of 
an isosceles triangle, the base will be bisected by the circumfer- 
ence. See B. m., Pr. 15, Cor. 2. 

Prop. 10. If two circles touch each other externally, and paral- 
lel diameters be drawn, the straight line joining the opposite ex- 
tremities of these diameters will pass through the point of con- 
tact. See B. m. , Pj:. 1 2, and Pr. 1 5, Cor. 2. 

Prop. 11. The lines which bisect the angles of any parallelo- 
gram form a rectangular parallelogram, whose diagonals are par- 
allel to the «ides of the former. See B.X, Pr. 27. 

Prop. 12. If two opposite sides of a parallelogram be bisected, 
the lines drawn from the points of bisection to the opposite an- 
gles will trisect the diagonal 

PBOBLEMS. 

JFVop. 1. From a given point without a given straight line, draw 
a line making a given angle with it. See B. V.,Pr. 4. 
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IVqp. 2. Through a given point within a circle, draw a chord 
which shall be bisected in that point. See B. IIL, Pr. 6. 

I^rop. 3. Through a given point within a circle, draw the least 
possible chord. See B. IIL, Pr. 6. 

JF^cp, 4. Two chords of a circle being given ia magnitude and 
position, describe the circle. See B. in.,Pr. 7. 

Prop, 6, Describe three equal circles touching one another; 
and also describe another circle which shall touch them all three. 

Sol. Describe an equilateral triangle and bisect its sides. 

Prop, 6. How many equal circles can be described acound an- 
other circle of the same magnitude, touching it and one another ? 

Prop, 7. With a given radius describe a circle which shall pass 
through two given points. See B. L,Pr. 18. 

Prop. 8. Describe a circle which shall pass through two given 
points and have its centre in a given line. See B. L, Pr. 18. 

Prop, 9. In a- given circle inscribe a triangle equiangular to a 
given triangle. See B. in.,Pr. 16. 

Prop, 10. From one extremity of a line which can not be pro- 
duced, draw a line perpendicular to it. 

Sd. Take any point C without the given line as a centre, and 
with a radius equal to the distance of C from the given extremi- 
ty, describe a circumference, etc. 

Prop. 11. Divide a circle into two parts, such that the angle 
contained in one segment shall equal twice the angle Contained 
in the other. . 

861. Inscribe in the circle an equilateral triangle. 

Prop. 12. Divide a circle into two segments, such that the an- 
gle contained in one of them shall be five times the angle con* 
tained in the other. 

SoL Inscribe in the circle a regular hexagon. 

Prop. 13. Describe a circle which shall touch a given circle in 
a given point, and also touch a given straight line. 

Sol, Draw a tangent at A, cutting the given line BC in C ; bi- 
sect the angle ACB by CD, cutting OA in D, etc. 

Prop, 14. With a given radius, describe a circle which shall 
pass through a given point and touch a given line. 

Sol. Draw AC perpendicular to the given line AB, and make it 
equal to the given radius. Draw CD parallel to AB, etc. 

Prop. 16. With a given radius, describe a circle which shall 
touch a given line, and have its centre in another given line. 

SoL Let AB, AC be the two given lines ; from any point C in 

F2 
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AC draw CD perpendicular to AC, and equal to the given ra- 
dius ; through D draw, etc. . 

GEOMETRICAL EXERCISES ON BOOK IV. 

THEOBBMS. 

J^op. 1. If from any point in the diagonal of a parallelogram 
lines be drawn to the angles, the parallelogram will be divided 
into two pairs of equivalent triangles, ^e B. I., Pr. 32, and B. 
IV., Pr. 2. 

JProp, 2. If the sides of any quadrilateral be bisected, and the 
points of bisection joined, the included figure will be a parallelo- 
gram, and equal in area to half the original figure. See B. IV., 
Pr. 15. 

JProp. 3. Show how the squares in Prop. 11, Book IV., may be 
dissected, so that the truth of the proposition may be made to 
appear by superposition of the parts. 

JProp. 4. In the figure to Prop. 11, Book IV., 

{a.) If BG and CH be joined, those lines will be parallel 

(b,) If perpendiculars be let fall from F and I on BC produced, 
the parts produced will be equal, and the perpendiculars together 
will be equal to BC. 

(c.) Join GH, IE, and FD, and prove that each of the triangles 
so formed is equivalent to the given triangle ABC. 

(d.) The sum of the squares of GH, IE, and FD will be equal 
to six times the square of the hypothenuse. 

JP^op. 5. The square on the base of an isosceles triangle whose 
vertical angle is a right angle, is equal to four times the area of 
the triangle. 

F^op. 6. If from one of the acute angles of a right-angled trian- 
gle a straight line be drawn bisecting the opposite side, the 
square upon that line will be less than the square upon the 
hypothenuse by three times the square upon half the line bi- 
sected. 

I^cp. 7. In a right-angled triangle, the square on either of the 
two sides containing the right angle is equal to the rectangle 
contained by the sum and difference of the other sides. 

jFVop. 8. In any triangle, if a perpendicular be drawn from the 
vertex to the base, the difference of the squares upon the sides is 
equal to the difference of the squares upon the segments of the 
base. 

J^op. 9. The squares of the diagonals of any quadrilateral fig- 
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ure are together double the squares of the two lines joining the 
middle points of the opposite sides. 

Sol. Compare this Prop, with Prop. 2 above. 

Prop, 10, Kone side of a right-angled triangle is double the 
other, the perpendicular from the vertex upon the hypothenuse 
will divide the hypothenuse into parts which are in the ratio of 
1 to 4. 

Prop, 11. If two circles intersect, the common chord produced 
will bisect the common tangent. 

Prop, 12. The tangents to a circle at the extremities of any 
chord contain an angle which is twice the angle contained by the 
same chord and a diameter drawn from either of the extremities. 

Prop. 13. If two circles cut each other, and if from any given 
point in tie straight line produced which joins their intersections 
two tangents be drawn, one to each circle, they will be equal to 
one another. 

Prop. 14. If from a point without a circle two tangents be 
drawn, the straight line which joins the point of contact will be 
bisected at right angles by a line drawn from the centre to the 

point without the circle. 

» 

PBOBLEMS. 

Pi'op. 1. Trisect a given straight line, and hence divide an equi- 
lateral triangle into nine equal parts. 

Sol. On the given line describe an equilateral triangle ; bisect 
two of its angles, and from the point of intersection of the bisect- 
ing lines draw lines parallel to the sides of the triangle, etc. 

Prop. 2. Inscribe a circle in a given rhombus. 

Sol. Draw the diagonals of the rhombus, etc. 

Prop. 3. Describe a circle whose circumference shall pass through 
one angle and touch two sides of a given square. 

Sol, Divide the given angle into four equal parts, etc. 

Prop. 4. In a given square, inscribe an equilateral triangle hav- 
ing its vertex in the middle of a side of the square. 

Sol. From the middle of a side as centre, with a radius equal 
to one side of the square, describe a circle, etc. 

Prop. 6. In a given square, inscribe an equilateral triangle hav- 
ing its vertex in one angle of the square. 

Sol. On two adjacent sides of the square, describe equilateral 
triangles exterior to the square, and join their vertices with the 
remote vertex of the square, etc. 



132 GEOMETBY. 

JProp. 6. If the sides of* triangle are in the ratio of the nam« 
bers 2, 4, and 5, show whether it will be acute-angled or ol^tuse* 
angled. 

JPrcp, Y. Given the area and hypothenuse of a right-angled tri- 
angle, to construct the triangle. 

Sol, On half the hypothenuse describe a rectangle equal to the 
given area, etc. 

I^rop. 8. Bisect a triangle by a line drawn from a given point 
in one of the sidea 

Sol. Let D be the given point in the side AB, and A the angle 
nearest to D. Bisect BC in E, and draw AF parallel to DE, etc. 

I^cp, 9. To a circle of given radius draw two tangents which 
shall contain an angle equal to a given angle. 

I^qp. 10. Construct a triangle, having given one side, the an- 
gle opposite to it, and the ratio of the other two sides. 

Sol. On the given base BC describe a segment containing the 
given angle; draw DE perpendicular to BC at its middle point, 
and cutting the remaining segment in E ; divide BC in F in the 
given ratio ; join EP, etc. 

Prop. 11. Construct a triangle, having given the perimeter and 
the angles of the triangle. 

Sol. On the line which is equal to the perimqter of the required 
triangle describe a triangle having its angles equal to the given 
angles. Bisect the angles at the base, etc. 

JProp. 12. Upon a given base describe. a right-angled triangle, 
having given the perpendicular from the right angle upon the 
hypothenuse. 

Sol. Draw any straight line, and erect DC perpendicular to it 
and equal to the given perpendicular. With centre C and radius 
equal to the given base, describe a circle cutting the first line in 
B. At C draw, etc. 

Prop. 13. Construct a triangle, having given one angle, a side 
opposite to it, and the sum of the other two sides. 

Sol. On the given side AB describe a segment containing half 
the given angle, in which segment inscribe AC equal to the given 
sum. Make the angle CBD equal to BCA, etc. 

JFVop. 14. Construct a triangle, having given one angle, an ad- 
jacent side, and the sum of the other two sides. 

Sol. Make BC the given base, B the given angle, and BD equal 
to the sum of the two sides ; make the angle DCA equal to CDA. 
etc. 
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Jhrop. 16, Inscribe a square in a given right-angled isosceles 
triangle. 

8oL Trisect the hypothenuse, etc. 

NTJMEBICAL EXEBCISES. 

1. If the base and perpendicular of a triangle be 78 and 43 
yards respectively, what is the area? Ans. 1677 square yards. 

2. Given the hypothenuse of a right-angled triangle equal to 
260 feet^ and one of the legs equal to 224 feet, to find the other 
leg. * Am. 132 feet. 

3. Given the legs of a right-angled triangle equal to 765 and 
408 yards respectitely, to compute the length of the perpendic- 
ular from the right angle to the hypothenuse. Ana. 360 yards. 

4. If the sides of a triangle are 846, 910, and 976 respectively, 
what are the lengths of the segments into which they are sever- 
ally divided by the perpendiculars from the opposite angles? 

Ans. \ ^^^> \ ^2^ i 429, 
( 495, ( 585, ( 546. 

5. Given the hypothenuse and one leg of a right-angled trian- 
gle equal to 353 and 272, to find the remaining leg without squar- 
ing the given numbers. Ana. 225. 

6. If the base of a triangle be 210, and the other sides 136 and 
106, what is the length of the straight line drawn from the vei-ti- 
cal angle to the point of bisection of the base? Ans. 60. 

7. If two adjacent sides and one of the diagonals of a parallelo- 
gram be 246, 316, and 280, what is the length of the other diago- 
nal ? Ans. 490. 

8. Given the sides of a triangle equal to 147, 119, and 70 yards 
respectively, to compute the area. Ans. 4116 square yards. 

9. If a chord of a circular arc 16 inches in length be divided 
into two parts of 7 and 9 inches respectively by another chord, 
what is the length of the latter, one of its segments being 3 inch- 
es ? Ans. 24 inches. 

10. If the chord of an arc be 720 feet, and the chord of its 
half be 369 feet, what is the diameter of the circle? 

Ans. 1681 feet. 

11. If from a point without a circle two secants be drawn whose 
external segments are 8 inches and 7 inches, while the internal 
segment of the latter is 17 inches, what is the internal segment 
of the former? Ans. 13 inches. 

12. From a point without a circular pond two tangents, to the 
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cii'cumference are drawn, forming with each other an angle of an 
equilateral triangle, and the length of each tangent is 18 rods, 
what is the diameter? Ans. 12'/3=20.7846 rods. 

13. If the sides of a triangle are 39, 42, and 45 inches respect- 
ively, what is the radius of the inscribed circle ? 

Ans, 12 inches. 

14. Given the legs of a right-angled triangle equal to 455 and 
1092 respectively, to compute the segments into which the hy- 
pothenuse is divided by the perpendicular from the right angle, 
and to compute also the perpendicular. * 

Ans. The segments are 175 and 1008^ and the perpendic- 
ular 420. 

15. If the base of a triangle be 246, and the other sides 250 and 
160 respectively, what is the length of the line bisecting the ver- 
tical angle? Ans, 160, 

16. If two similar fields together contain 518 square rods, what 
are their separate contents, their homologous sides being as 5 to 
7 ? Ans, 175 and 343 square rods. 

17. If the sides of a triangle are 104, 112, and 120 respectively, 
what is the radius of the circumscribed circle ? Ans^ 65. 

18. If the base of a triangle be 54, and the other sides 75 and 
48 respectively, what is the length of the external segment of the 
base made by a straight line bisecting the exterior angle at the 
vertex ? Ans. 96. 

19. Two chords on opposite sides of the centre of a circle are 
parallel, and one of them has a length of 48, and the other of 14 
inches, the distance between them being 31 inches; what is the 
diameter of the circle ? Ans, 50 inches. 

20. Two parallel chords on the same side of the centre of a cir- 
cle whose diameter is 50 inches are measured, and found to be 
the one 48 and the other 14 inches; what is their distance apart? 

Ans, 17 inches. 

21. The area of a rectangle is 18 square feet, and its base is 
4.62 feet; what is its altitude? 

22. The base of one rectangle is 6 feet and altitude 5 feet ; the 
base of another rectangle is 4 feet and altitude 3 feet ; what h 
the ratio of the two rectangles ? 
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GEOMETRICAL EXERCISES ON BOOK VL 

THEOBEMS. 

JVop. 1, The square inscribed in a circle is equal to half the 
square described about the same circle. 

JE^'cp. 2. Any number of triangles having the same base and 
the same vertical angle may be circumscribed by one circle. 

JPrcp. S, Jf an equilateral triangle be inscribed in a circle, each 
of its »ides will cut off one fourth part of the diameter drawn 
through the opposite angle. 

JFVop. 4. The circle inscribed in an equilateral triangle has the 
same centre with the Circle described about the same triangle, 
and the diameter of one is double that of the other. 

JRrop. 5. If an equilateral triangle be inscribed in a circle, and 
the arcs cut off by two of its sides be bisected, the line joining 
the points of bisection will be tiisected by the sides. 

JProp. 6. The side of an equilateral triangle inscribed in a cii*cle 
is to the radius as the square root of 3 is to unity. 

I^cp. 7. The sum of the perpendiculars let fall from any point 
within an equilateral triangle upon the sides is equal to the per- 
pendicular let fall from one of the angles upon the opposite side. 

I^cp. 8. If two circles be described, one without and the other 
within a right-angled triangle, the sum of their diameters will be 
equal to the sum of the sides containing the right angle. 

Jh'cp, 9. If a circle be inscribed in a right-angled triangle, the 
sum of the two sides containing the right angle will exceed the 
hypothenuse by a line equal to the diameter of the inscribed 
circla 

JVop. 10. The square inscribed in a semicircle is to the square 
inscribed in the entire circle as 2 to 5. 

JProp. 11. The .square inscribed in a semicircle is to the square 
inscribed in a quadrant of the same circle* as 8 to 5. 

TVop. 12. The area of an equilateral triangle inscribed in a cir- 
cle is equal to half that of the regular hexagon inscribed in the 
same circle. 

JPrcp. 13. The square of the side of an equilateral triangle in- 
scribed in a circle is triple the square of the side of the regular 
hexagon inscribed in the same circle. 

I^cp, 14. The area of a i-egular hexagon inscribed in a circle is 
three fourths of the regular hexagon circumscribed about the 
same circle. 
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Prop. 15. The triangle, square, and hexagon are the only reg- 
ular polygons by whicli the angular space about a point can bo 
completely filled up. 

PBOBLEMS. 

JVop. 1. Trisect a given circle by dividing it into three equal 
sectors. 

Prop. 2. The centre of a circle being given, find two opposite 
points in the circumference by means of a pair of compasses only.. 

Prop, 3. Divide a right angle into five equai parts. 

Prop, 4. Inscribe a square in a given segment of a circle. 

Prop. 6. Having given the difierence between the diagonal and 
side of a square, describe the square. 

Prop. 6. Inscribe a square in a given quadrant. 

Prop. 7. Inscribe a circle in a given quadrant. 

Prop, 8. Describe a circle touching three given straight lines. 

Prop,^Q. Within a given circle describe six equal circles touch- 
ing each other and also the given circle, and show that the inte- 
rior circle which touches them all is equal to each of them. * 

Prop. 10. Within a given circle describe eight equal circles 
touching each other and the given circle. 

Prop. 11. Inscribe a regular hexagon in a given equilateral tri- 
angle. 

Prop. 12. Upon a given straight line describe a regular octagon. 

XUMEBICAL EXERCISES. 

1. What is the circumference of a circle whose diameter is 28? 

2. What is the diameter of a circle whose circumference is 60 ? 

3. What is the area of a circle whose diameter is 19? 

4. What is the area of a circle whose circumference is 30 ? 

6., What is the area of a quadrant of a circle whose radius is 1 1 ? 

6. What is the diameter of a circle whose area is 40? 

7. What is the circumference of a circle whose area is 36 ? 

8. What is the circumference of the earth, supposing it to be a 
circle whose diameter is 7912 miles? 

9. What is the circumference of a circle whose area is 27.45 
square rods ? 

10. What is the area of a sector whose arc is one sixth of the 
circumference in a circle whose radius is 17 inches? 
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BO OK VII. 

Planes and solid angles. 

• De/inUions. 

1. A BTBAiGBT line ia perpendicular to a plane 
when it is perpendicalar to every straight liae 
which it meets in that plane. 

CotiTersoly, the plane in thia case is perpen- 
dicalar to the line. 

TheyooJ of the perpendicnlar is the point in 
which it meetB the plane. 

2. A straight \iae \& parallel to a plane when it can not meet 
the plane, thongh produced ever so far. ' 

Conversely, the plane in this case is parallel to the line. 

3. Two planea are parallel to each other when they can not 
meet, thongh prodnced ever so far in every direction. 

4. The angle coniained by two planes which meet oi 
is the angle contained by two lines diawn from 
any point in the line of their common section, 
at right angles to that Une,.one in each of the 
planes. 

This angle may be acuta, right, or obtuse. 

If it is a right angle, the two planes are per- 
pendicalar to each other. 

b. A sc^id angle is the angular space contained 
by more than two planes which meet at the same 
point, and not lying in the same plane. 

To represent a plane in a diagram, we are 
obliged to take a limited portion of it ; but the ^ 
planes treated, of in this Book are supposed to be 
indefinite in extenL ' 
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PEOPOSmON I. THEOEEM. 

One part of a straight line can not be in aplane^ and another 
part without it. 

For, from the definition of a plane (B. L,I>e£ 11), when a straight 
line has two points common with a plane, it lies wholly in that 
plane. 

Scholium. To discover whether a surface is plane, we apply a 
straight line in different directions to this surface, and see if it 
touches throughput its whole extent. 

PEOPOSmON IL THEOBKM. 

Any two straight lines which cut each other are in one plane^ 
and determine its position. 

Let the two straight lines AB, EC cut eajch 
Other in B ; then will AB, BO be in the sfime 
plane. 

Conceive a plane to pass through the straight 
line BC, and let this plane be turned about BO 
until it pass through the point A.. Then, be- 
cause the points A and B are situated in this plane, the straight 
line AB lies in it (B. L, Def. 11). Hence the position of the plane 
is determined by the condition of its containing the two lines AB, 
BC; for if it is turned in either direction about BO, it will cease 
to contain the point A. Therefore, any two straight lines, etc. 

Cor, 1. A triangle ABO, or three points A, B, 0, not in the same 
straight line, determine the position of a plane. - 

Cor, 2. Two parallel lines AB, OD deter- 

A ^ ■ B mine the position of a plane. For, if the 

line EF be drawn, the plane 6f the two 
'^ straight lines AE, EF will be the same as 
that of the parallels AB, OD ; and it has al- 
ready been proved that two straight lines which cut each other 
determine the position of a plane. 

PEOPOSITION III. THEOEEM. 

Iftwopian/ss cut each other ^ their common section is a straight 
line. 

Let the two planes AB, OD cut each other, and let E, F be 
two points in their common section. Froih .E to F draw the 
straight line EF. Then, since t e points E and F are in the 




plane AB, the Btraight line £F which joins 
them must lie wholly in that plane {B. I,, Def 
1 1). For the same reason, EF mast lie wholly^ 
in the plane CD. Therefore the straight line 
EP is common to the two planes AB, CD; 
that is, it is their common section. Hence, if 
two planes, etc 



THEOBBH. 

^a straight line be perpendicular to each of tteo ttraight lines 
at their point of intersection, it will be perpendicular to the plane 
in which these lines are. 

Let the straight line AB be perpendicu- A 

lar to each of the straight lines CD, EF 
which intersect at B ; AB will also he pei^ 
pendicnlar to the plane MN which passes 
through these lines. 

Through B draw any line BG, in the 
plane MN ; let G-be any point of this line, 
and throngh G draw DGF, bo that DG 
shall be equal to GF (B. V., Pr. 21). Join 
AD, AG, and AF. 

Then, since the base DF of the triangle DBF is bisfected in G, 
we Bhallhave (B.IV.,Pr.l4), 

BD3+BF'=2BG'+2GF^ 
Also, in the triangle DAF, 

AD^+AF==2AG^+2GF*. 
Sabtraoting the first equation from the second, we have 

AD2_BD^+AF=-BF'=2A6»-2BG=. 
Bnt, because ABD is a right-angled triangle, 

' AD*-BD==AB'; 
and, because ABF is a right-angled triangle, 

AF^~BF?=AE*. 
Therefore, substituting these values in the former equation, we 
have ABHAB'=2AG2-2BG«; 

whence AB's^AG^-BGii, 

br AG''=AB^-fBG^. 

Wherefore ABG is a right angle (B.IV.,Pr.l3,Sch.); that is, 
AB is perpendicular to the straight line BG. In lite manner, it 
may be proved that AB is perpendicular to any other straight 
line passing through B in the plane MN; hence It is perpen* 
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dicular to the plane MN (De£ I). Therefore, if a straight line, 
etc. 

Scholium. Hence it .appears not only that a straight line maxf 
&£ perpendioolar to every straight line which passes through its 
foot in a plane, but that it always tmut be so whenever it is per- 
pendicular to two lines in the plane, which shows that the first 
definition involves no impossibility. 

Cor. 1, "Die perpendicular AB is shorter 
than any oblique line AD ; it therefore 
measures the true distance of the point 
A from the plane MX. 

Cor. 2. Through a given point B in a 

plane, only one perpendicular can be drawn 

to this .plane. For, if there could be two 

perpendiculars, suppose a plane to pass 

through them, whose intersection with the 

plane MN is BG ; then these two perpendiculars would both be 

at right angles to the line B6, at the same point and in the same 

plane, which is impoaaible (B. X, Pr. l). 

It is also impossible, from a given point without a plane, to let 
fall two perpendiculars upon the plane. For, suppose AB, AG 
to be two such perpendiculars ; , then the triangle ABG will have 
two right angles, which is impossible (B. I.,Pr. 27, Por. 3). 

PHOPOSmOtf V. TBBOBBU. 

Oblique lines drawn from a point to a plane, at equal dittancea 
from the perpendicuiar, are equal ; and of two oblique lines tm- 
equaUy distant from the perpendicuiar, the- more remote it the 
longer. 

A Let the straight line AB be drawn' 

perpendicular to the plane MN ; and 

let AC, AD, AE be oblique lines drawn 

from the point A, equally distant from 

the perpendicular ; also, let AF be 

more remote froin the perpendicular 

than AE ; then will the lines AC, AD, 

AE all be equal to each other, and AP 

be longer than AE. 

For, since the angles ABC, ABD, ABE are right angl^ and 

BC, BD, BE are equal, the triangles ABC, ABD, ABE have two 

sides and the included angle equal; therefore the third sides AC, 

AD, AE are equal to each other. 
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So, also, since the distance 6F is greater than BE, it is pTain 
that the oblique line AF is longer than AE (B. L, Pr. 1 7). 

Cor. lAll the equal oblique lines AC, AD, AE, etc, terminate in 
the circomfercnce CDE, which is described from B, the foot of 
the perpendicular, as a centre. ' ■ 

If, theDj it is required to draw a straight line perpendicular to 
the plane MN, from a point A without it, take three points in the 
plane C, D, E, equally distant from A, and find B, the centre of 
the circle vhich passes through these points. Join AB, and it 
will be the perpendicular required. 

Scholium. The angle A£B is called tAe inclination of the line 
AE to the plane MN. ■ All the lines AC, AD, AE, etc., -ffbich are 
equally distant from the perpendicular, have the same inclination 
. to the plane, because all the angles ACB, AD6, AEB, etc., are 
equal. 

FSOFOSITIOn VI. THBOBEU. 

^a Uraight line ia perpendicular to a plane, every plane which 
■ paeaea through that line is perpendicular to the Jcret-mentionecl 
plane. 

Let the strught line AB be perpendicu- 
lar to the plane MN ; then will every plane 
which passes through AB be perpendicular 
to the plane MN. 

Suppose anyplane,aeAE,topassthrough' 
AB, and let EF be the common section of 
Ibe planes Ae, MN. In the plane MN, 
through the point B, draw CD perpendic- 
ular to the conim<m section EF. 

Then, since the line AB is perpendicular to the plane MN, it 
must be perpendicular to each of the two straight lines CD, EF 
(De£ 1). Bat the angle ABD, formed by the two perpendiculars 
BA; BD, to the common section EF, measxres the angle of the . 
two planes AE, MN (Def. 4), and, since this is a right angle, the 
two planes must be perpendicular to each other. Therefore, if a 
straight line, eta 

Scholium. When three straight lines, as AB, CD, EF, are per- 
pendicular to efch other, each of these lines is perpendicular to 
the plane of the other two, and the three planes are perpendicu- 
lar to each other. 
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PBOPOSinON TIL THBOBEM. 

^ (wo planea are perpendieulaT to each other, a straight line 
draien in one of thsm perpendicular to their common sectkm will 
be perpendicular to the other plane. 

Let the plane AE be perpendicular to the plane AOT, and let 
the line AB be drawn in the plane AE perpendicnlar to the 
common Bection HF ; then will AB be perpendicular to the plane 
MN. 

For in the plane MN, draw CD through 
the point B perpendicular to EF. Then, 
becauee the planes AE and MN are perpen- . 
^ dicular, the angle ABD is a right angle. 

Hence the line AB is perpendicular to the , 
two straight lines CD, EF at their point of 
intersection ; it is consequently perpendic- 
ular to their plane MN (Pr. 4). Therefore, 
if two planes, etc - 

Cor, If the plane A£ is perpendicular to the plane MN, and 
if from any point B,in their common section, we erect a perpen- 
dicular to the' plane MN, this perpendicular will be in the plane 
AR 

For if not, then we may draw from the same point a straight 
line AB in the plane AE perpendicular to EF, and this line, ac- 
cording to the Proposition, will bo perpendicular to tho plline 
MN. Therefore there woiild be two perpendiculars to the plan,e 
MN, drawn from the same point, which is impossible (Pr. 4, 
C3or. 2). 

PEOPOSmOTI Till. THEOREM^ 

j^ two planes which cut ofie another are each of them perpen- 
dicular to a third plane, their common section is perpendiouiar to 
the same plane. 

Let the two planes AE, AD be each of 
them perpendicnlar to a third plane MN, 
anS let AB be the common section of the 
first two planes; then will AB be perpen- 
dicular to the plane MN. 

For, from the point B, erect a perpen- 
dicular to the plane MN. Then, by the 
Corollary of the last Proposition, this line 



most be . Bitnated both in the plane AD and in the plane AG; 
henceit is their common sectipoAB. Therefore, if two planes, etc.' 

PBOPOSmON IX. THEOBSIC 

Tao straight lines which are perpendicular to the tame plane- 
are paraBel to each other. 

Let the two Btraight lines AB, CD be each of them perpendio- 
nlar to the same plane MN ; then will AB be parallel to CD. 

In' the plane MN, draw the straight line 
BD, joining the points B and D. Tbrongli 
the lines AB,BD pass the plane £F; it will 
be perpendicular to the plane MN (Pr. 6) ; : 
also, the -line CD will lie. in this plane, be- 
canse it is perpendicular to MN (Pr. 7,Cor.), ' 

Now, because AB and CD are both per- 
pendicular to the plane MN, they are per- 
pendicular to the line BD in that plane ; and, since AB, CD are 
both perpendicular to the same lineBD, and lie in the same plane, 
they are parallel to each other (B. I., Pr. 20). Therefore, two 
straight lines, etc. 

Cor. 1. If one of two parallel lines be perpendicular to a plane, 
the other will be perpendicular tp the same plane. If A^ is pei> 
pendicular to the plane MN, then (Pr. 6) the plane EF will b? 
perpendicular to MN. Also, AB is perpendicular to BD ; and if 
CD is parallel to AB, it will be perpendicular to BD, and there- 
fore (Pr. 7) it is perpendicnlar to the plane MN. 

Cor. 2. Two straight lines parallel to the same Btraight line 
are parallel to each other. For, suppose- a plane to be drawn 
perpendicular to any one of them ; then the other two, being 
parallel to the first, will be perpendicular to the same plane, by 
the preceding Corollary ; hence, by the Proposition, they will be 
parallel to each other. 

The three straight lines are supposed not to be in the same 
plane; for in this c^se tbe Proposition has been already de- 
monstrated. 

PEOPOSmON X. THSOBEU. 

■ Jfa straight line, ioithovl q given plane, heparaUd to a straight 
Hne in the plane, it leill be paraUei to the plane. 

Let the straight line AB be parallel to the straight line CD, in 
(be plane MN ; then will it be parallel to the plane MK. 





! 

Through the parallels AB, CD suppose a ■ i 

plane ABDC to pass. If the line AB oaa 
meet the plane MN, it mast meet it in Bome 
point of the line CD, which is the common 
intersection of the two planes, Bnt AB I 

can not meet CD, since they are parallel ; I 

^ hence it can not meet the plane MN ; that I 

IB, AB is parallel to the plane MN (De£ 2). Therefore, if a 
straight line, etc. ' i 

PBOPOSmOX XI. THSOBEU. ' ' . I 

7\eopliNies which areperpendieular to the same straight Hm are I 

parallel to each other. . ' • i 

Let the planes MN, PQ he perpeo- 
dicalar to the line AB ; then will they 
, be parallel to each other. 

For, if they are not parallel, they 
will meet if produced^ Let them be 
produced and meet in C, Join AC^ 
BP. ' 
Now the line AB, which is perpendicular to the plane MN, is 
perpendicular to the line AC drawn through its foot in that 
plane. For ths same reason, AB is perpendicular to BC. There- 
fore CA and CB are two perpendiculars let fall from the same 
point C upon the same straight line AB, which is impOBsible (B. 
I.,Pr.l6). Hence the planes MN,FQ can not meet when pro- 
duced; that is, they are parallel to each other. Therefore two 
planes,- etc. 

PBOPOSmOK XII. THEOBEU. 

■' If ttco paraM planes are cut by a tkirdplane, their common 
sections toUh it are paraHd. 

2£ p Let the parallel planes MN, FQ be cut 

' by the plane ABI>b, and let their com- 
mon sections with it be AB, CD; then 
will AB be parallel to CD. 

For the two lines AB, CD are in the 
saiAe plane, viz., in the plane ABDC which 
cute the planes MN, FQ ; and if these ' 
lines were not parallel, they would meet 
when produced ; therefore the planes MN, 
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PQ would also meet, which is Impossible, because they are paral* 
lei. Hence the lines AB, CD are parallel. Therefore, if two par- 
allel planes, etc. 

PEOPOSITION XIII. THEOBSM. 

If two planes are parallel^ a straight line which is perpendicu- 
lar to one o/them is also perpendicular to the other. 

Let the two planes MN, PQ be parallel, 
and let the straight line AB be perpendicu- 
lar to the plane MN" ; AB will also be per- -^a 
pendicular to the plane PQ. 

Through the point B draw any line BD 
in the plane PQ, and through the lines AB, 
BD suppose a plane to pass intersecting the • 

plane MN in AC. The two lines AC, BD will be parallel (Pr. 1 2). 

But the line AB, being pei'pendicular to the plane MN, is per- 
pendicular to the straight line AC, which meets it in that plane ; 
it must, therefore, be perpendicular to its parallel BD (B. I.,Pr. 
23, Cor. 1). But BD is any line drawn through B in the plane 
PQ ; and, since AB is perpendicular to any line drawn through 
its foot in the plane PQ, it must be perpendicular to the plane 
PQ (De£ 1). Therefore, if two planes, etc. 

PBOPOsmoN xrv, theobem. 

m 

Parallel straight lines included between two parallel planes are 
equal. 

Let AB, CD be two parallel straight lines 
included between two parallel planes MN, 
PQ ; then will AB be equal to CD. 

Through the two parallel lines AB, CD, 
suppose a plane ABDC to pass, intersecting 
the parallel planes in AG and BD. The 
lines AC, BD will be parallel to each other 
(Pr. }^). But AB is, by supposition, parallel to CD ; therefore 
the figure ABDC is a parallelogram, and, consequently, AB is 
equal to CD (B. I., Pr. 30). Therefore parallel straight lines, etc. 

'Cor. Hence two parallel planes are everywhere equally distant ; 
for if AB, CD are perpendicular to the plane MN", they will be 
perpendicular to the parallel plane PQ (Pr. 13), and, being both 
perpendicular to the same plane, they will be parallel to each 
other (Pr. 9), and consequently equal. 

G 
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proposition xv. theorem. 

If two angles not in the same plane have their sides parallel to 
each other and similarly sitiuUed, these angles wiU be equaly and 
their planes will be parallel. 

Let the two angles ABC, DEF, lying in 
different planes MN, PQ, have their sides 
parallel each to each and similarly situated ; 
'then will the angle ABC be equal to the an- 
gle DEF, and the plane MN be parallel to 
the plane PQ. 

Take AB equal to DE, and BC equal to 
EF, and join AD, BE, CF, AC, DF. Then, 
because AB is equal and parallel to DE, the 
figure ABED is a parallelogram (B. L, Pr. 
32), and AD is equal and parallel to BE. 

For the same reason, CF is equal and parallel to BK Conscr 
quently, AD and CF, being each of them equal and parallel to 
BE, are parallel to each other (Pr. 9, Cor. 2), and also equal ; 
thereifore AC is also equal and parallel to DF (B. I., Pr. 32). 
Hence the triangles ABC, DEF are mutually equilateral, and the 
angle ABC is equal to the angle DEF (B.I.,Pr. 16). 

Also, the plane ABC is parallel to the plane DEF. For, if 
they are not parallel, suppose a plane to pass through A parallel 
to DEF, and let it meet the straight lines BE, CF in the points 
G and H. Then the three lines AD, GE, HF will be equal (Pr. 
14). But the three lines AD, BE, CF have already been proved 
to be equal ; hence TBE is equal to GE, and CF is equal to HF, 
which is absurd ; consequently, the plane ABC must be parallel 
to the plane DEF. Therefore, if two angles, etc. 

Car. 1. If two parallel planes MN, PQ are met by two other 
planes ABED, BCFE, the angles formed by the intersections of 
the parallel planes will be equal. For the section AB is parallel 
to the section DE (Pr. 12), and BC is parallel to EF; therefore, 
by the Proposition, the angle ABC is equal to the angle DEF. 

Cor. 2. If three straight lines AD, BE, CF, not situated in the 
same plane, are equal and parallel, the triangles ABC, DEF, form- 
ed by joining the extremities of these lines, will be equal, and 
their planes will be parallel. 

For, since AD is equal and parallel to BE, the figure ABED is 
a parallelogram ; hence the side AB is equal and parallel to DE, 
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For the same reason, the sides BC and EF are equal and parallel, 
as also the sides AC and DF. Consequently, the two triangles 
ABC, DEF are equal, and, according to the Proposition, their 
planes are parallel 

PEOPOSmON XVI. THBOEEM. 

If two straigM lines are cut by three parcdlel planes, their eor^ 
responding segments are- proportional. 

Let the straight lines AB, CD be cut by ^ ^^^ fc^jj^^^^M 
th^ parallel planes MN, PQ, RS in the ^^^^^^^^Bir 
points A, E, B, C, F, D ; then we shall have / / | 

AE:EB::CF:FD. ^^^^HeQ 

Draw the line BC meeting the plane PQ ^ / / 1 

in G, and join AC, BD, EG, GF. ^^■L:.....:.....M 

Then, because the two parallel planes ^^^^^^^^^li S 
MN, PQ are cut by the plane ABC, the 
common sections AC, EG are parallel (Pr. 12). Also, because the 
two parallel planes PQ, RS are cut by the plane BCD, the com- 
mon sections BD, GF are para-Uel. Now, because EG is parallel 
to AC, a side of the triangle ABC (B. IV., Pr. 16), we have 

AE:EB::CG:GB. 
Also, because GF is parallel to BD, one side of the triangle BCD, 
we have CG : GB :: CF : FD ; 

hence (B. H., Pr. 4) AE : EB : : CF : FD. 
Therefore, if two straight lines, etc. 

PEOPOSITION XVII. THEOEEM. 

If a solid angle is contained by three plane angles, the sum of 
any two of these angles is greater than the third. 

Let the solid angle at A be contained * D 

by the three plane angles BAC, CAD, 
DAB ; any two of these angles will be 
greater than the third. 

If these three angles are all equal tm 
each other, it is plain that any two of ^i^^^^^^^^^^^fc^C 
them must be greater than the third. ^ 

But if they are not equal, let BAC be that angle which is 
not less than either of the other two, and is greater than one of 
them, BAD. Then, at the point A, make Abe angle BAE equal 
to the angle BAD ; take AE equal to AD ; through E draw 
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the line BEC, cutting AB, AC in the points B and C, and join 
DB, DC. 

Now, because, in the two triangles BAD, BAE, AD is equal to 
AE, AB is common to both, and the angle BAD is equal to the 
angle BAE; therefore the base BD is equal to the base BE (B. L, 
Pr. 6). Also, because the sum of the lines BD, DC is greater 
than BC (B. L,Pr. 8), and BD is proved equal to BE, a part of 
BC, therefore the remaining line DC is greater than EC. 

Now, in the two triangles CAD, CAE, because AD is equal to 
AE, AC is common ; but the base CD is greater than the base 
CE, therefore the angle CAD is greater than the angle CAE 
(B. I.,Pr. 14). But, by construction, the angle BAD is equal to 
the angle BAE ; therefore the two angles BAD, CAD are to- 
gether greater than BAE, CAE, that is, than the angle BAC. 
Now BAC is not less than either of the angles BAD, CAD ; 
hence BAC, with either of them, is greater than the third. 
Therefore, if a solid angle, etc. 

PEOPOsrriON xviii. theorem. 

The plane angles which C07itam any solid angle are together 
less than four right angles, 

j^ Let A be a solid angle contained by any 

. number of plane angles BAC, CAD, DAE, 

\ EAF, FAB; these angles are together less 

I \ than four right angles. 

Y -A Let the planes which contain the solid an- 
"\rT/if\ \ / gle at A be cut by another plane, forming the 
^ D polygon BCDEF, and from any point H with- 
in this polygon draw the lines HB, HC, HD, 
HE, HF. 

Now, because the* solid angle at B is contained by three plane 
angles, any two of which are greater than the third (Pr. IV), the 
two angles ABC, ABF are greater than the angle FBC. For the 
same reason, the two angles ACB, ACD are greater than the an- 
gle BCD, and so with the tother angles of the polygon BCDEF. 
Hence the sum of all the angles at the bases of the triangles hav: 
ing the common vertex A is greater than the sum of all the an- 
gles at the bases of the triangles whose vertex is H. But the 
sum of all the angles of the triangles whose vertex is A is equal 
to the sum of the angles of the same number of triangles whose 
vertex is IL Therefore the sum of the angles at A is less than 
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the Bum of the angles at H ; that is, lesB than four right aDglee. 
Therefore the piano angles, etc. 

Scholium. This demonstration sapposes that the solid angle is 
convex; that is, that the plane of neither of the faces, if produced, 
would cut the solid angle. If it were otherwise, the sum of the 
plane angles would no longer be limited, and might be of any 
magnitude. 




pBOPOsrnoN xii. 

^ ttoo solid angles are contained by three plane angles which 
are equal each to eaeh^ the planes of the equal angles wiU be equal- 
ly. inclined to each other. 

Let A and a be two solid an- A 

glea contained by three plane 
angles which are equal each to 
each, viz., the angle BAG equal 
to bac, the angle CAD to cad^ 
and BAD equal to bad; then 
will the inclination of theplanea 
ABC, ABD be equal to the in- 
clination of the planes abc, ahd. 

In the line AC, the common section of the planes ABC, ACD, 
take any point C, and through C let a plane BCE pass perpen- 
dicnlar to AB, and another plane CDE perpendicular to AD. 
Also, tate ao equal to AC, and through c let a plane hce pass 
perpendicular to ab, and another plane ede perpendicular to ad. 

Now, since the line AB is perpendicular to the plane BCE, it 
is perpendicular to every straight line which it meets in that 
plane ; hence ABC and ABE are i-ight angles. For the same 
reason, abo and abe are right angles. Now, in the triangles ABC, 
aftc, the angle BAC is, by hypothesis, equal to bac, and the an- 
gles ABC, afic are right angles; therefore the angles ACB, ac5 
are equal. But the side AC was made eqnal to the side ac; 
hence the two triangles are equal {B, I., Pr. 7) ; that is, the side 
AB ia equal to ab, and BC to be. In the same manner, it may be 
proved that AD is equal to atf, and CD to cd. 

We can now prove that the quadrilateral ABED ia equal to 
the quadrilateral abed. . For, let the angle BAD be placed upon 
the equal angle bad, then the point B will fall upon the point b, 
and the point D upon the point d ; because AB is equal to ab, 
and AD to ad. At the same time, BE, which is perpendicular to 
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AB, will fall upon be, which ia 
perpendiculav to ab; and, for 
a similar reasoD, DE will fall 
upon de. Hence the point E 
will fall upon e, and we shall 
have BE equal to be, and DE 
|pd equal to de. 

Now, since the plane BCE is 
perpendicular to the line AB, it 
is perpendicular to the plane ABD which passes through AB 
(Pr. 6). For the same reason, CDE is perpendicular to the same 
plane; hence CE, their common section, is perpendicular to the 
plane ABD (Pr. 8). 

In the same manner, it may be proved that ce ia perpendicular 
to the plane abd. Now, in the triangles BCE, bee, the angles 
BEC, bee are right angles, the hypothenuse BC is equal to the 
hypothenuse be, and the side BE is equal to be/ hence the two 
triangles are equal, and the angle CBE is equal to the angle cbe. 
But the angle CBE is the inclination of the planes ABO, ABD 
(De£ 4), and the angle cbe is the inclination of the planes abc, 
abd; hence these planes are equally inclined to each other. 
Therefore, if two solid angles, etc. 

Scholiian 1. The angle CBE is not, properly speating, the in- 
clination of the planes ABC, ABD, except when the perpendicu- 
lar CE falls upon the same side of AB aa AD does. If it fali 
upon the other side of AB, then the angle between the two 
planes will be obtuse, and this angle, together with the angle B 
of the triangle CBE, will make two right angles. But in this 
case, the angle between the two planes ahc, abd will also be ob- 
tuse, and this angle, together with the angle b of the triangle 
cbe, will also make two right angles. And, since the angle B is 
always equal to the angle S, the inclination of the two planes 
ABC, ABD will always be equal to that of the planes abc, ahd. 

Scholium 2. If two solid {ingles ai-e contained by three plane 
angles which are equal each to each, and similarly eittiated, the 
angles will be equal, and will coincide when applied the one to 
the other. 

For we have proved that the quadrilateral ABED will coin- 
cide with its equal abed. Now, because the triangle BCE is 
equal to the triangle bee, the line CE, which is perpendicular to 
the plane ABED, is equal to the line ce, which is perpendicular 
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to the plane abed. And, since only one perpendicular can be 
drawn to a plane from the same point (Pr, 4, Cor. 2), the lines 
CE, ce must coincide with each other, and the point C coincide 
with the point c. Hence the two solid angles must coincide 
throughout. 

It should, however, be observed, that the two solid angles do 
not admit of superposition unless the three equal plane angles 
are similarly situated in both cases. For if the perpendiculars 
CE, ce lay on opposite sides of the planes ABED, abedj the two 
solid angles could not be made to coincide. Nevertheless, the 
Proposition will always.hold true, that the planes containing the 
equal angles are equally inclined to each other. 
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POLTEDRONS. 

D^nitions. 

1. Apolyedron is a geometrical solid bounded by planes. Tbe 
polygons formed by the mutual intersection of the bounding 
planes are called the/aces of the polyedron. 

2. The least number of planes that' can form a polyedron ia 
four, for it requires at least three planes to form a solid angle, 
and it requires a fourth plane to inclose a finite portion of space, 
or to form a solid. A polyedron of four faces is called a tetrae- 
dron ; one of six faces a hexaedron ; one of eight feces an oct<^ 
edron; one of twelve faces a dodecaedron; and one of twenty 
faces an icosaedron. 

3. The common intersection of two adjacent faces of a poly- 
edron is called an edge of the polyedron. A diagonal of a poly- 
edron is a straight line which joins any two of its vertices not ly- 
ing in the same face. 

4. Similar polyedrons are such as have all their solid angles 
equal each to each, and are contained by the same number of 
similar polygons similarly placed. 

5. A regular polyedron is one whoso solid angles are all equal 
to each other, and whose faces are all equal and regular polygons, 

6. A prism is a polyedron having two faces 
which arc equal and parallel polygons, and the 
^ Otheia are parallelograms, Tho equal and par- 
allel polygons are called the bases of the prism; 
the other faces, taken together, form its lateral 
or convex surface. The intersections of the lat- 
eral faces are called the lateral edges of the prism. 
The altitude of a prism is the perpendicular dis- 
tance between the planes of its bases. 
^,-'7\ 1. A right prism is one whose lateral edges are all 
perpendicular to the planes of its bases. An oblique 
prism is one whose lateral edges are oblique to the 
planes of its bases. 

8. A prism is triangular, quadrangular, pentagoncd, 
tr' " -^ Tiexagonal, etc., according as its base is a triangle, a 
N y ■ quadrilateral, a pentagon, a hexagon, etc. 
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9. A parallelepiped is a prism whose bases 
are parallelograms. It is therefore a poly- 
edron, all of whose faces are parallelo- 
grams. 

1 0. A riffht parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to the planes of its 
bases. Hence its lateral faces are all rectangles, but 
its bases may be either rhomboids or rectangles. 

A rectangular parallelopiped is a right parallelo- 
piped whose bases are rectangles. Hence it is a par- 
allelopiped all of whose faces are rectangles. 

11. A cube is a rectangular parallelopiped whose 
six faces are all squares. 

12. A pyramid is a polyedron bounded by a poly- 
gon called its base^ and three or more tnangles 
meeting in a point without the polygon called the 
vertex of the pyramid. The triangular faces taken 
together constitute its lateral or convex surface. 

18. The altitude of a pyramid is the perpendicu- 
lar let fall from the vertex upon the plane of the 
base produced, if necessary. 

14. A triangidar pyramid is one w^hose base is a 
triangle; a quadrangular pyramid is one whose 
base is a quadrilateral, etc. A triangular pyramid is a tetrae- 
dron, and any one of its faces may be taken as its base. 

15. A regular pyramid is one whose base is a 
regular polygon, and the perpendicular drawn 
from its vertex to its base passes- through the 
centre of the base. This perpendicular is called 
the axis of the pyramid. 

The slant height of a regular pyramid is the 
perpendicular from the vertex to one side of the 
polygon which forms its base. 

16. A frustum of a pyramid is a portion of the pyramid in- 
cluded between its base and a section made by a plane parallel 
to the base. The altitude of a frustum is the perpendicular dis- 
tance between the two parallel planes. 

1 7. The volume of a polyedron is the numerical measure of its 
magnitude, referred to some other polyedron as the unit. The 
polyedron adopted as the unit is called the unit ofvolurne. 

G2 
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PEOPOSITIOK I. THEOEEM. 

Th& lateral surface of a right prism is equal to the product of 
the perimeter of its hose by its altitude. 

Let ABCDE-K be a right prism ; then will its lat- 
eral surface be equal to the perimeter of its base 
(viz., AB+BC+CD+DE+EA) multiplied by its al- 
titude AF. 

For the lateral surface of the prism is equal to the 
sum of the parallelograms AG, BH, CI, etc. Now 
the area of the parallelogram AG is measured by the 
product of its base AB by its altitude AF (B. IV., Pr. 
4, Sch.). The area of the parallelogram BH is measured by BC 
' xBG; the area of CI is measured by CDxCH, and so of the 
others. But the lines AF, BG, CH, etc., are all equal to each 
other (B.Vn., Pr. 14), and each is equal to the altitude of the 
prism. Also, the lines AB, BC, CD, etc., taken together, form the 
perimeter of the base of the prism. Therefore the sum of these 
parallelograms, or the lateral surface of the prism, is equal to the 
product of the perimeter of its base by its altitude. 

Gor, If two right prisms have the same altitude, their convex 
surfaces will be to each other as the perimeters of their bases. 

PBOPOSITION IL THEOEEM. 

Sections of a prism made bi/ parallel planes are equal polygons. 

Let the prism LR be cut by the parallel planes 
AC, FH; then will the sections ABCDE, FGHIK 
be equal polygons. 

Since AB and FG are the intersections of two par- 
allel planes, with a third plane LMPO, they are par- 
allel. The lines AF, BG are also parallel, being 
edges of the prism ; therefore ABGF is a parallelo- 
gram, and AB is equal to FG. For the same reason,. 
BC is equal and parallel to GH, CD to IH, DE to 
IK, and AE to FK. 
Because the sides of the angle ABC are parallel to those of 
FGH, and are similarly situated, the angle ABC is equal to FGH 
(B. Vn., Pr. 16). In like manner, it may be proved that the an- 
gle BCD .is equal to the angle GHI, and so of the rest. There- 
fore the polygons ABCDE, FGHIK being mutually equilateral, 
and also mutually equiangular, are equal. 
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Cot. Any section of a prism made by a plane parallel to the 
base is equal to the base. 

PEOPOsmoN ni. theobem. 
Two prisms are equal when they have a solid angle contained 
hy three faces which are equal each to each^ andsimUarly situated. 

Let AI, ai be two prisms hav- 
ing the faces which contain the 
Bolid angle B equal to the faces 
•which contain the solid angle b; 
viz.,the base ABODE to the base 
abcde, the parallelogram AG to 
the parallelogram ag^ and the 
parallelogram BH to the paral- 
lelogram bh ; then will the prism 
AI be equal to the prism ai. 

Let the prism AI be applied to the prism at, so that the equal 
bases AD and ad may coincide, the point A falling upon a, B 
upon b^ and so on. 

And because the three plane angles which contain the solid an- 
gle B are equal to the three plane angles which contain the solid 
angle b^ and these planes are similarly situated, the solid angles 
B and b are equal (B. VIL, Pr. 19, Sch. 2). Hence the edge BG 
will coincide with its equal bg^ and the point G will coincide with 
the point g. 

Now, because the parallelograms AG and a>g are equal, the side 
GF will fall upon its equal ^// and, for the same reason, GH will 
fall upon gh. JHence the plane of the base FGHIK will coincide 
with the plane of the base^Ai'A (B. VII,Pr. 2). But, since the 
upper bases are equal to their corresponding lower bases, they are 
equal to each other ; therefore the base FI will coincide through- 
out with/*/ viz., HI with hiy IK with ^A, and KF with Jcf; hence 
the lateral faces of the two prisms will coincide each with each, 
and the prisms coincide throughout, and are equal to each other. 
Therefore, two prisms, etc. 

Cor. 7\do right prisms^ which have equal bases and equal alti- 
tudes^ are equal. 

For, since the- side AB is equal to aft, and the altitude BG to 
bgy the rectangle ABGF is equal to the rectangle abgf. So, also, 
the rectangle BGHC is equal to the rectangle bghc; hence the 
three faces which contain the solid angle B are equal to the three 



faces vhicli contain the Bolid angle h; consequently the two 
prisms ara equal. 



pEOPOsmos rv. 
The opposUe /aces of a parallelc^ped are equal an^ parallel. 
Let ABGH be a parallelopiped ; then will 
its opposite faces be equal and parallel. 

From the definition of a parallelopiped 
(Def. 9), the bases AC, £G are eqnal and par- 
allel; and it remains to be proved that the 
same is true of any two opposite faces, as 
AH, BG. 
Kow, because AC is a parallelogram, the side AD is equal and 
parallel to EC. For the same reason, A£ is equal and parallel to 
BF; hence the angle DAE is equal to the angle CBF (B.VIL, 
Pr. 15), and the plane DAE is parallel to the plane CBF. There- 
fore also the parallelogram AH is equal to the parallelogram 
BQ. In the same manner, it may be proved that the opposite 
faces AP and DG arc equal and parallel Therefore, the op- 
posite faces, etc. ' 

Cor. 1. Since a parallelopiped is a solid contained by six faces, 
of which the opposite ones are equal and parallel, any lace may 
be assumed as the base of a parallelopiped. 

Cor. 2, 2'/te fcyur diagonals o/ a parcUlelcpiped bisect each other. 
Draw any two diagonals AG, EC ; they will 
bisect each other. 
^ Since AE is equal and parallel to. CG, the 
figure AEGC is a parallelogram, and there- 
fore* the diagonals AG, EC bisect each other 
(B.I.,Pr. 33). In the same manner, it may be 
proved that the two diagonals BH and DF bi- 
sect each other; and hence the fonr diagonals mutnally bisect 
each other in a point 'which maybe regarded as the centre of the 
parallelopiped. 



PROPOSITION V. 

If a parallelopiped be cut by a plane passing through tlte diago- 
nals of two opposite faces, it will be divided into two equivalent 
triangular prism s. 

Let AG be a parallelopiped, and AC, EG the diagonals of the 
opposite parallelograms BD, FR Now, because AE, CG are 
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each of them parallel to BF, they are parallel to 
each other ; therefore the diagonals AC, EG are 
in the same plane with AE, CG ; and the plane 
AEGC divides the solid AG into two equivalent 
prisms. 

Through the vertices A and E draw the planes 
AIKL, EMNO perpendicular to AE, meeting the 
other edges of the parallelepiped in the points 
I, K, L, and in M, N, O. The sections AIKL, 
EMNO are equal, because they are formed by 
planes perpendicular to the same straight line, and consequently 
parallel (Pr. 2). They are also parallelograms, because AI, KL, 
two opposite sides of the same section, are the intersections of 
two parallel planes ABFE, DCGH, by the same plane. • 

For the same reason, the figure ALOE is a parallelogram ; so, 
also, are AIME, IKNM, KLON, the other lateral faces of the solid 
AIKL-EMNO ; hence this solid is a prism (Def 6) ; and it is a 
right prism, because AE is perpendicular to the plane of its base. 
But the right prism AN is divided into two equal prisms ALK-N", 
AIK-N; for the bases of these prisms are equal, being halves of 
the same parallelogram AIKL, and they have the common alti- 
tude AE ; they are therefore equal (Pr. 3, Cor.). 

Now, because AEHD, AEOL are parallelograms, the sides DH, 
LO, being equal to AE, are equal to each other. Take away the 
common part DO, and we have DL equal to HO. For the same 
reason, CK is equal to GN. 

Conceive now that ENO, the base of the solid ENGHO, is 
placed on AKL,'the base of the solid AKCDL ; then, the point O 
falling on L, and N on K, the lines HO, GN will coincide with 
their equals DL, CK, because they are perpendiculars to the 
same plane. Hence the two solids coincide throughout, and are 
equal to each other. To each of these equals add the solid 
ADC-N ; then will the oblique prism ADC-G be equivalent to 
the right prism ALK-N. 

In the same manner, it may be proved that the oblique prism 
ABC-G is equivalent to the right prism AIK-N. But the two 
right prisms have been proved to be equal ; hence the two ob- 
lique prisms ADC-G, ABC-G are equivalent to each other. 
Therefore, if a parallelepiped, etc. 

Cor, Every triangular prism is half of a parallelepiped having 
the same solid angle, and the same edges AB, BC, BF. 



Scholium. The triangular prisms into which the oblique paral- 
lelopiped is divided can not be made to coincide, because the 
- plane angles about the corresponding solid angles are oot simi- 
larly situated. 

PROPOSmOK TI. THEOBEM. 

ParaUelopipeda vpon the same base and of the same altitude are 



Case first. When their upper bases are between the same par- 
allel lines. 

Let the parallelopipede AO, AL have the base AC common, 
and let their opposite bases EG, IL be in the same plane, and be- 
tween the same parallels EK, HL ; then will the solid AG be 
equivalent to the solid AL. 

Because AP, AK are parallelo- 

■ ^ ^ ■ grama, EF and IK are each equal 

; to A£, and therefore equal to each 
' other. Hence, if EF and IK be 
taken away from the same line EK, 
the remainders EI and FK will be 
equal. Therefore the triangle AEI 
is equal to the triangle BFK. 
Also, the parallelogram EM is eqaal to the parallelogram FL, 
and AH to BG. Hence the solid angles at E and F are contain- 
ed by three iiices which are eqnal to each other and similarly sit- 
uated ; therefore the prism AEI-M is equal to the piism BFK-L 
(Pr. 3). 

Now if from the whole solid AL we take the prism AEI-M, 
there will remain the parallelopiped AL; and if from the same 
solid AL we take the prism BFK-L, there will remain the paral- 
lelopiped AG. Hence the parallelo- 
pipcds AL, AG are equivalent to one 
another. 

Case second. When their upper 
bases are not between the same par- 
allel lines. 

Let the parallel opipeds AG, AL 
have the same base AC and the 
same altitude ; then will their oppo- 
site bases EG, IL be in the same 
plane. Also, since the sides EF and 



IK ftre equal and parallel to AB, they are equal and parallel to 
. each other. For the same reason, Fti is equal and parallel to 
KL. 

Produce the sides EH, FG, as also IK, TJM, and let them meet 
in the points' N, O, P, Q ; the figure NOPQ is a parallelogram 
equal to each of the bases EG, IL ; and, consequently, equal to 
ADCD, and parallel to it. 

Conceive now a third parallelepiped AP, having AC for its 
lower base, and NP for its upper base. The solid AP will bo 
equivalent to the solid AG by the fii'st Case, because they have 
the same lower base, and their upper bases are in the same piano 
and between the same parallels, EQ, FP. For the same reason, 
the solid AP is equivalent to the solid AL ; hence the solid AG 
is equivalent to the solid AL. Therefore parallelopipeds, etc. 



( TII. THEOREM. 

Ant/paralielopipedis equivalent to a rectangular paraUelopiped 
having the same altitude and an equivalent base. 

Let ALbe any parallelepiped ; it is equivalent to a right par- 
allelopiped having the same altitude and an equivalent base. 

From the points A, B, C, D draw _. l 

AE, BF, CG, DH perpendicular to the 
plane of the lower base, meeting the 
plane of the upper base in the points 
E, F, G, H. Join EF, FG, GH, HE ; 
there will thus be formed the parallel- 
opiped AG, equivalent to AL (Pr. 6) ; 
dnd its lateral faces AF, EG, CH, DE 
are rectangles. 

If the base ABCD is also a rectan- 
gle, AG will be a rectangular parallel- 
opiped, and it is equivalent to the parallelepiped AL; 

But if ABCD is not a rectangle, from A and 

B draw AI, BK perpendicular to CD, and from 
• E and F draw EM, FL perpendicular to GH, 
and join IM, KL. The solid ABKI-M will be 
a rectangular parallelepiped. For, by con- 
struction, the bases ABKI and EFLM arc rect- 
angles ; BO, also, are the lateral faces, because 
the edges AE, BP, KL, IM are perpendicular to 
the plane of the base. Therefore the solid AL 



{s a rectangular parallelepiped. But the two parallelopipeda 
AG, AL may be regarded as haviug the same base AF, and the 
eame altitude AI; ihey are therefore equivalent. But the par- 
allelepiped AG is equivalent to the first supposed parallelepiped ; 
hence this parallelepiped is equivalent to the rectangular paral- 
lelepiped AL, having the same altitude, and an equivalent base. 
Therefore any parallelepiped etc. 



I VIII. TItEOKSH. 

Tioo rectangular paralldopipeda having the eame base are to 
each other as their altitudes. 

Let AG, AL bo two rectangular parallelo- 
pipeda having the same base ABCD ; then will 
they be to each other as their altitudes AE, AL 
Case first. When the altitudes are in the ra- 
tio of two whole numbers. 

Suppose the altitudes AE, AI are in- the ratio 

of two whole numbers; for example, aa seven 

to four. Divide AE into seven equal parts ; AI 

will contain four of those parts. Through the 

several points of division let planes be drawn 

parallel'to the base ; these planes will divide the 

solid AG into seven small parallelepipeds, all 

equal to each other, having equal bases and equal altitudea. The 

bases are equal, because every section of a prism parallel to the 

base ia equal to the base (Pr, 2, Cor.) ; the altitudes are equal, for 

these altitudes are the equal divisions of the edge AE. But of 

these seven equal parallelopipcds, AL contains four; hence thfe 

solid AG is to the solid AL aa seven to four, or aa the altitude 

AE is to the altitude AL 

Case second. When the altitudes are not in the ratio of two 
whole numbers ; that is, are incommensurable, the demonstration 
will be similar to that given in B. in.,Pr. 14. Therefore two 
rectangular parallelepipeds, etc. 

PBOPOSmON IX. TIIEOEEU. 

Two rectangular paraiklopipeds having the same altitude are 
to each other as their bases. 

Let AG, AN be two rectangular parallelopipieds having the 
same altitude AE ; then will they bo to each ether as their 
basest that if. 
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solid AG : solid AN : : base ABCD : base ATKL. 
Place the two solids so that their surfaces » x a 

may have the common angle BAE ; produce 
the plane LKKO till it meets the plane DCGH 
in the line PR; a third parallelopiped AH , 
will thus be formed, which may be compared 
w ith each of the pai-allelopipeds AG, AN. 

The two solids AG, AR, having the same 
base AEHD, are to each other aa their altitudes AB, AL (Pr. 8' 
and the two solids AR, AN, having the same base ALOE, are to 
each other aa their altitudes AD, AL Hence we have the two 
proportions solid AG : solid AB. : : AB : AL ; 

solid AR : solid AN : : AD : AL 
Hence (B. IL, Pr. 12, Cor.) 

solid AG : solid AN ; : AB x AD : AL x AI. 
ButABxADis the measure of the base ABCD (B.IV.,Pr.4, 
Sch.) ; and AL x AI is the measure of the base AIRL ; hence 

solid AG : solid AN : : base ABCD : base AIKL. 
Therefore two rectangular parallelopipeds, etc. 

PEOPOSinON I. THEOREM. 

A»i/ two rectangular paralldopipeds are to each other as the 
^oduets of their bases by their altitudes. 

Let AG, AQ be two rectangular par- U £ H 

allelopipeds, of which the bases are 
the rectangles ABCD, ALKL, and the 
altitudes the perpendiculars AE, AP; 
then will the solid AG be to the solid 
AQ as the product of ABCD by AE 
is to the product of AIKL by AP. 

Place the two solids so that their 
surfaces may hare the common angle 
BAE; produce the planes necessary 

to form the third parallelopiped AN, ^ ^ 

having the same base with AQ, and the same altitude with AG. 
Then, by the last Proposition, we shall have 

solid AG : solid AN : : ABCD : AIKL. 
Bnt the two parallelopipeds AN, AQ, having the same base 
AIKL, are to each other as their altitudes AE, AP (Pr. 8) ; hence 
we have solid AN: solid AQ::AE:AP. 

Comparing these two proportions (B. II., Pr. 12, Cor.), we have 



H E H BoUd AG :soUdAQ::ABCJ>xAE: 

AIKLxAP. 
If, instead of the tiase ABCD, we 
put ita equal AB x AD, and iDBtead of 
AlKL, we put its equal AI x AL, we 
shall have 
1 solid AG : solid AQ : : AB x AD x AE : 

AIxALxAP. 
Therefore any two rectangular paral- 
lelopipeds, etc 
Scholium. Hence a rectangular par- 
allelopiped is measured by the product of its base and altitude, 
or the product of its three dimensioDS. 

It should be remembered that, by the product of two or mora 
lines, we understand the product of the numbers which represent 
those lines; and these numbers depend upon the linear unit em- 
ployed, which may be assumed at pleasure. If we take a foot as 
the unit of measure, then the number of feet in the length of the 
base, multiplied by the number of feet in its breadth, will give 
the number of square feet in the base. If we multiply this pro- 
duct by the number of feet in the altitude, it will give the num- 
ber of cubic feet in the parallelepiped. If we take an inch as the 
unit of measure, we shall obtain in the same manner the number 
of cubic inches in the parallelopiped. 

PEOPOsmoJr xi, thkobkm. 

The volume of a prism is measured by lite pradtict ofitabasehy 
its altitude. 

For any parallelopiped ia equivalent to a rectangular parallel- 
opiped, having the same altitude and an equivalent base (Pr. ?). 
But the volume of the latter is measured by the product of its 
base by its altitude; therefore the volume of the former is also 
measured by the product of its base by its altitude. 

Kow a triangular prism is half of a parallelopiped having the 
same altitude and a donble base (Pr. S). But the volume of the 
latter is measured by the product of its base by its altitude; 
hence a triangular prism is measured by the product of its base 
by its altitude. 

But any prism can be divided into as many triangular prisma 
of the same altitude as there are triangles in the polygon which 
forms its base. 
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Also, the volnme of each of these triangular priemB is measured 
hy the prodnct of its base by its altitude ; and, sinco they all 
bave the same altttade, the sum of these prisms will be measured 
by the sum of the triangles ■which form the bases, multiplied by 
the common altitude. Therefore the volume of any prism is 
measured by the product of its base by its altitude. 

Cor, If two priama have equal altitudes, the pi-oducts of the 
baaea by the altitudes will be as the bases (B. II., Pr. 10) ; hence 
prisms having equcU altitudes are to each other as their basos. 
For the same reason, ^£sms having equivalent bases are to each 
other as their aUitudea ; and any two prisms are to each other as 
the products o/t/teir bases and altitudes. 

FBOPosrnOH zii. theobbu. 
Similar prisms are to each other as the cubes of their homolo- 
. gous edges. 

Let ABCDE-F,aScde-/be two sim- 
ilar prisms; then will the prism AD- 3 
F be to the prism ad-f&a AB' to ab% 
or as AF' to o/=. 

For the solids are to each other as 
the products of their bases and alti- 
tades(Pr.ll,Cor.); that is, as ABODE 
xAF to abode xaf. But, since the / 
prisms are similar, the bases are simi- 
lar figures, and are to each other as 

the squares of their homologoua sides ; that is, as AB^ to ab'. 
Therefore we have 

solid FD : solid fd : : AB= yAF:ab^xaf. 
But, since BF and J/ are similar figures, their homologous sides 
are propoitional ; that is, 

AB:c5::AF:a// 
whence(B. n.,Pr. 11) 

AB^-.ab'^y.AF^-.ap. 
Also, AF:fif::AF:a/. 

Therefore (B. II., Pr. 12), 

AB* X AF : ci&i X ff/: : AF' : cr/3 : : AB' : ai». 
Hence (B, EL, Pr. 4) we have 

solUlFD : solid fd:: AB' : ab' :: AF" : af\ 
Therefore similar prisms, etc. 
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PEOPOsmoN xiir, thkoeeu. 



If a pyramid he cut hy a plane parallel to its base, 

1st. T/te edges and the altitude will be divided proportionaUy. 

2d. Tlie section will be a polygon similar to the base. 

Let A-BCDEF be a pyramid cut by a plane 
5c<?e/'parallel to its base, and let AH be its al- 
titude; then will the edges AB, AC, AD, etc, 
with the altitude All, be divided proportion- 
ally in b, c, d, e,f. A, and the section bcde/wiW 
be similar to BCDEF. 

Mrst. Since the planes FBC,/fe are paral- 
lel, their sections FB,/b, with a third plane 
AFB,ai-e parallel (B. VIt,Pr.l2); therefore 
the triangles AFB, A/5 are similar, and we 
g Q have the pi'oportion • 

AF:A/;:AB:A& 
For the same reason, AB: A6:: AC: Ac, 

and so for the other edges. Therefore the edges AB, AC, etc., 
are cut proportionally in b, o, etc. Also, since BH and 5A are 
parallel, we have AH : AA : : AB : Ab. 

Secondly. Because fb is parallel to FB, 5c to BC, cd to CD, 
etc., the angle/fc is equal to FBC (B.VIl.Pr. 15),the angle Jed 
is equal to BCD, and so on. Moreover, since the triangles AFB, 
Afb are similar, we have FB -fb : : AB : Ab. 
And because the triangles ABC, Abe are similar, we have 

AB:A5::BC:*a 
Therefore, by equality of ratios (B. II,, Pr. 4), 

YH-.fby.BC-.bc. 
For the same reason, 

BC : ic : : CD : cd, and so on. 
Therefore the polygons BCDEF, bcdef have their angles equal 
each to each, and their homologous eides proportional ; hence 
they are similar. Therefore, if a pyramid, etc 

Cor. 1. If two pyramids having the same altitude, and their 
bases situated in the same plane, are cut by a plane parallel to 
their bases, the sections will be to each other as the bases. 

Let A-BCDEF, A-MNO be two pyramids having the same al- 
titude, and their bases sitnated in the same plane; if these pyra- 
mids are cut by a plane parallel to the bases, the sections bcdtf^ 
mno will be to each other as the bases BCDEF, MNO. 
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For, since tlie polygons BC 
DEF, bedef are similar, their 
surfaces are as the squares of 
the homologous sides BC, bo 
(B. IV., Pr. 27). Bat, by the 
preceding Proposition, 

BC:fo;:AB:AJ. 
Therefore 

BCDEF : bcdef: : AB* : A6^. 
For the same reason, 

MNO : mha : : AM» : Am\ 
But, since bedef and mno are in the same plane, we have 

AB:A&::AM:Am(B.Vn.,Pr.ie); 
consequently, BCDEF : bcclef: : MNO : mm. 

Cor. 2. If the bases BCDEF, MNO are equivalent, the sections 
bcdef, mno will alao be equivalent. 

PEOPOSinON SIV. TIISOREM. 

The lateral surf aee of a regular pyramid is equalto thej^oduct 
t>f the perimeter of its base by half its slant height. ' 

Let A-BDE be a regular pyramid whose base a i 

isthepolygonBCDEF, and its slant height AH; MS. 

then will its lateral surface be equal to the pe- /j^\\ 

rimeter BC+CD+DE, etc., multiplied by half JJfA\ 

of AH. , mJ_VA 

The ti-iangles AFB, ABC, ACD, etc., are all j fX\ \ 
equal, for the sides FB, BC, CD, etc., are all pw'/ ^ rAD 
equal (Def. 1 5) ; and, since the oblique lines AF, V / \ / 

AB, AC, etc., are all at equal distances from the \/ \/ 

perpendicular, they are pqual to each other (B. ^ "^ 

vn.,Pr. 5). Hence the altitudes of these several triangles are 
equal. 

But the area of the triangle AFB is equal to FB multiplied by 
half of AH ; and the same is true of the other triangles ABC, 
ACD, etc. Hence the sum of the triangles is equal to the sum 
of the bases FB, BC, CD, DE, EF multiplied bj half the common 
altitude AH ; that is, the lateral siirface of the pyramid is equal 
to the perimeter of its base multiplied by half the slant height. 

Cor. 1. The lateral surface of a frustum of a regular pyramid 
is equal to the sum of the perimeters of its two bases muUipiied by 
half its slant heighi. 
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Each side of a fmstnm of a regular pyramid, 
as VBbf, is a trapezoid (Pr. 13). Now the area 
of this trapezoid ia equal to the sum of ita par- 
allel Bides FB, fb, multiplied by half its altitude 
HA (B. IV., Pr. T). But the altitude of each of 
these trapezoids is the same ; therefore the area 
of all the trapezoids, or the lateral surface of the 
/" frustum, is equal to the sum of the perimeters 
of the two bases multiplied by half the slant 
height. 

Cor. 2. If the frustum is cut by a plaue parallel to the bases, 
and at equal distances from them, this plane must bisect the 
edges B6, Cc, etc. (B. IV., Pr. le) ; and the area of each trapezoid 
is equal to its altitude multiplied by the line which joins the mid- 
dle points of its two inclined sides (B,IV,,Pr.7,Cor.). Hence 
the laieral surface of a frustum of a pyramid is equal to its slant 
height multiplied by the perimeter of a section at equal distances 
between the two bases. 

PEOPOSmON XV. TUEOBEM. 

Two triangidar pyramids having equivalent bases and equal 
equivalent. 



Let A-BCD, Or-bcdha two triangular pyramids having cquiva.- 
lent bases BCD, hcdy supposed to be situated in the same plajje. 
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and having the common altitude TB ; then will the pyramid A^ 
BCD be equivalent to the pyramid a-hcd. 

For, if they are not equivalent, let the pyramid A-BCD be the 
greater, and suppose it to exceed the pyramid Or-hcdhj a prism 
whose base is BCD, and altitude BX. 

Divide the altitude BT into equal parts, each less than BX ; 
and through the several points of division let planes be made to 
pass parallel to the base BCD, making the sections EFG, efg 
equivalent to each other (Pr. 13, Cor. 2) ; also, HIK equivalent to 
kik^ etc. 

From the point C draw the straight line CR parallel to BE, 
meeting EF produced in R ; and from D draw DS parallel to 
BE, meeting EG in S. Join RS, and it is plain that the solid 
BCD-ERS is a prism lying partly without the pyramid. 

In the same manner, upon the triangles EFG, HIK, etc., taken 
as bases, construct exterior prisms, having for edges the parts 
EH, HL, etc., of the line AB. In like manner, on the bases efg^ 
hik^ Imfiy etc., in the second pyramid, construct interior prisms, 
having for edges the corresponding parts of ab. 

It is plain that the sum of all the exterior prisms of the pyra- 
mid A-BCD is greater than this pyramid ; and also, that the sum 
of all the interior prisms of the pyramid a-bcd is smaller than 
this pyramid. Hence the difference between the sum of all the 
exterior prisms and the sum of all the interior ones must be 
greater than the difference between the two pyramids them-; 
selves. 

Now, beginning with the bases BCD, bcd^ the second exterior 
prism EFG-H is equivalent to the first interior prism efg-by be- 
cause their bases are equivalent, and they have the same alti- 
tude. For the same reason, the third exterior prism HIK-L, and 
the second interior prism Mk-e are equivalent ; the fourth exte- 
rior and the third interior, and so on to the last in each series. 
Hence all the exterior prisms of the pyramid A-BCD, excepting 
the first prism BCD-E, have equivalent corresponding ones in 
the interior prisms of the pyramid a-bcd. 

Therefore the prism BCD-E is the difference between the sum 
of all the exterior prisms of the pyramid A-BCD, and the sum of 
all the interior prisms of the pyramid a-bcd. But the difference 
' between these two sets of prisms has been proved to be greater 
than that of the two pyramids ; hence the prism BCD-E is great- 
er than the prism BCD-X, which is impossible, for they have the 



168 

same base BCD, and the altitude of the first is less than BX, the 
altitude of the second. Hence the pyramids A-BCD, a-^d are 
not unequal in volume; that is, they are equivalent to each oth- 
er. Therefore, triangular pyramids, etc. 
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Any triangvJar pyramid is the third part of a triangulaT prism 
mving the same base and the same altitude. 

S F L^t E-ABC be a triangular pyramid, and 

ABC-DEF a triangular prism having the 
same base and the same altitude ; then will 
the pyramid be one third of the prism. 

Cut off from the prism the pjrramid E-ABC 

by the plane EAC ; there will remain the 

4 solid E-ACFD, which may be considered as 

a quadrangular pyramid whose vertex is K, 

^ and whose base is the parallelogram ACFD. 

Draw the diagonal CD, and through the 

points C, D, £ pass a plane, dividing the quadrangular pyramid 

into two triangular ones E-ACD, E-CDF. 

Then, because ACFD ia a parallelogram, of which CD is the di- 
agonal, the triangle ACD is equal to the triangle CDF. There- 
fore the pyramid, whose base is the triangle ACD, and vertex the 
point E, is equivalent to the pyramid whose base is the triangle 
CDF, and vertex the point E. But the latter pyramid is equiva- 
lent to the pyramid E-ABC, for they have equal bases, viz., the 
triangles ABC, DEF, and the same altitude, viz., the altitude of 
the prism ABC-DEF. Therefore the three pyramids E-ABC, 
E-ACD, E-CDF, are equivalent to each other, and they compose 
the whole pnsm ABC-DEF ; hence the pyramid EABC is the 
third part of the prism which has the same base and the same al- ^ 
titude. 

Cor. The volume of a triangular pyramid is measured by the 
product of its base by one tliird of its altitude. 

PHOPOsmoN xvn. theorem. 

The volume of any pyramid is measured by the product of its 
base by one third of Ua altitude. 

Let A-BCDEF be any pyramid, whose base is the polygon 
BCDEF, and altitnde All ; then will the volume of the pyramid 
be measured by BCDEF x ^AH. 



Divide the polygon BCDEP into tiiangles ^ 

bf the diagonals CF, DF, and let planes paae 
through tbeee lines and the vertex A; they will 
divide tiie polygonal pyramid A-BCDEF into 
triangalar pyramids, all having the eame alti- 
tude AH. . * 

But each of these pyramids is measured by 
the product of its base l)y one third of its alti- 
tude- (Fr. 16, Cor.); beoc^ the sura of the tri- 
angular pyramids, or the polygonal pyramid 
A-BCDEF, Tvill be measured by the sum of the 
triangles BCF, CDF, DEF, or the polygon ,BCDEF, multiplied 
by one third of AH. Therefore every. pyramid is measured by 
the product of its base by one third of its altitude. 

, Cor. 1. Every pyramid is one third of a prism having the same 
base and altitude. , 

Cor. 2. Pyramids having equal altitudes are to each other as 
their bases ; pyramids having equivalent bases are to each other 
as their altitudes ; and any two pyramids arc to each other as 
the products of their bases by their altitudes. 

Cor. 3. Similar pyramids are to each other as the cubes of their 
homologous edges. 

• iSchoHum. The volume of any polyedron may be found by di- 
viding it into pyramids, by planes paswng through its vertices. 

pKOPOSmON XVIII. THEOREM. 

A/ruetam of a pyramid is equivalent to the mm of three pyror 
midt having the same altitude as the frustum, and whose bases are 
the lower base of the frustum, its vpper base, and a mean proper' 
tifmai between them. 

Case first. When the base of the frustum is a triangle. 

Let ABC-DEF be a frustum of a triangular 
pyr;imid. , If a plane be made to pass through 
the points A, C, E, it will cut off the pyramid 
. E-ABC, whose altitude is tho altitude of the 
frustum, and its base is ABC, the lower base 
of the frustum. . 

Pass another plane through the points C, j 
D, E; it will out off the pyramid C-DEF, 
whose altitude is that of the frustum, and its 
base is DEF, the upper base of the frustum. 
. H 
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To find the magnitude of the i-eniMning 
~ pyramid E^-ACD, dra^ EG- parallel to AD ; 
join CG.DG. Then, because the two trian- 
gles AGO, D£F have the angles at A and D 
equal to each other, ve have (B. lY., Pr. 24) 
AGC : DEP :: AG X AC : DE X tip, 
: : AC : DF, because AG is equal to DE. 
! Al8o(B.IV.,Pr.6,Cor.l), 

ACB : ACG : : AB : AG or DE. 
But, because the triangles ABC,D£F are 
li similar (Pr. 1 3), we have 
AB:DE::AC:DF. 
Therefore (B.n.,Pr. 4) 

ACB;ACG::ACG:DEF; 
that ia, the triangle ACG is a mean proportional between ACB ■ 
andDEF, the two bases of the frustum. 

Now the pyramid E-ACD is equivalent to the pyramid G-ACD, 
because it has the same base and the same altitude; for EO is par- ■ 
allel to AD, and consequently parallel to the plane ACD. But 
the pyramid O-ACD has the same altitude as the frustum, and 
its base ACG is a mean proportional between the two bases of 
the fi'ustum. 

Case second. When the base of the frustum is any polygon. 

Let BCDEF-6c(fe/be a frus- 
" tum of any pyramid. 

Let G-HIK be a triangular 

pyramid having the same alti> 

tude and an equivalent base 

with the pyramid A-BCDEF, 

"' and from it let a frustum HIK- 

1 hik be cut off, having the same 

altitude with the frustum BCD 

EF-bcd^. 

The entire pyramids are equivalent (Pr. 17), and the small pyiw 

amids A-^def, O-hik are also equivalent, for their altitudes are 

equal, and their bases are equivalent (Pr. 13, Cor. 2)." Hence the 

' two frostums are equivalent, and they have the same altitude, 

with equivalent bases. Bnt the frustum XUK-hik has been 

proved to be equivalent to the sum of three pyramids, each hav- 

^ ing the same altitude as the frustum, and whose bases are tlie 

lower base of the frustum, its upper base, and a mean proportion- 
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al betwe^en tbem. Hence the eame must be tnte of tbe fmstnm 
of any pyramid. Therefore a frustum of a pyramid, etc. 

Scholium. If V denotes the volume of the frustum, B its lower 
base, b its upper base, and k its altitude, this proposition is ex- 
pressed by the formula 

V=iA(B+i+-/Bx*). 

PBOPOSmON XIX. TSEOBSM. 

There can be but Jive r^ular polyedrans. ■ 
Since the fabes of a regular polyedroa are regular polygons, 
they must consist of equilateral triangles, of squares, of r^ular 
-pentagons, or polygons of a greater number of sides. 

Jitrst. If tbe faces are equilateral triangles, each solid angle of 
the polyedronmay be contained by three of these triangles, form- 



♦ 



ing the tetraedrcei,- or by four, forming the octaedron; or by 
five, forming the icoeaedron. 

No other regular polyedron can be formed with equilateral 
triangles; for six angles of these triangles amount to four right 
angles, and can not form a solid angle (B. YII., Fr. 18), 

Secondly/. If the' &ces are squares, their angles 
may be united three and three, forming the hexae- 
dron or cube. 

S'our angles of squares amonnt to four right an- 
gles, and can not form a solid angle. 

Thirdly. If the faces are regular pentagons, 
their angles may be united three and three, form- 
ing the regular dodecaedron. Four angles of a 
regular pentagon are greater than four right an- 
gles, and can not form a solid angle. 

Mwrthly. A regular polyedron can not be form- 
ed with regular hexagons, for three angles of a 
regular hexagon amount to four right angles. Three angles of 
a regular heptagon amount to more than four right angles ; and 
the same is tnie of any polygon having a greater number of sidea . 
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Hence there can be but five regular polyedrons; three formed 
with equilateral triangles, one with squares, and qpe with pentar 
gone. 

Scholium. Models of the regular polyedrons may be easily ob- 
tained as follows : Let the figures represented below be accurate- 
ly drawn on card-board and cut out entire. At the lines separa- 
ting two adjacent polygons let the card-board be cut half through ; 
the edges of the several polygons in each figure may then be 
brought together so as to represent a regular polyedron, and 
they may be secured in their place by gluing the edges^ 



TetraedroiL 



Hezaedron. 



Octcioiflron. 




• • 


























Dodecdedron. 



IcoBaedroo. 




PEOPOSITION XX. PEOBLEM. 

To compute the volume of a regular ietraedron. 

Let A-BCD be a regular tetraedron ; it is 
required to determine its volume. 

From one angle, A9 let fall the perpendic- 
ular AE upon the opposite face BCD. By 
Def. 5, the faces of the tetraedron are all 
equal triangles, therefore AB, AC, AD are 
equal to each other. Hence they are equal- 
ly distant from the perpendicular (B. VH., 
Pr. 5, Cor.) ; that is, E is the centre of a circle described about 
the equilateral triangle BCD. The area of the triangle BCD is 

BC2 

equal to --^ -y/S (B. VI., Pr. 4, Sch. 2). 
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Since EF is one half of EC (B. Vt, Pr. 4), it 
is one third of FC pr AF. Then, in the tri- 
angle AEF, we have (preceding figure) 

AE2=AF2-FE2=:AF2-^AF2=fAF2. 
Also, AF2=CF2=|BC2. 

Therefore AE2=:f x|BC2=^BCS- 
or, AE=iBCV§. 

Hence the volame of the tetraedron is equal 

to ., eiiy3xlBCV|=TljBC3v^2; 

that is, the voiume of a regular tetraedron is equal to the cube of a 
linear edge multiplied by one twelfth the square root of two. 

Cor. The entire surface of the tetraedron is equal to four times 
the area of the triangle BCD ; or BC^-y/S ; that iSy the surface of 
a regular tetraedron is equal to the square of a linear edge muiti- 
pHed by the square root, of three. 
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SPHERXCAL GEOMETBT. 
D^nitions. 
1. A ^here 18 a solid bounded hy a curved surface, all tbe 
A pointa of which are equally distant from a 

point within called tbe centre. 
Asphere may be conceived to be described 

iby the revolution of a Benucircle ADB about 
its diameter AB, which remains unmoved, 

2. A radius of a sphere is a straight lipo 
drawn from the centre to any point of the Bur- 
^ £ice. A diameter is any straight line drawn 

through the centre, and terminated each way by tbe surface. 

All the radii of a sphere are eqoal j all the diameters are also 
equal, and each double of the radius. 

3. It will be shown (Prop. 1) that every section of a sphere 
m&de by a plane is a circle. A great circle is a section made by 
a plane which passes through the centre of the sphere. AamaU 
circle is a section made by a plane which does not pass through 
the centre. 

■4. Th&poles of a circle of a sphere are the extremities of that 
diameter of the sphere which is perpendicular to the plane of 
the circle. 

5. A plane touches a sphere when it meets the sphere, but, be- 
ing produced, does not cut it. 

6. A sphericcd polygon is a portion of the surface 
ofa sphere bounded by three on more ares of great 
I circles, each of which is less than a semi-circum- 
ference. These arcs are called the sides of the 
polygon ; and the angles which their planes make 
with each other are the angles of the polygon. 

7. A apkericid triangle is a spherical polygon of 
three sides. It is called right-angled, isoscele»,OT ejni* 
kUeral in the same cases as a plane triangle. 




8. A hine is a portion of the surface of a sphere i 
eluded between two eemi-circamfei'ences of great ci 
cles baving a common diardeter. 

9. A spherical ungida or roedffe is a portion of a splie 
included between the halves of two great circles, ar 
has tfafl lane for its base. 



10. A spha^ai pyramid IB aportion ofa sphere in- 
cluded between the planes of a solid angle whose 
vertex is at the centre. The base of the pyramid is 
the spherical polygon intercepted by thc«e planes. 

. 11. A sotie is a portion of the surface. of a 
sphere included between two parallel planes. 

12. A spherical segmerUia a portion of n sphere . 
included between two parallel planea 

13. The bases of the segment are the sections 
of the sphere made by the parallel planes ; the ^ 
altitude of the segment or zone is the distance 

between the planes. One of the two planes may tauch.tiie sphere, 
in which case the segment has but one base. 

14. When a semicircle, revolving about its diameter, describes 
a sphere, any sector of the semicircle describes a solid, which ia 
called a ipherical sector. 

Thus, when the semicircle AEB, revolving about its */ 
. diameter AB, describes a sphere, any circulal' sector, as 
ACD or DCE, describes a spherical sector. 

PEOPOSmON I. THEOEKM. 

Miery section of a inhere made by a plane is a circle. 

Let ABD be a section made by a plane 
in a sphere whose centre is C. From the 
point C draw CE perpendicular to the plane 
ABD; and draw lines CA, CB, CD, etc., to 
different points of the curve ABD which 
bounds the section. 

The oblique lines CA, CB, CD are equal, 
because they are radii of the sphere; there- 
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fore they are equally dietant from the per- 
pendicular CE (E. Vn., Pr. 5, Cor.). Hence 
all the lines KA, EB, ED are equal ; and, 
consequently, the section ABD is s circle, ■ 
of which E is the centre. Therefore every 
Bection, etc 

Cot. I. If the section passes through the 
centre of the sphere, its radius -will be the 
' radius of the sphere ; henco all great circles of a sphere are equal 
to each other. 

Ccyr. 2. Any two great circles of a sphere bisect each other; 
for, since they have the same centre, their common section is a 
diameter of both, and therefore bisects both. 

Cor. 3, Every great circle divides the sphere and its suiface 
into two equal parts. For if the two parts are separated and ap- 
plied to each other, base to base, with their convexities turned 
the same way, the two surfaces must coincide ; otherwise there 
would be points in these surfaces uuequally distant from the 
centre. 

Cor. 4. The centre of a small circle and that of the sphere are 

in a straight line perpendicular to the plane of tlio small circle. 

Cor. 5. The circle which is farthest fiom the centre is the 

least; for the greater the distance CE, the less is the cliord AB, 

which is the diameter of the small cirale ABD. 

Cor. 6. An arc of a great circle may be made to pass through 
any two points on the surface Of a sphere; for the two given 
points, together with the centre of the sphere, make three points 
which are necessary to determine the position of a plane. If,- 
however, the two given' points were situated at the extremities 
of a diameter, these two points and the centre would then be in 
one straight lino, and any number of great circles might be made 
to pass through them. 

PROPOSITION IL THEOSEM. 

A plane perpendicular to a diameter at its extremity touches the 
sphere. 

Let ADB he a plane perpendicular to the diameter DC at its 
extremity D, then the plane ADB touches the sphere at the 
point D. 

Let E be any other point in the plane ADB, and join DE, CH 
Because CD is.pei'pendicular to the plane ADB, it is perpendicn- 
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lar to the line AB (B. VTI., Def. l) ; hence 
the angle CD£ is a right angle, and the 
line CE is ■ greater than CD, Cpnse- 
■ quently, the point E lies without the 
sphere. Hence the plane ADB has only 
the point D in commoD with the sphere ; 
it therefore touches the sphere {Def. 5). 
Therefore a plane, etc. 

Cot. In the same, manner, it may be proved that two spheres 
tonch each other when the distance between their centres is 
equal to the sum or difference of their radii, in which case the 
centres and the point oi contact lie in one straight line. 

PEOPOSmON III. THEOBBM. 

* Any aide oj a sphericai triangle is less Chan the »• 
er two. 



n o/theoth- 




Let ABC bo a spherical triangle ; then Jiny 
side, as AC, is less than the sum 'of the other 
two, AB and BC. 

Let D be the centre of the sphere, and draw 
the radii AD, BD, CD. Conceive the planes 
ADB,BDC,CDA to be drawn, forming a solid 
. angle at D. The angles ADB, BDC.CDA will 
be measnred by AB, BC, CA, the sides of the u 

spherical triangle ABC. But when a solid angle is formed by 
three plane angles, any one of them is less than the sum of the other 
two (B. Vn.jPr. II); hence any one of the arcs AB, BC, CA must 
be less than the sum of the other two. Therefore any side, etc 

PBOPOSmON IV, THEOBEM. 

:The sum of (he sides of a sphericai polygon is less than the cir- 
cumference of a great circle. 

Let ABCD be any spherical polygon ; then 
will the sum of the sides AB, BC, CD, DA be 
less than the circamferepce of a great circle. 

Let E be the centre of the sphere, and join 
AE, BE, CE, DE. The solid angle at E is con- 
tained by the plane angles AEB, BEC, CED, 
DEA, which together are less than four right 
angles (B. VH., Pr. 18). Hence the sides AB, 
BC, CD, DA, which are the measures of these 
112 




angles, are together less than fonr quadrants described with the 
radius AE; that is, than the circumference of a great circle. 
Therefore the sum of the sides, etc. 

. PEOPOsinON V. TBEOBBM. 

All 0ie points in the circumference of a circle of the ^here are 
equaUy ^stantfrom each of its poles. 

^ Let FGH be any circle of the sphere, 

and AB any diameter of the sphere which 

is perpendicular to its plane; then, by the 

definition (4), A and B are the poles of - 

(. . the circle FGH. 

Since AB is perpendicular to the plane 
of the circle FGH, it passes thronghK, 
the centre of that circle (Pr. l, Cor. 4). 
Hence, if we draw the oblique lines AF, 
AG, AH, these lines will be equally dis- 
tant A-om the perpendicular AK, and are therefore equal to each 
other (B. Vli,Pr. B), Hence all the points of the circnmference 
FGH are eqaally distant from the pole A. For a similar reason, 
they are equally distant from the pole B. Therefore all' the. 
points, etc. 

Cor. 1. All the ares of great circles drawn from a pole of a cir- . 
cle to points in its circumference are equal. For the chords AF, 
AGj AH are all equal, and therefore the arcs AF, AG, AH are 
equal. 

Cor. 2. The arc of a great circle AD, drawn from the pole to 
the circumference of another great circle CDE, is a quadrant, for 
this arc is the measure of the right angle AH). 

Cor. 3. If the distance of the point A from each of the points • 
C and D ia equal to a quadrant, the point A will be the pole of. 
■ the arc CD. For, since the arcs AC, AD are quadrants, the an- 
gles AIC, AH) are right angles ; therefore the diameter AB is per- 
pendicular to each of the lines CI, DI, and is consequently per- 
pendicular to the plane of the arc CD (B.VII.,Pr. 4) ;-hence it ia ■ 
the polo of the arc CD. 

Cor. 4. To find the pole of an arc of a great circle, as CD, at 
each of the extremities C and D draw the arcs of great circleB- 
CA and DA perpendicular to CD ; the point of intersection of 
. these arcs will be the pole required. 

Scholium. Afcsof circles may be drawa.npon the surface of n 
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sphere with the same ease as upon a plane surface. Thus, by re- 
volving the arc AF around the pole A, the point F will describe 
the small circle FGH; andby revolving the quadrant AC around 
the pol^ A, the extremity C will describe the great circle CDE. 

If it is required to draw an arc of a great circle through two 
points C and D on the surface of the sphere, then, from the points 
C and D as cientres, with a radius equal to a quadrant, describe 
two arcs intersecting in A. The point A will be the pole of the 
great circle required ; and if from A as a centre, with a radius 
equsil to a quadrant, we describe a circle CDE, it will be a great 
circle passing through C and D. 

» • 

PROPOSITION VI. THEOEEM. 

The shortest path from one point to anotJier on the surface of a 
sphere is the smaller- of the two arcs of a great circlejoinifig the 
two given points. 

Let A and B be any twp points on the surface of a 
sphere^ and let ADB be the arc of a great circle which 
joins them ; then will the line ADB be the shortest path 
from A to B on the surface of the sphere. 

For, if possible, let the shortest path from A to B c 
pass through C, a point situated out of the arc of a 
great circle ADB. Draw AC, CB,.arcS of great circles, 
and take BD equal to BC; 

. By Prop. 3, the arc ADB is less than AC+CB. Sub-, 
tracting the equal arcs BD and BC, there will remain AD less 
than AC. Now the shortest path from B to C, whether it be ah 
arc of a circle or some other line, is equal to the shortest path 
from. B to D ; for, by revolving BC around B, th^^point C may 
be made, to coincide with D, and thus the sbortest path from B 
to C must coincide with the shortest path from B to D. But the 
shortest path from A to B wd-s suppoeied to pass through C; 
hence 'the shortest path from' A to C can hot be .grieater than the 
shortest .path from A to D. 

Now the arc AD has been proved to be less than AC; and 
therefore, if AC be revolved about A until the point C falls on the 
•arc ADB, the point C will fair between D and B. Hence the 
shortest path from C to A must be greater than- the shortest 
path from. D to A ; but it has just been, proved not to be greatr 
er, which is absurd.^ Consequently, no point of the shortest path 
from A to B can be out of the arc of a. great circle ADB. There- 
fore the shortest path, etc. 
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PBOPOSinON VII. THEOBKM. 

The angle formed by two arcs of great circles is equal to the an* 
gle formed by the tangents of those arcs at the point of their inter- 
section^ and is measured by the arc of a great circle describedfrom 
its vertex as apole^ and included bettoeen its sides. 

Let BAD be an angle formed by two arcs of great circles ; 

then will it be equal to the angle EAF formed by the tangents 

j^ . P of these arcs at the point A ; and it is 

measured by the arc DB desci*ibed from 
the vertex A as a pole. 

For the tangent AE, drawn in the plane 
of the arc AB, is perpendicular to the ra- 
dius AC (B. in., Pr. 9) ;. also, the tangent 
AF, drawn in the plane of the arc AD, 
is perpendicular to the same radius AC. 
Hence the angle EAF is equal to the angle 
of the planes ACB, ACD (B.VII,Def. 4), which.is the same aa 
that of the arcs AB, AD. 

Also, if the arcs AB, AD are each equal to a quadrant, ther 
lines CB,.CD will be perpendicular to AC^ and the angle BCD 
will be equal to the angle of the planes ACB, ACD ; hence the 
arc BD measures the angle of the planes, 6r the angle BAD. 

Cor. 1. Angles of spherical triangles may be compared with, 
each other by means of arcs of great circles described from their 
veitices as poles, and included between their sides ; and thus an 
angle can easily be made equal to a given angle. ^ . 

C(>r. 2. If two arcs of great circles AC, DE cut 
"^^ each other, the vertical angles ABE,DBC are 
(equal ; for each is equal to the angle formed by 
the two planes ABC, DBE. Also, the two ad- 
jaceilt angles ABD, DBC are together equal to 
two right angles. . ; 

PROPOSITION VIII. ..THEOREM. 

If from the vertices of a given, spherical triangle^ aspoles^ arcs 
of great' circles are described, these arcs, by their inters€cti(m,foTm, 
a second triangte, whose vertices are poles of tJie sides of the gwen 
triangle, ./ 

Let ABC be a spherical triangle; and from the points A,B, C 
a^ poles, let great circles be described intersecting each other in 
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D, E, and F ; then will the points D, E, and F 
be the poles of the sides of the triangle ABC 

■For, because the point A is the pole of the arc 
EF, the distance from A to E is a quadrant. 
Also, because the point C is the pole of the arc 
DE, the distance from C to E is a quadrant, fii 
Jlence the poiiit E is at a quadrant's distance 
from each of the points A and C; it is therefore the pole of the 
arc AC (Pr. 5, Cor. 3). In the same manner, it may be proved 
that D is the pole of the arc BC, and F the pole of the ^rc AB. 

Scholium. The triangle DEF is called the jpo/ar triangle of 
ABC ; and so, also, ABC is the polar triangle of DEF. 

Since all great circles. intersect each other in two points^ the 
arcs DE, EF, DF, if produced, will form three other triangles ; but 
the triangle which is taken as /the polar triangle is the central 
one, wbose vertex D, homologous to A, is on the same side of BO 
as the vertex A; and so of the other vertices* 

PBOPOsrnoK ix, theoeem. 
In two polar tridngleSy each angle of either triangle is measured 
hy the supplement of the side lying opposite to it in the other tri- 
angle. 

Let DEF be a spherical triangle, ABC its po- 
lar triangle, then will the side EF be the sup- 
plement of the arc which measures the angle A, 
and the side BC is the supplement of the arc . 
which measures the angle D. • . 

Produce the sides AB, AC, if necessary, until eI 
they meet EF in G and H. Then, because the 
point A is the pole of the arc GH, the angle A is measured by the 
^0 GH (Pr. 7). 

Also, because E is the pole of the arc AH, the arc EH is a 
quadrant; and because F is the pole of AG, the arc FG is a 
quadrant. Hence EH and GF, or EF and GH, are together equal 
to a semi-circumference. Therefore EF isthe supplement of GH, 
which measures the angle A. 

So, also, D.F is the supplement of the aye which measures the 
angle B, and DE is the supplemeiit of the arc which measures the 
angle C. In the same manner, it can be shown that each angle 
of the triangle DEF is measured by the supplement of the side 
lying opposite to it in the triangle ABC. Therefore in two polar 
triangles, etc. 
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PEOPOSITIOJT X. THEOREM^ 

If two triangles on eqiml spheres are mutually equilateral^ tJiey 
are mutually equiangular. 

Let ABC, DEF be two triangles on equal spheres, having the 
side AB equal to DE, AC to DF, and BC to EF; then will the 
angles also be equal each to each. 



Let the centres of the spheres be G and H, and draw the radii 
GA, GB, GO, HD, HE, HF. A solid angle may be conceived as 
formed at G by the three plane angles AGB, AGO, BGC ;. and 
anoth^er solid angle at H by the three plane angles DHE,DHF, 
EHF. Then, because the arcs AB, DE are -equal, the angles 
AGB, DHE, which are measured by these arcs, are equal. For 
the same reason, the angles AGO, DHF are equal to each other ; 
and, also, BGG equal to EHF. Hence G and H are twb solid an- 
gles contained by three equal plane angles ; therefore the planes 
of these equal angles are equally inclined to each other (B. VIL, 
Pr. 19). That is, the angles of the triangle ABC are equal to 
thos6 of the triangle DEF, viz., the angle ABC to the angle DEF, 
BAC to EDF, and ACB to DFE. 

Scholium, It should be observed that the two' triangles ABC, 
DEF do not admit of superposition unless the three sides are 
similarly situated in both cases. Triangles which are mutually 
equilateral, but can not be applied to each other so as to coincide, 
are called symmetrical triangles. 

PROPOSITION XI. THEOREM. * . 

' If two triangles on equal spheres are mutually equiangular^ 
they are mutually equilateral. 

Denote by A and B two spherical triangles which are mutual- 
ly equiangular, and by P and Q their polar triangles. 

Siiico the sides of P and Q are* the supplements of the arcs 
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which measure the angles of A and B (Pr. 9), P and Q iriust be 
mutually equilateral. Also, because P and Q are mutually equi- 
lateral, they must be niutually equiangular (Pr. 10^). But the 
sides of A and B are the supplements of the arcs which, measure 
the angles of P and Q, and, therefore, A and B are mutually 
equilateral. 

PEOPOsrnoN xii. theobem. 
If two triangles on equal ^heres have two sides' and the in- 
cluded angle of the one equal to two sides and the included, angle 
of the other each to each^ their third sides wiU be equals and their 
other angles will be. equal each to each, . . 

Let ABC, DEF be two triangles having the side AB equal to 
DE, AG equal to DP, and the angle BAG equal to the angle 
EDF ; then will the side BG be equal to EF, the angle ABG to - 
DEF, and AGB to DFE. 

If the equal sides in the two triangles are similarly situated, 
the triangle ABG may be applied to the triangle DEF in the 
same manner as in plane triangles (B. I., ^ 
Pr. 6), and the two triangles will coincide 
throughout. Therefore all the parts of 
the one triangle will be equal to the cor- 
responding parts of the other triangle. 
. But if the equal sides iu the two trian- 
jgles are not similarly situated, then con- 
struct the triangle DF'E symmetrical with 
•DFE, having DF' equal to DF, and EF' ^ 
equal to EF. The two triangles DEF'j DEF, being mutually 
equilateral, are also mutually equiangular (Pr. 10). 
. Now the triangle ABC may be applied to the triangle DEF' 
so as 16 coincide throughout, apd hence all the parts of the one 
triangle will be equal to the corresponding parts of the other tri- 
angle. Therefore the side BC, being equal to EF', is also equal 
to EF ; the angle ABG, being equal to DEF', is also equal to 
DEF ; and the angle AGB, being equal to DF'E, is also equal to 
DFE. Therefore, if two triangles, etc. 
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PEOPOSmON XIII. THKOEEM. 

IftwotriangUa oh equal spheres have two angles and the itt' 
eluded side of the one equal to two angles and the included side of 
the other each to eachy their, third angles will be equaly and their 
other sides will be equal each to each. 

If the two triangles ABG, DEy have the 
angle BAC equal to the angle EDF, the an- 
gle ABC equal to DEF, and the included 
side AB equal to DE, the triangle ABC 
can be placed upon the triangle DEP, or 
upon its symmetrical triangle DEP^, so as 
to coincide. Hence the remaining parts of 
the triangle ABC will be equal to the remaining parts of the tri- 
angle DEF ; that is, the side AC will be equal to DF, BC to EF, 
and the angle ACB to the angle DFK Therefore, if two trian- 
gles, etc. 

PROPOSITION XIV. THEOBEM^ 

If two triangles on equal spheres are mutually equilateral, they ' 
are equivalent 

Let ABC, DEF be two triangles which 
have the three sides of the one equal to 
the three sides of the other each to each, 
viz., AB to DE, AC to DF, and BC to EF ; 
^s then will the triangle ABC be equivalent 
to the triangle DEF. 

Let 6 be the pole of the small circle 
passing through, the three, points A, B, C ; 
dra^^ the great circle arcs GA^ GB, GC ; these arcs will be equal 
to each other (Pr. 6). At the point E make the angle DEH lequal 
to the angle ABG ; make the arc EH equal to the arc BG, and 
join DH, PH. 

Because, in the triangles ABG, DEH, the sides. DE, EH are 
equal to tlie sides AB, BG, and the included angle DEH is equal 
to ABG, the arc DH is equal to AG, and the angle DHE equal 
toAGB(Pr.l2). 

Now, because the triangles ABC, DEF are mutually equilater- 
al, they are mutually equiangular (Pr. 10) ; hence the angle ABC 
is equal to the angle DEF. Subtracting the equal angles ABG, 
DEH, the remainder GBC will be equal. to the remainder HEP. 
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Moreover, the sides BG, BC are equal to the sides EH, EF; 
hence the arc HF is equal to the arc GC, and the angle EHF to 
the angle BGC (Pr. 13). 

Now the triangle DEH may be applied to the triangle AB6 
8o as to. coincide. For, place DH upon its equal BG, and HE 
upon its equal AG, they will coincide, because the angle DHE is 
equal to the angle AGB ; therefore the two triangles coincide 
throughout, and have equal surfaces. 

For the same reason, the surface HEF is equal to the surface 
GBO, imd the surface DFH to the surface ACG. Hence 

ABG+GBC-ACG=DEH+EHF-DFH; 
or, ABC=DEF; 

that is, the two triangles ABC, DEF are equivalent. Therefore, 
if two triangles, etc. 

Scholium. The poles G and H might be situated within the 
triangles ABC, DEF, in which case it would be necessary to 
add the three triangles ABG, GBC, ACG to form the triangle 

ABC, and also to add the three triangles DEH, EHF, DFH to 
form the triangle DEF, otherwise the demonstration would be 
the same as above. 

4 

Cor. If two triangles on equal spheres are mutually equiangu- 
lar, they are equivalent. They are also equivalent if they have 
two sides and the included angle of the one equal to two sides 
and the included angle of the other each to each, or two angles 
and the included side of the one equal to two angles and the in- 
cluded side of the other. 

PROPOSITION XV. THEOBBM. 

Jn an isosceles spherical triangle^ the angles opposite the equal 
sides are equal ; and, conversely, if two angles of a spherical tri- 
angle are equal, the triangle is isosceles. 

Let ABC be a spherical triangle having the ^ 

Bide AB equal to AC; then will the angle ABC 
be equal to the angle* ACB. . / 

From the point A draw the arc AD to the toid- / 
die of the base BC. Then, in the two triangles / 

ABD, ACD, the side AB is equal to AC, BD is / 
equal to DC, and the side AD is common ; hence B^^ 
the angle ABD is equal to the angle ACD (Pr. 11). "^ 

Conversely. Let the angle B be equal to the angle C ; then 
will the side AC be equal to the side AB. 
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For if the two. sides are not equal to each other^ 
let AB be the greater; take BE equal to AC, and 
join EC. 

Then, in the triangles EBC, ACB, the two side& 
BE, BC are equal to the two sides CA, CB, and the 
included angles EBC, ACB are equal; hence the 
'^ angle ECB is equal to the angle ABC (Pr. 13), 
But, by hypothesis, the angle ABC is equal to ACB ; hence ECB 
is equal to ACB, which is absurd. Therefore AB is not greater 
than AC; and, in the samQ manner, it can be proved that it is 
not less ; it is, consequently, equal to AC. Therefore, in an isos- 
celes spherical triangle, etc. 

Cor. The angle BAD is equal to the angle CAD, and the an- 
gle ADB to the angle ADC ; therefore each of the last two an- 
gles is a right angle. Hence the arc drawn^from the vertex of 
an isosceles sph^cal triangle to the middle of the base isperpen- 
dictdar to the base^ and also bisects the vertical angle^ 

PBOPOSmON XVL TBEOBEM. 

In a spherical triangte^ the greater side is opposite the greater 
angkj and conversely. 

Let ABC be a spherical triangle having 

the angle A greater than the angle B ; then 

will the side BC be greater than the side 

AC. 

Draw the arc AD, making the angle BAD 

B C ®^^^^ ^^ ^' Theni in the triangle ABD, we 

shall have AD equal to DB (Pr. 15) ; that 

is, BC is equal to the sum of AD and DC. But AD and DC are 

together greater than AC (Pr. 2) ; hence BC is greater than AC. 

ConveHdy. If the side BC is greater than AC, then will the 

angle A be greater than the angle B. 

For if the angle A is not greater than B, it must be equal to it, 
or less. It is not equal; for then the side BC would.be equal to 
AC (Prr 16), which is contrary to the hypothesis. Neither can it 
be less, for then the side BC would be less than AC by the first 
case, which is also contrary to the hypothesis. Hence the angle 
BAG is greater than the angle ABC. Therefore, in a spherical 
triangle, etc. 
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PEOPOsrnoK xvn. theobem. 

* 

The sum of the angles of a spherical triangle is greater than 
tioOy and less than six rigid angles. 

Let A, B, and C be the angles of a spherical triangle. The arcs 
which measure th.e angles A, B, and C, together ^vith the three 
sides of the polar triangle, are equal to three semi-circumferences 
(Pr. 9). But the three sides of the polar triangle are less than 
two semi-circumferences (Pr. 4); hence the arcs which measure 
the angles A, B, and C are greater than one semi-circumference, 
and, therefore, the angles A, B, and C are greater than two right 
angles. 

Also, because each angle of a spherical triangle is less than two 
right angles, the sum of the three angles must be less thJEin aix 
right angles. 

Cor. A spherical triangle may have two, or 
even three right angles ;. also two, or even three 
obtuse angles. 

If a triangle have three right angles, each of its 
fiideS will be a quadrant, and the triangle is called 
a tri-red^angular triangle. The tri-rectangular tri- 
angle is contained eight times in the surface of the sphere.* 

* In ail the |)recedi]ig propositions, it has been supposed, in conformity with 
Def.6, that spherical triangles always have each of their sides less than a semi- 
circamference, in which case their angles are always less than two right angles. 

It should, however, be remarked, that there are spherical 
triangles of which certain sides are greater than a semi-cir- 
cnmference, dnd ceitain angles greater than two right angles. 
For if we produce the side AC so: as to form an entire cir- 
cumference, ACDE, the part which remains, after taking 
from the snr&ce of the hemisphere the triangle ABC, is a . 
new triangle, which may also be designated by ABC, and the 
sides of which are AB, BC, CDEA. Here we see that the 
side CDEA is greater than the s^nu-circumference DEA, and, at the same time, 
the (^posite angle ABC exceeds two right angles by the quantity CBD. 

Tri^gles whose sides and angles are so large have been excluded by the defini- 
tion, because their scdution always reduces itself to that of triangles embraced in 
the definition. Thus, if we know the sides and angles of the triangle ABC, we 
shall know immediately the sides and angles of the triangle of the same name, 
which is .the remainder of the sui'face of the hemisphere. 
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The (weo of a luns ia to the stirfaee of the sphere aa the angl« 
of the lune ia to four right anglea. 

Let ADBE be a lune, upon a sphere 
whose centre is C, and the diameter AB ; 
then will the area of the lune be to the 
surface of the sphere as the angle DCE to 
four right angles, or as the arc DE to the 
circumference of a great circle. ' 

Mret. When the ratio of the arc to the 

circumference can be expressed in whole 

numbers. 

Suppose the ratio of DE to DEFG to be as 4 to 25. Now, if 

if we divide the circumference DEFG iu 2S equal parts, DE will 

contain 4 of those parts. If we join the pole A and the several 

points of division by arcs of great circles, there will be formed 

on the hemisphere ADEFG 2G triangles, all equal to each other, 

being mutually equilateral. The entire sphere will contain 60 

of these small triangles, and the lune ADBE 8 ofthenL Hence 

the area cif the lune is to the surface of the sphere as 8 to 50, or 

as 4 to 25 ; that is, as the arc DE to the circuinference. 

Secondly. When the ratio of the arc to the circumference can 
not be expressed in whole nambers, it may be proved, as in B. 
III., Pr. 14, that the lune is still to the surface of the sphere sa 
the angle of the lune to four right angles. 

Oor. 1. On equal spheres, two lunes are to each other as the 
angles included between their planes. 

Cor. 2. We have seen that the entire surface of the sphere is 
equal to eight tri-rectangnlar triangles (Pr. 17, Cor.). If the area 
of the tri-rectangular triangle be represented by T, the surface of 
the sphere will be represented by 8T. Also, if we take the right 
angle for unity, and i-epresent the angle of the lune by A, we 
shall have the propoit ion, area of the lune: BT:: A: 4, 

Hence the area of the lune is equal to — - — , or 2 A x T. 

Cor. 3. The spherical ungula, comprehended by the planes 
ADB, AEB, is to the entire sphere as the angle DCE is to four 
right angles. For, the lunes being equal, the spherical ungnlas 
will also be equal ; hence, iu equal spheres, two ungalas are to 
each other as the angles included between their planes. 
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For the same rea- 



PBOPOSmON iXIX. THEOiBEM. 

If two gfeoJt circles intersect each other on tfie surface of a hemi- 
sphere^ the sum of the opposite triangles thtis formed is equivalent 
to a lune whose angle is equal to the inclination of the two circles. 

Let the great circles ABC, DBE inter- 
sect each Other on the surface of the hemi- 
sphere BADGE; then will the sum of the 
opposite triangles ABD, CBE be equiva- 
lent to a luae whose angle is CBE. 

For, produce the arcs BC, BE till they 
meet in F ; then will BCF be a semi-cir- 
cumference, as also ABC. Subtracting 
BC from .each, we shall have CF equal to AB. 
Bon, EF is equal to DB, and CE is equal to AD. Hence the two 
triangles ABD, CFE are mutually equilateral ; they are, there- 
fore, equivalent (Pr. 15). 

But the two triangles CBE, CFE compose the lune BCFE, 
whose angle is CBE ; hence the sum of the triangles ABD, CBE 
is equivalent to the lune whose angle is CBE. Therefore, if two 
great circks, etc. 

PROPOSITION XX. THEOEEM. • 

The area of a spherical triangle is measured by the excess of the 
sum of its angles above tioo right angles muUipli^by the tri-^ect- 
angular triangle. 

Let ABC be any spherical triangle ; its sur- 
face is measured by the sum of its angles A, B, 
C diminished by two right angles, and multi- 
plied by the tri^rectangular triangle. 

' Produce the sides of the triangle ABC until 
they meet the great circle DEG drawn with- 
out the triangle. The two triangles ADE, AGH 
are together equal to the lune whose angle is A (Pr. 19) ; and this 
lune is measured by 2 A x T (Pr. 1 8, Cor* 2). Hence we haVe 

ADE+AGH=2AxT. 
For the same reason, BFG-f-BDi=2B x T ; 
also, CHI+CEP=:2CxT. 

But the sum of these six triangles exceeds the surface of the 
homisphere by twice the tf iangle AB(?^ and the hemisphere is 
represented by 4T ; hence we have 
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- • - 

4T+2ABC=:2AxT+2BxT+2CxT; 
or, dividing by 2, and then subtracting 2T from each of these- 
equals, we have 

ABC=AxT+BxT+CxT-2T, 
or ABC=(A+B+C-2)xT. 

HencQ every spherical triangle is measured by tire sum of its an- 
gle* diminished by two right angles, and multiplied by the tri- 
rectangular triangle. 

Cor. It the sum of the three angles of a triangle is equal to 
three right angles,, its surface will be equal to the tri-rectangular 
triangle ; if the sum is equal to four right angles, the surface of 
the triangle will be equal to two tri-rectangular triangles ; if the 
sum is equal to five right angles, the surface will be equal to 
three tri-rectangular triangles, etc. 

PBOPOsrnoN xxi. theobem. 

The area of a spherical polygon is measured by the sum of its 
anglesy diminished by as m^ny times two right.angles as it has 
sides less two^ midtipUed by the tri-rectangular triangle. 

Let ABODE be any spherical polygon. 
From the vertex B draw the arcs BDj BE to 
the opposite angles ; the polygon will be di* 
vided into as many triangle's as it has sides 
minus two. 

But the surface of each triangle is meas- 
ured by the sum of its angles minus two right 
angles, multiplied by thq tri-rectangular triangle. Also, the sum 
of all the angles of the triangles is equal to the sum of all the an-^ 
gles of the polygon ; hence the surface of the polygon is meas- 
ured by the sum of its angles, diminished by as many times two 
right angles as it has sides less two, multiplied by. the tri-rectan- 
gular triangle. 

Cor. If the polygon has five sides, and the sum of its angles is 
equal to seven right angles, its surface will be equal to the tri- 
rectangular triangle ; if the sum is equal to eight right angles, its 
surface will be equal to two tri-rectangular triangles.; if the sum 
is equal to nine right angles, the surface will be equal to three 
tri-rectangular triangle3, etc. . 
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MEASUBEMEKT OF -THE THREE EOtHD BODIE& 
D^nitiona. 
l.A cylinder is a solid described bj- the revolution 
of a rectangle about one of its sides, which remaias 
£xed. ■ ITie bases of the cylinder are the circles de- 
scribed bythe two revolving opposite sides of the rect- 
angle. 

2. The axis of a cylinder is the fixed straight line 
about which the rectangle revolves. The opposite 
side of the rectangle describes the lateral or convex 
eurface. 

3. A cone is ft solid described by the revolution 
of a right-angled triangle abont one of the sides 
ctmtaining the right angle, which side remains'fix- 
ed. The base- of the cone is the circle described 
by that side containing the right angle which re- 
volves. 

4. The axis of a cone is the fixed straight line 
about which the triangle revolves. The hjrpothe- 

nuse of the triangle describes the lateral or corwex surface^ The 
side of the cone is the distance from the vertex to the circnmfer- 
cnCe of the base. 

5. A/rusttan of a cOne is the part of a cone next the base, cut 
off by a plane parallel to the base. 

6. Similar cones and cylinders are those which have their axes 
and' the diameters of their bases proportiooals. 

PBOPOSUION I. THEOBEM. 

The convex surface of a cylinder is equal to the product of its 
altitude by the circumftrehce of its base. 

"Let ACE-G be a cylinder whose base is the circle ACE, and 
aititnde AG; then will its convex surface be equal to the product 
of AG by the circumference ACE. 

In the circle ACE inscribe the regular polygon ABGDEF, 
and upon this polygon let a right prism be constructed of the 
Baipe altitude with the cylinder. 
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The edges AG, BH, CK, etc., of the prism, 
being perpendicular to the plane of the base, 
will be contained in the convex surface of the 
cylinder. The convex surface of this prism is 
equal to the product of its altitude by the pe- 
rimeter of iti3 base (B. VllI, Pr, 1). 
J, l>sj I^et, now, the arcs subtended by the sides AB, 
\^D BC, etc., be bisected, and the number of sides 
of the polygon be indefinitely increased, its pe- 
rimeter will: approach the circumference of the 
circle ; and when the number of sides of the polygon becomes 
greater than any finite number, its perimeter will become equal 
to the circumference of the circle (B. VI., Pr. 10), and the convex 
surface of the prism will become equal to the convex surface of 
the cylinder. 

But, whatever be the number of sides of the prism, its convex 
surface is equial to the product of its altitude by the perimeter 
of its base; hence the convex surface of the cylinder is equal to 
the product of its altitude by the circumference of its base. 

Cor. If H represent the altitude of a cylinder, and R the radius 
of its base, the circumference of the base will be represetited by 
2irR (B. VI., Pr. 13, Gor. 2), and the convex surface of the cylin- 
der by 2irRH. 

PEOPOSmON IL THEOBBM. 

The vohimeofa cylinder is equal to the product of its base hy 
its altitude. 

Let ACE-G be a cylinder whose base is the 
circle ACE, and altitude AG ; its volume is 
equal to the. product of its base by its altitude. 

In the circle ACE inscribe the regular poly- 
gon ABCDEF, and upon this polygon let a 
right prism be constructed of the game altitude 
with the cylinder. The volume of this prism is 
l^D equal to the product of its base by its altitude 
(B.Vr[I.,Pr. 11). 



B - C 

Let, now, the number of sides of the polygon 

be indefinitely increased ; its area will becomfe equal to that of 

the circle, and the volume of the prism becomes equal to that of 

the cylinder. But, whatever be the number of sidep of the prism, 

its volume is equal to the product of its base by its altitude; 
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hence the volume of a cylinder is equal to the product ot' its base 
by its altitude, 

Cor. I. If H represent the altitude' of a .cylinder, andR the ra- 
dius of its base, the area of the base will be represented by irR' 
(B-TLiPr. I3,Cor.3), and the volume of the cylinder will be 

Cor._ 2. Cylinders of the same altitude are to each other as 
their bases, and cylinders of the same base are to each other as 
their altitudes. 

Cor. 3. Similar cylinders are to each other as the cubes of their 
altitudes, or as the cubes of the diameters of their bases. 

For the bases are as the squares of their diameters; and, since 
the cylinders are similar, the diameters of their bases are as their 
altitudes (De£ 6). Therefore the bases are as the squares of the 
altitudes, and hence the products of the bases by the altitudes, 
or the cylinders themselves, will be as the cubes of the altitudes. 

PBOPOSmON IIL THKOBKM. 

. The convex eur/ace of a cone is equal to tlte product of half ita 
aide by the circumference of ita base. 

Let A-BCDEFGr be a cone whose base is the A 

circle BDE6, and its side AB ; then will its con- 
vex surface be equal to the product of half its 
aide by the circumference of the circle BDF. 

In the circle BDF inscribe the regular poly- 
gon BCDEF&, and upon this polygon let a reg- 
ular pyramid be constrncted having A for its 
vertex. The edges of this pyramid will lie in 
the convex surface of the cone. From A draw 
AH pei^ndicnlar to CD, one of the sides of the polygon. The 
eonvex surface of the pyramid is equal to the product of half the 
slant height AH by the perimeter of its base (B. VIIL.Fr. 14). 

Let, now, the arcs subtended by the sides BC, CD, etc., be bi- 
sected, and the number of sides of the polygon be indefinitely in- 
creased, its perimetei: will become equal to the circumference of 
the circle, the slaut height AH becomes equal to the side of the 
«on,eAB, and the convex surface of the pyramid becomes equal 
to the convex surface of the cone. 

But, whatever be the number of faces of the pyramid, its con- 
vex surface is equal to the product of half its slant height by the 
perimeter <>f its base; hence the convex surface of the cone is 
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eqnal to the prodact of half its side hj the circumference of its 
base. 

Car. If S Tepresent the Bide of a cone, and R the radius of its 
base, then the circumfereDCe of the base will be represented hy 
2TB,and the convex surface of the cone by 2)rRx-JS,or«-RS. 

PEOPOSmoN IV. theobkm:. 
The convex surface ofajrustum of a cone ia equai to theprod- 
uct of its tide by half the sum of the ciraimferences of Us two 
bases. 

Let BpF-bdfhe a frustum of a cone whose 
bases are BDF, bdf, and BA its side ; its con- 
vex surface is equal to the product ofBb by 
half the sum of the circumferences BDF, &(^. 
Complete the cone A-BDF to which the 
frustum belongs, and in the circle BDF in- 
Bcribe the regular polygon BCDEFG, and 
upon this polygon let a regular pyramid be 
constructed having A for its vertex. Then 
will BDF-bclfhe a frustum of a regular pyr- 
amid, whose convex surface is equal to the 
product of its slant height by half the sum of the perimeters of 
its two bases {B. VIII., Pr. 14, Cor. 1). 

Let, now, the number of sides of the polygon be indefinitely in- 
creased, its perimeter will become eqnal to the circumference of 
the circle, and the convex surface of the pyramid will become 
equal to the convex surface of the cone. But, whatever be the 
number effaces of the pyramid, the convex surface of its frustum 
is equal to the product of its slant height by half the sum of the 
perimeters of its two bases. Hence the convex surface of a ^s- 
tum of a cone is equal to the product of its side by half the sum 
of the circumferences of its two bases. 

Cor. It was proved {B.Tin.,Pr.l4,Cor.2) that the convex 
surface of a frustum of a pyramid is equal to the product of its 
slant height by the perimeter of a section at equal distances be- 
tween its two bases ; hence the convesQ surface of a frustum of a 
cone ia equal to the product of its- side by the circujnference of a 
section at equal distances between the two bases. 
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PEOPOSITION y. THEOEEM. 

The volume of a cone is equal to one third of the product of its 
base hy its altitude. 

Let A-BCDFbe a cone whose base is the cir- a 

cle BCDEFG, and AH its altitude ; the volume A 

of the cone will be equal to one third of the prod- /f!!\ 

uct of the base BCDF by the altitude AH. /// 1 \\\ 

In the circle BDF inscribe a regular polygon / // 1 \\\ 
BCDEFG, and construct a pyramid whose base Ai^^^JiX 
is the polygon BDF, and having its vertex in A. g/^/' j S^^b 
The volume of this pyramid is equal to one third ^^^ ^....¥L ^;>>^ 
of the product of the polygon BCDEFG by its C D 

altitude AH (B.VnL, Pr. 1 7). 

Let, now, the number of sides of the polygon be indefinitely in- 
creased ; its area will become equal to the area of the circle, and 
the volume of the pyramid will become equal to the volume of 
the cone. But, whatever be the number of faces of the pyramid, 
its volume is equal to one third of the product of its base by its 
altitude ; hence the volume of the cone is equal to one thif d of 
the product of its base by its altitude. 

Cor. 1. Since a cone is one third of a cylinder having the same 
base and altitude, it follows that cones of equal altitudes are to 
each other as their bases ; cones of equal bases are to each other 
as their altitudes ; and similar cones are as the cubes of their al- 
titudes, or as the cubes of the diameters of their bases. 

Cor. 2. If H represent the altitude of a cone, and R the radius 
of its base, the volume of the cone will be represented by ttR^x 
^H, or JttR^H. 

r 

PEOPOSmON VI. TEJEOEEM. 

A frustum of a cone is equivalent to the sum of three cones 
having the same altitude with the frustum^ and whose bases, are the 
lower base of the frustum^ its upper borse^ and a mean proportional 
between them. 

Let BDF-i(^be any frastum of a cone. Complete the cone 
to which the frustum belongs, and in the circle BDF inscribe the 
regular polygon BCDEFG, and upon this polygon let a regular 
pyramid be constructed having its vertex in A. 

Then will 'RCTfEtEG^bcdefg be a frustum of a regular pyramid 
whose volume is equal to three pyramids having the same alti- 
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tndc with the fmstnm, and whose bases are 
the lower base of the frustum, its upper base, 
and a mean proportional between them (B. 
Vni.,Pr.l8). 

Let, now, the number of sides of the poly- 
gon be indefinitely increased, its area will be- 
come equal to the area of the circle, and the 
frustum of the pyramid will become the frus- 
tum of a cone. Hence the frustum of a cone 
is equivalent to the sum of three cones hav- 
ing the same altitude with the fnistum, and whose bases are the 
lower base of the frustum, its upper base, and a mean propor- 
tional between them. 

PBOPCBinOIT VII. THEOBBU, 

T/te surface of a sphere ia eqvcU to the product of its diameter 
by the circumference of a great circle. 

Let ABDF be the semicircle by tbe revolution 
iL^j f^^" of which the sphei-e is described. Inscribe in the 
-j^r I aemicircle a regular semi-polygon ABCDEF, and 
from the points B, C, D, E let fall the perpendicu- 
lars BG, CII, DK, EL upon the diameter AF. 
If, now, the polygon be revolved about AT, the 
- K lines AB, EF will describe the convex surface of 
two cones, and BC, CD, DE will describe the con- 
, vex surface of frustums of cones. 

From the centre I draw IM perpendicular to 
BC ; also draw MN perpendicular to AF, and BO 
perpendicular to CH, Let «>& MN represent the circnmference 
of the circle described. by the revolution of MN, Then the sur- 
face described by the revolution of BC will be equal to BC mul- 
tiplied by circ. MN" (Pr. 4, Cor.). 

Now tiie triangles IMN, BCO are similar, since their sides are 
perpendicular to each other (B. IV., Pr. 32) ; whence 
BC:BOorGH::IM:MN, 

: : drc. IM : circ MN. 
Hence (B. XL, Pr.l) 

BCxct>c.MN=GHxciVc. IM. 
■Therefore the surface described by BC is equal to the altitude 
GH multiplied by cjVc,IM,ov the circumference of the inscribed 
circle. 
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In like manner, it may be proved that the surface described by 
CD is equal to the altitude HK lualtiplied by the circumference 
of the inscribed circle; and the same maybe proved of the other 
eides. Hence the entire surface described by ABCDEF is equal 
to the* circumference of the inscribed circle multiplied by the sum 
of the altitudes AG, GH, HK, KL, aud LF ; that is, the axis of 
the polygon. 

Let, now, the arcs AB, BC, etc, be bisected, and the number of 
Bides of the polygon be indefinitely increased, its perimeter will 
■ coincide with the circumference of the semicircle, and the per- 
pendicular IM will become equal to the radius of the sphere; that 
is, the circumference of the inscribed circle will become the cir- 
cumference of a great circle. Hence the surface of a sphere is 
equal to the product of its diameter by the circumference of a 
great circle. 

Cor. 1. The area of a zone ie equal-to theproduct of its altitude 
by the circumference of a great circle. 

For the surface described by the lines BC, CD is equal to'the 
altitude GK multiplied by the circumference of the inscribed 
circle. Bat when the number of sides of the polygon is indefi- 
nitely increased, the perimeter BC+CD becomes the arc BCD, 
and the inscribed circle becomes a great circle. Hence the area 
of the zone produced by the revolution of BCD is equal to the 
product of its altitude GK by the circumference of a great cirele. 

Cor. i. The area of a great circle is equal to the product of its 
circumference by half the radius (B.VI., Pr. 12),or one fourth of 
the diameter ; hence the surface of a sphere is equivalent to four 
of its great circles. 

C<yr. 3. The surface of a epkere is egval to the cotivex surface 
of the drcumscribed cylinder. 

For the latter is equal to the product of its alti- . 
tnde by the circumference of its base. But its | 
base is equal to a great circle of the sphere, and its II 
altitude to the diameter; hence the convex surface U 
of the cylinder is equal to the product of its diam- | 
eter by the circumference of a gi-eat circle, which | 
is also the measure of the surface of a sphere. 

Cor. 4. Two zones upon eqnal spheres are to each other as their 
altitudes, and any zone is to the surface of its sphere as the alti- 
tude of the zone is to the diameter of the sphere. 

Cor. 6. Let R denote the radius of a sphere, D its diameter, C 
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the circumference of a great circle, and S the surface of a sphere; 
then we shall have • 

C=:27rR, or nD (B. VL, Pr. 13, Cor. 2). 
Also S=27rR X 2R=47rR2, or wB^ 

If H represents the altitude of a zone, its area will be 

2jrRH. 



PROPOSITION VIII. THEOREM. 

The volume of a sphere is equal to one third theprodiuit of its 
surface hy the radius. 

Let ACEG be the semicircle by the revolution 
of which the sphere is described. Inscribe in the 
semicircle a regular semi-polygon ABCDEFG, 
and draw the radii BO, CO, DO, etc. 

The solid described by the revolution of the 
polygon ABCDEFG about AG is composed of 
the solids formed by the revolution of the trian- 
gles ABO, BCO, CDO, etc., about AG. 

Mrst To find the value of the solid formed by 

the revolution of the triangle ABO. 

From O draw OH perpendicular to AB, and 

from B draw BK perpendicular to AO. The two triangles ABK, 

BKO, in their revolution about AO, will describe two cones hav 

ing a common base, viz., the circle whose radius is BK. 

The solid described by the triangle ABO will then be repre- 
sented by ^ttR^H, or ^7rBK2 x AO (Prop. 6, Cor. 2). 
But, by similar triangles, 

BK:BA::HO:AO; 
therefore BK x AO =H0 x AB ; 




TT, 



or, multiplying by -BK, we have 

^7rBK2 X AO =iHO X ttAB x BK. 
But the surface described by AB=7rAB x BK (Prop. 3, Cor.). 

Hence the solid described by the triangle ABO is equal to 
^HO X the surface described by AB. 

Secondly, To find the value of the solid formed by the revolu- 
tion of the triangle BCO. 

Produce BC until it meets AG produced in L. It is evident, 
from the preceding demonstration, that the solid described by 
the triangle LCO is equal to 

^OM X surface described by LC ; 
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and the solid described by the triangle LBO is 
equal to 

^OMx surface described by LB ; 
hence the solid described by the triangle BGO 
is equal to 

^OMx surface described by BC. 

In the same manner, it may be proved that ^1^''''-''.,^^''*^^, 
the solid described by the triangle CDO is equal Bf '••••--•" 

to JON" X surface described by CD, 
and so on for the other triangles. But the per- 
pendiculars OH, OM, ON", etc., are all equal ; 
hence the solid described by the polygon ABC 
DEFG is equal to the surface described by the 
perimeter of the polygon multiplied by -J^OH. 

Let, now, the number of sides of the polygon be indefinitely 
increased, the perpendicular OH will become the radius OA, the 
perimeter ACEG will become the semi-circumference ADG, and 
the solid described by the polygon becomes a sphere; hence -the 
volume of a sphere is equal to one third of the product of its sur- 
face by the radius. 

Cor. 1. The volume of a spherical sector is equal to the product 
of the zone which forms its hose by one third oftlve radius of the 
sphere. 

For the solid described by the revolution of BCDO is equal to 
the surface described by BC-f CD multiplied by JOM. 

But when the number of sides of the polygon is indefinitely in- 
creased, the perpendicular OM becomes the radius OB, the quad- 
rilateral BCDO becomes the sector BDO, and the solid described 
by the revolution of BCDO becomes a spherical sector. Hence 
the volume of a spherical sector is equal to the product of the 
zone which forms its base by one third of the radius of the sphere. 

Cor. 2. Let R represent the radius of a sphere, D its diameter, 
S its surface, and Y its volume ; then we shall have 

S=:47rR2, or ^D2 (Pr. 7, Cor. 5). 
Also V=iR X S=$7rR3, or ^D' ; 

hence tJw volumes of spheres are to ea^h other as the cubes of their 
radii. 

If we put H to represent the altitude of the zone which forms 
the base of a sector, then the volume of the sector will be repre- 
sented by 27rRH X JR=§7rR2H. 

Cor. 3. Every sphere is two thirds of the circumscribed cylinder. 
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For, since the base of the circumscribed cylinder is equal to a 
great circle, and its altitude to a diameter, the volume of the cyl- 
inder is equal to a great circle multiplied by the diameter (Pr, 2). 

But the volume of a sphere is equal to four great circled mul- 
tiplied by one third of the radius, or one great circle multiplied 
by 1^ of the radius, or i of the diameter. Hence a sphere is two 
thirds of the circumscribed cylinder. 

PEOPOsrriON ix. theobgm. 
A spJierical segment with one base is equitxdent to half of a q/l- 
inder having tJie same hose and altitude^ plus a sphere whose dir 
aineter is the altittcde of the segment. 

Let BD be the radius of the base of the segment, 
AD its altitude, and let the segment be generated by 
the revolution of the circular half segment AEBD 
about the axis AC. Join CB, and from the centre G 
draw CF perpendicular to AB. 

The solid generated by the revolution of the seg- 
ment A£B is equal to the difference of the solids gen- 
erated by the sector ACBE and the triangle ACB. 
:Kow the solid generated by the sector ACBE is equal to 

|7rCB2 X AD (Pr. 8, Cor. 2). 
And the solid generated by the triangle ACB, by Pr. 8, is equal 
to iCF multipliedby the convex isurface described by AB, which 
is 27rCFxAD (Pr. 7), making, for the solid generated by the tri- 
angle ACB, ^CF^xAD. 
Therefore the solid generated by the segment AEB is equal to 

^ttAD X (CB2-CF2), 
or fjrADxBF2; 

that is, ^ttAD X AB2, 

because CB^—CF^ is equal to BF^, and BF^ is equal to one fourth 
ofAB*. 

Now the cone generated by the. triangle ABD is equal to 

^AD X BD2 (Pr. 5, Cor. 2). 
Therefore the spherical segment in question, which is the sum of 
the solids described by AEB and ABD, is equal to 

i7rAD(2BD2+AB2) ; 
that is, iffAD(3BD2+AD2), 

because AB* is equal to BD^+AD*. 

This expression may be separated into the two parts 

iirAD X BD2, and iirAD\ 
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The first part represents the volume 
of a cylinder having the samejbase with 
the segment and half its altitude (Pr. 2) ; 
the other part represents a sphere, of 
which AD is the diameter (Pr. 8, C«r, 2). 
Therefore a spherical segment, etc. 

Cor. The volume of the spherical segment of two 
bases generated by the revolution of BCED about 
the axis AE may be found by subtracting that of 
the segment of one base generated by ABD from 
that of the segment of one base generated by ACE. 



EXERCISES ON THE PRECEDING PRINCIPLES. 

1. What is the entii-e surface of a triangular prism whose base 
is an equilateral triangle, having each of its sides equal to 17 
inches, and its altitude 5 feet ? 

2. What is the entite surface of a regular triangular pyramid 
whose slant height is 15 feet, and each side of the base 4 feet? 

3. What is the convex surface of the frustum of a square pyr- 
amid whose slant height is 14 feet, each side of the lower base 
being 3 J feet, and each side of the upper base 2^ feet ? 

4. What is the volume of a triangular prism whose height is 
12 feet, and the three sides of its base 4, 5, and 6 feet ? 

6. What is the volume of a triangular pyramid whose altitude 
is 25 feet, and each side of thlB base 4 feet ? 

6. What is the volume .of a piece of timber whose bases are 
squares, each side of the lower base being 14 inches, and each 
side of the upper base 12 inches, the altitude being 25 feet? 

7. What is the entire surface of a cylinder whose altitude is 1 7 
feet, and the diameter of its base 3 feet? 

8. What is the entire surface of a cone whose side is 24 feet, 
and the diameter of its base 5. feet? 

9. What is the entire surface of a frustum of a cone whose side 
is 18 feet, and the radii of the bases 5 feet and 4 feet? 

10. What is the volume of a cylinder whose altitude is 16 feet, 
and the circumference of its base 5 feet ? 

11. What is the volume of a cone whose altitude is 13 feet, and 
the circumference of itB base 7 feet? 

12. What is the volume of a frustum of a cone whose altitude 
is 22 feet, the circumference of its lower base 18 feet, and that of 
the upper base 14 feet? * • 
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13. What is the surface of a sphere, the circumference of its 
great circle being 40 feet ? 

14. What is the area of the surface of the earth, supposing it 
to be a sphere whose diameter is 7912 miles ? 

15. What is the convex surface of a zone whose altitude is 13 
inches, upon a sphere whose diameter is 40 inches ? ' 

16. What is the volume of a sphere whose diameter is 17 inches? 

17. What is the volume of the earth, supposing it to be a 
sphere whose diameter is 7912 miles? 

18. What is the volume of a spherical segment with one base, 
the diameter of the sphere being 12 feet, and the altitude of the 
segment 3 feet ? 

19. What is the surface of a regular tetraedron whose edge is 
7 feet? 

20. What is the volume of a regular tetraedron whose edge is 
9 feet ? 

21. What is the edge of a regular tetraedron whose volume is 
20 cubic feet ? 

22. The base of a rectangular parallelopiped is 3.42 feet by 
4.36 feet, and its volume is 100 cubic feet; what is its altitude? 

23. The volume of a parallelopiped is 366.4 cubic feet, and its 
altitude is 23.4 feet ; what is the area of its base? 

24. The sides of the base of a tetraedron are 13, 15, and 17 f^t, 
and its altitude is^ll feet; required its volume. 

25. What is the volume of a frustum of a regular triangular 
pyramid having a side of one base equal to 4 feet, and a side of 
the other- base 3 feet, and the lateral edge equal to 3^ feet? 

26. The volume of a sphere is 1870 cubic feet; required its radius. 

27. The edge of a cube is 30 inches; required the volume of 
the circumscribing sphere. 

•28. The side of a right cone is 22 feet, and its altitude 15 feet; 
required its lateral surface. 

29. A stone obelisk has the form of a regular quadrangular 
pyramid, h&ving a side of its base equal to 4 feet, and its slant 
height 13 feet. The density of the stone is 2.6 times that of wa- 
ter; what is its weight, assuming that a cubic foot of water 
weighs 62^ pounds. 

30. Supposing the earth to be a sphere, and that a quadrant is 
equal to 32,800,000 feet, it is required to determine the radius of 
the earth, the area of its surface, its volume, and its weight, the 
mean density of thiB earth being 4.5 times that of water. 
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Thbbb are three curves whose properties are extensively ap- 
plied in Astronomy and many other branches of Natural Philos- 
ophy, which, being the sections of a cone made by a. plane in dif- 
ferent positions, are called the Goriic Sections. These are 

The Parabola^ 

The EUipae^ and 

The Hyperbola, . 



P A K A B O L A. 

Definitions, 

1. Kparabola is a plane curve, every point of which is equally 
distant from a given fixed point and a given straight line. 

2. The fixed point is called \h.Q focus of the parabola, and the 
given straight line is called the directrix. 

Thus, if a straight line BC, and a point with- 
out it, F, be given in position in a plane, and 
the point A be supposed to move in such a 
manner that AF, its distance from the given 
point, is always equal to KD^ its perpendicu- 
lar distance from the given line, the point A 
will describe a curve called a parabola. 

3. Any straight line perpendicular to the „ 
directrix, teiminated at one extremity by 
the parabola, and produced indefinitely with- 
in the curve, is called z, diameter. 

The vertex of a diameter is the point in H 
which it meets the parabola. 

Thus, through any point of the curve, as E 
A, draw a line DE perpendicular to the di- 
rectrix BC ; AD is a diameter of the par- C 
abola, and the point A is the vertex of this diameter. 
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4. The axis of the parabola is the diameter which passes throngH 
the focus, and the vertex of the axis is called the principal vertex. 

Thus, through the focus F draw GH perpendicular to the di- 
rectrix; GVis the axis of the parabola, and the point V, where the 
axis meets the curve, is called the principal vertex of the parabo- 
la, or simply the vertex. 

It is evident, from Def. 1, that rV=VH; that is, a perpendic- 
ular drawn from the focus to the directrix is bisected at the ver- 
tex of the axis. 

5. A tangent to the parabola is a straight line which meets the 
curve in one point only, and every where else falls without the 
curve. 

6. An ordinate to a diameter is a straight line drawn from any 
point of the curve to meet that diameter, and is parallel to the 
tangent at its vertex. 

Thus, let AC be a tangent to the parab- 
ola at B, the verte;K of the diameter BD, 
and from any point E of the curve draw 
EGH parallel to AC; then is EG an ordi- 
^ nate to the diameter BD. 

It is proved in Prop. 12 that EG is 
equal to GH; hence the entire line EH is 
sometimes called a double ordinate. 
7. An abscissa is the part of a diameter 
intercepted between its vertex and an ordinate. 

Thus BG is the abscissa of the diameter BD corresponding to 
the ordinate EG, and also to the point E of the curve. 

8. A subtangent is that part of a diameter produced which is 
included between a tangent and an ordinate drawn from the point 
of contact. 

Thus, let EL, a tangent to the curve at E, meet the diameter 
BD in the point L, and let the ordinate EG meet the same diam* 
eter iii G ; then LG is the subtangent of BD coiTesponding io the 
point E. 

9. The parameter of a diameter is the double ordinate which 
passes: through the focus. 

Thus, through the focus F draw IK parallel to AC, which 
touches the curve at the vertex of the diameter BD ; then is IK 
the parameter of the diameter BD. 

10. The parameter of the axis is called the principal parameter^ 
or latus rectum. 
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11. A normal is a line drawn perpendicnlar to a tangent from 
the point of contact, and terminated by the axis, 

12. A suhnormal is the part of the axis 
included between the normal and an ordi- 
nate drawn from the same point of the 
carve. 

Thus, let AB be a tangent to the parabo ^ 
la at any point A. From A draw AC per- 
pendicular to AB, and draw AD an ordi- 
nate to the axis VC ; then AC is the normal, 
and DC is the subnormal corresponding to 
the point A.* 

PBOPOSITIOTT I. PBOBLEM. 

The focua and directrix of a parabola being given^ to describa 
the curve. 

FiEST METHOD. Jiy potnts. 

Let F be the focus, and B$ the directrix of j 
a parabola. Through F draw DC perpendic- 
ular to B6, and bisect FD in V; then, since 
DV=VP,ViB a point on the curve, and CV 
is the axis of the parabola. '^ 

To find other points of the curve, draw any 
number of lines Aa, A'a', A"a", etc., perpen- 
dicular to CD ; then, with the distances DC, 
DC, DC", etc., as radii, and the focus F as a 
centre, describe arcs intersecting the perpendiculars in A, A', A", 
etc The points A, A', A", etc., in which tlie arcs cnt the perpen- 
diculars, are points of the curve. 
For FA^DC^AB(Def.l). 

We may thus determine as many points on the cuiTe as we 
please, and the curve line which passes through all the points V, 
A, AVA", etc, will be the parabola whose focns is F, and direc- 
trix Bft. 

Got. The same radius determines two points of the carve, one 
above and one below the axis ; and, since AF=t(F, FC is common 

* The tublajigenl is so called because it is below tbe tangent, being limited bjr 
the tangent and ordinate to the point of contact. The minanaal is so called be- 
cause it is below the normal, being limited bj the normal and ordinate, ^a snb- 
tan^nt and gubnomal a&y be regarded as ^e projections of the tangent and noiti 
<ual upon a diameter. 
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to the two triangles AFC, aFC, and the angles at C are right an- 
gles; therefore AC=aC; that is, every straight line terminated 
by the curve, and perpendicular to the axis, is bisected by it ; and, 
consequently, the parabola consists of two equal branches simi- 
larly situated with respect to the axis. 

Moreover, since the radius FA is always greater than FC, the 
arc described with F as a centre will always intersect the corre- 
sponding perpendicular, and there is therefore no limit to the dis- 
tance to which the curve may extend on both sides of the axis. 
Second method. JSy continuous motion. 

Let BG be a ruler whose edge coincides 
with the directrix of the parab6la, and let 
.Q. DEG be a square. Take a thread equal in 
^ length to EG, and attach one extremity of 
it at G, and the other at the focus F. Then 
slide the side of the square DE along the 
ruler BC, and at the same time keep the 
thread continually stretched by means of 
the point of a. pencil A in contact with the 
square ; the pencil will describe one part 
of the required parabola. For, in every position of the square, 

. AF+AG=AE+AG; 
and hence AF=AE ; 

that is, the point A is always equally distant from the focus F' 
and the directrix BC. 

If the square be turned over and moved on the other side of 
the point F, the other part.of the same parabola may be described. 

PEOPOSinON II. THEOBEM. 

The distance df any point without the parabola from the focus 
is greater than its distance from the directrix / and the distance 
ofanypoiixt within the pdrabola from the focus is less than its 

distance from the directrix^ 

Let AVH be a parabola, of which F is the 
focus, and BC the directrix ; and let D be a 
point without the curve, that is, on the same 
side of the curve as the directrix. Then, if 
DF be joined, and BD be drawn perpendicular 
to BC, DF will be greater than DB. 

For, as DF necessarily cuts the curve, let A 
be the point of section. Draw AE perpendic- 
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ular to the directrix, and join DE. Then, because A is a point in 
the parabola, AE=AF (Def. 1); therefore DF=DA+AE; but 
PA+AE is greater than DE (B. L, Pr. 8), and therefore still 
greater than DB (B. L, Pr. 1 1). Therefore DF is greater than DB. 

Again, let G be a point within Ihe parabola. Then GF, a line 
drawn to the focus, is less than GE, a perpendicular to the di- 
rectrix. The perpendicular GE necessarily cuts the curve; let 
A be the point of section, and join AF. Then AF=: AE (Def. 1), 
and GA+AF=GE. But GF is less than GA+AF, therefore 
GF is less than GE. •. 

Cor. A point is without or within the parabola according as its 
distance from the focus is greater or less than its distance from 
the directrix. 

PEOPOSmON III. THEOBEM. . 

The straight line which bisects the angle contained bi/ two lines 
drawn from the same point in the curve^the one to the focus and 
the other perpendicular to the directrix^ is a tangetit to theparabo^ 
la at that point. 

Let A be any point of the parabola AV, ] 
from which draw the line AF to the focus, J 
and AB perpendicular to the directrix, and 
draw AC bisecting the angle BAF ; AC is a 
tangent to.the curve at the point A. 

Let D be any other point in the line AC, 
from which draw DB, DF. Also draw DE 
perpendicular to the directrix, and join BF. 
Since, in the two triangles, ACB, ACF, AF 
is equal to AB (Def. 1), AC is common to both triangles, and the 
angle CAB is, by supposition, equal to the angle CAF ; there- 
fore CB is equal to CF, and the angle ACB to the angle ACF. 

Again, in the two triangles DCB, DCF, because BC is equal to 
CF, the side DC is common to both triangles, and the angle DCB 
is equal to the angle DCF ; therefore DB is equal to DF. But 
DB is greater than DE (B. L,Pr. 11) ; therefore the distance of 
the point D from the focus is greater than its distance from the 
directrix ; hence that point is without the parabola (Pr. 2, Cor.). 
Therefore every point of the line DC, except A, is without the 
curve ; that is, DC is a tangent to the curve at A (Def. 5). 

Cor. 1. Since the angle BAF continually increases as the point 
Amoves toward V, and at V becomes equal to two right angles, 
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the tangent at the principal vertex %8 perpendicular to the axis. 
The taDgent at the vertex V is called the vertical tangent. 

Cor. 2. Since an ordinate to any diameter is parallel to the tan^ 
gent at its vertex, an ordinate to the axis is perpendicular to the 
axis. 

. PBOPOsmoN rv. thbobem. 
The latua rectum is ^qual to four times the distance from the 
focus to the vertex. , 

• Let AVB be a parabola, of which F is the fo- 
cus, and V the principal vertex ; then the latus 
rectum AFB will be equal to four times FV, 

Let CD be the directrix, and let AC be drawn 
perpendicular to it; then, according to Def. 1, 
AF is equal to AC or DF, because ACDF is a 
parallelogram. But DV is equal to VF; that 
is, DF is equal to twice VF. Henpe AF is equal 
to twice VF. In the same manner,. it may be 
proved that BF is equal to twice VF ; consequently, AB is equal 
to four times VF, Therefore the latus rectum, etc. 

PEOPOSmON v. THEOEEM. 

If a tangent to the parabola cut the axis produced^ the points of 
eontact and of intersection are equally distant from the focus. 

Let AB be a tangent to the parabola 6AH at the point A, and 
let it cut the axis produced in B; also, let AF.be drawn to the 
focus ; then will the line AF be equal to BF. 

Draw AC perpendicular to the direc- 
trix.; then, since AC is parallel to BF,the 
angle BAC is equal to ABF. But the an- 
gle BAC is equal to BAF (Pr. 3) ; hence 
the angle ABF is equal to BAF, and, con- 
sequently, AF is equal to BF. Therefore, 
if a tangent, etc. 

Cor. 1. Let the normal AD be drawn. 
^ Then, because BAD is a right angle, it is 
equal to the sum of the two angles ABD, ADB, or to the sum of 
the two angles BAF, ADB. Take away the common angle BAF, 
and we have the angle DAF equal to ADF. Hence the line AF 
is equal to FD. Therefore, if a circle he described with thecentre 
F and radius FA, it will pass through the three points B, A, D. 
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Cor. 2. The normal bisects the angle made by the diameter at 
the point of contact with the line drawn from thai point to tJie 
focus. 

For, because BD is parallel to CE, the alternate angles ADF, 
DAE are equaL But the angle ADF has been proved equal to 
DAF; hence the- angles DAF, DAE are equal to each other. 

Scholium. It is a law in Optics that the angle made by a ray 
of reflected light with a perpendicular to the reflecting surface is 
equal to the angle which the incident ray makes with the same 
perpendicular. Hence, if GAH represent a polished surface 
whose figure is that produced by the revolution of a parabola 
about its axis, a ray of light falling upon it in the direction £A 
would be reflected to F. The same would be true of all rays 
parallel to the axis. Hence the point F, in which all the rays 
ivould intersect each other, is called the/ocw^, or burning point. 

PBOPOSniON VI. THEOREM. 

The subtangent to the axis is bisected by the vertex. 

Let AB be a tangcDt to the parabola 
ADV at the point A, and AC an ordi- 
nate to the axis ; then will BC be the 
subtangent, and it will be bisected at 
the vertex V. 

For BF is equal to AF (Pr. 6), and 
AF is equal to CE, which is the distance 
of the point A from the directrix. 
That is, BF=CE. 

But FV=EV. 

Therefore the remainder BV=the remainder CV. 

Cor. 1. Hence the tangent at D, the extremity of the latus rec- 
tum, meets the axis in E, the same point with the directrix. For, 
by Def 8, EF is the subtangent corresponding to the tangent 
DR 

Cor. 2. Hence, if it is required to draw a tangent to the curve 
at a given point A, draw the ordinate AC to the axis. Make BV 
equal to VC; join the points B, A, and the line BA will be the 
tangent required. 

PEOPOsrriON vii. theorem. 
The subnomal is equal to half the latus rectum. 

Let AB be a tangent to the parabola AV at the point A ; let 
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AC be the ordinate, and AD the normal 
from the point of contact ; then CD is 
the subnormal, and is equal to half the 
latus rectum. 

For the distance of the point A from 
the focus is equal to its distance from the 
directrix, which is equal to VF+VC, or 
2VF+FC; that is, 

FA=2VF+FC, 

But FA=:FD (Pr. 6, Cor. 1). 

Hence FD=2yF+FC. 

Taking away the common part FC, the remainder CD=2VF, 

which is equal to half the latus rectum (Pr. 4). 

PBOPOSmON VIII. THEOEEM. 

^ a perpendicular be drawn from the focus to any tangent, the 
point of intersection wiU be in the vertical tangent. 

Let AB be any tangent to the parabola 
AV, and FC a perpendicular let fall from 
the focus upon AB ; join VC ; then will 
the line VC be a tangent to the curve at 
the vertex V. 

Draw the ordinate AD to the axis. 
Since FA is equal to FB (Pr. 5), and FC is 
drawn perpendicular to AB, it divides the 
triangle AFB into two equal parts, and 
therefore AC is equal to BC. But B V is equal to VD (Pr. 6) ; 
hence BC:CA::BV: VD, 

and therefore CV is parallel to AD (B. IV., Pr. 16). But AD is 
perpendicular to the axis BD ; hence CV is also perpendicular to 
the axis, and is a tangent to the curve at the point V (Pr. 3, Cor, 
1). Therefore, if a perpendicular, etc. 

Cor, 1. Because the triangles FVC, FCA are similar, we have 

FV:FC::FC:FA; 
that is, the perpendicular from the focus vpon any tangent is a 
mean proportional between the distances of the focus from the ver- 
tex and from the point of contact. 

Cor. 2. From Cor. 1 we have FC2=FV x FA. 
But FV remains constant for the same 'parabola ; therefore the 
square of the perpendicular from the focus to any tangent varies 
CM the distance from the focus to the point of contact. 





PEOPoeinoir ix. thbobbu. 

The sqziare of an ordinate to the axis is equai to the product of 
the lotus rectum iy the corresponding abicisaa. 

Let AVC be a paralwla, and A any 
point of the curve. From A draw the 
ordinate AB; then 13 the eqnare of AB 
equal to the product of VB by the latus 
reotutii. I 

Draw the tangent AT and the normal 
AD. Since TAD ia a right angle, and 
AB perpendicular to TD, 

AB^^TB X BD (B. IV.,Pr. 23). 
But TB=2VB(Pr.6), 

and BD=2VF(Pr.7). 

Therefore AB^ = 4VB x VF, 

or =:VBxthe latuB rectum (Pr. 4), 

Cor. 1. Since the latua rectum is conetaat for the same parab- 
ola, the squares ofordinates to the axis are to each other as their 
corre^>ondinff abscissas. 

Cor. 2. The preceding demonstration is equally applicable to 
ordinates on either aide of the axis ; hence AB is equal to BC, 
and AC ia called a double ordinate. The curve ia composed of 
two branches of unlimited extent, which recede continually from 
the axis aa well as from the directrix. 

PKOPOSmOS^ X THEOKEM. 

^ tiBO tangents to the parabola intersect each Other, and lines be 
drawn from the focus to the points of contact and to the point of 
intersection, the two triangles thtcs formed will be similar to each 
other. 

Let two lines which touch the parab- 
ola at A and a intersect each other at 
T; from the focus draw FA, FT, and 
Fffl/ the two triangles TFA, TFa are 
similar. 

Draw AB and ab perpendicular to 
the direfitrix Bft, and join TB, T6, and 
BF. ThetwotriangIe5ACB,ACFare 
equal to each other, since AB is equal 
to AF, AC is common to the two tri- 
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angles, and the angle CAB is eqnal to 
CAF (Pr. 3) ; therefore the angles at 
C are right angles, and BC ia equal to 
CF. 

Also, the two triangles TCB, TCP 
are equal, since BC is eqnal to CF, 
TO is common to both triangles, and 
the angles at C are equal; therefore 
TF is equal to TB. 
In the same manner, it may be proved 
that TF is equal to lb, the angle FTa is equal to bTa, and a cir- 
cle described from the centre T, with radius TF, will pass through 
B and b. 

The angle FB& is equal to the angle CAB, since each is the 
complement of ABC; also, the angle BAG is equal to FAC (Pr. 
3) ; therefore the angle FAC is equal to FBi. But the angle 
FB6 is half the angle FT6 (B. III., Pr. 16, Cor. 2), and is therefore 
equal to the angle FTo, Therefore the angle FAT is equal to 
the angle FTa. 

In the same manner, it may be proved that the angle ATF is 
equal to FaT. Therefore the remaining angle TFA is equal to 
the angle TFa, and the triangle AFT is similar to the triangle 
aFT. 

PROPOSmON' XL THEOBBU, 

J/ two tanffents to a parabola be drawn at the extremitiet of a 
chord, the diameter which passes through their point of intersection 
, will bisect the chord. 

Let two lines which touch the parab* 
ola at A and a intersect each other at 
T, and from T let TC be drawn perpen- 
dicular to the directrix BJ, meeting the 
chordAainC; thenAa will be bisect- 
ed in C. 

Draw AB, ab peipendicnlar to the 
directrix; joinTB,T*,and let TC meet 
Bb in D. 
The two triangles TDB,'TD6 are 
equal, since TB ia equal to Tb {Pr. 10), TD is common to the two 
triangles, and the angles at D are right angles ; therefore 3D ia 
equal to bD. 
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Because the lines AB, CD, ah are parallel, we have 

AC:Ca::BD:D5. 
But BD=D5/ therefore AC=Cay that is, Aa is bisected in €• 
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If two tangents to a parabola be dr'avm at the extremities of a 
chordy and a diameter be drawn through their point ofintersectiony 
the tangent at its vertex will be parallel to the chord. 

If from a point T two tangents TA, 
Ta be drawn to a parabola, and TC 
be drawn parallel to the axis, meet- 
ing the parabola in C, the tangent 
BC^ will be parallel to the chord Aa. 

Let the tangent BCb meet TA, Ta 
in B and b. Join AC, and draw BD 
parallel to the axis, meeting AC in D. 

Because BD is parallel to TC, we 
have TB:BA::CD:DA. 

But CD=DA (Pr. 11) ; therefore TB=:BA. 

For the same reason, Tb=zba. 

Therefore TB : BA : : TP* : 5a, and Bb is parallel to Aa (B. IV., 
Pr.16). 

Cor. 1. Since AE is parallel to the tangent BC, it is an ordinate 
to the diameter CE; and since Aa is bisected in E (Pr. 11), Aa 
is a double ordinate to CE. Hence everj/ diameter bisects its 
double ordinates. 

Cor. 2. Since BC is parallel to AE, we have 

TC:CE::TB:BA. 

But TB=BA; therefore TC=CE ; that is, the subtangent upon 
any diameter is bisected at the vertex of that diameter. 

PBOPOSITION XIII. THEOREM. 

The square of an ordinate to any diameter is equal to four times 
the product of the corresponding abscissa by the distance from the 
vertex of that diameter to the focus. 

Let AE be an ordinate to the diameter CE ; then 

AE2=4CExCF. 

Produce AE to meet the parabola in a, and draw the tangents 
TA, Ta, meeting CE produced in the point T (Pr. 12). Let the 
tangent at C meet TA in B, and join FA, FB, and FC. 

Now, since from the point B two tangents BA, BC are drawn 
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to the parabola, the triangle 
BCF is similar to the triangle 
BFA (Pr. 10) ; therefore the 
angle CBF is equal to BAF. 
But BAF is equal to BDF (Pr. 
3), which equals BTC ; there- 
fore the angle CBF is equal to 
BTC. Also, the angle FCb is 
equal to TCb; therefore their 
supplements are equal; that 
is, FCB is equal to BCT. Therefore the remaming angle BFC is 
equal to the remaining angle CBT, and the triangle BCF is simi- 
lar to BCT. Hence CF:CB::CB:CT, 
or CB2=CT X CF=CE x CF (Pr. 12, Cor. 2). 

Also, since AE is parallel to BC, we have 

AE:BC::ET:CT. 
But ET=2CT (Pr. 12, Cor. 2) ; therefore AE=2BC ; 
and AE2=:4BC2=4CExCF. 

PBOPOSmON XIV. THEOEEM. 

« 

The parameter of any diameter is equal to four times the duh 
Um/cefrom its vertex to the focus. 

Let BAD be a. parabola, of which F is 
the focus, AC is any diameter, and BD 
its parameter ; then is BD equal to four 
times AF. 

Draw the tangent AE ; then, since AE 
FC is a parallelogram, AC is equal to EF, 
which is equal to AF (Pr. 4). 

Now, by Pr. 13, BC^ is equal to 4AF x 
AC ; that is, to 4 AF^. Hence BC is equal 
to twice AF, and BD is equal to four 
times AP. Therefore the parameter of any diameter, etc. 

Cor. Hence the square of an ordinate to any diameter is equal to 
the product of its parameter by the corresponding abscissa (Pr. 13). 

PROPOSITION XV. THEOBEM. 

If a cone be cut by a plane parallel to its side, the section is a 
parabola. 

Let ABGCD be a cone cut by a plane VD6 parallel to the 
slant side AB ; then will the section DVG be a parabola. 




PABABOLA. 



215 




Let ABC be a plane section through the 
axis of the cone, and perpendicular to the 
plane VD6; then VE, which is their com- 
mon section, will be parallel to AB (B. VH, 
Pr. 12). Let bgcd be a plane parallel to the 
base of the cone; the intersection of this 
plane with the cone will be a circle. 

Since the plane ABC divides the cone into 
two equal parts, BC is a diameter of the cir- 
cle BGCD, and be is a diameter of the circle 
bgcd. Let DE6, deg be the common sections 
of the plane VDG with the planes BGCD, 
bgcd respectively. Then DG is perpendicular to the plane ABC 
(B. VII., Pr. 8), and, consequently, to the lines VE, BC. For the 
same reason, ^^ is perpendicular to the two lines VE, be. 

Now, since be is parallel to BE, and ^B to cE, the figure SBE^ 
is a parallelogram, and be is equal to BE, But, because the tri- 
angles Vec, VEC are similar, we have 

€c:EC::Vc:VE; 
and, multiplying the first and second terms of this proportion by 
the equals be and BE, we have 

&6xec:BExEC::Ve:VE. 
But, since be is a diameter of the circle bged^ and de is perpendic* 
ular to be (B. W., Pr. 23, Cor.), be x ecz=de\ 
For the same reason, BE x EC =I>W. 

Substituting these values of ftex^c, and BExEC in the preced- 
ing proportion, we have 

de^iDE^iiYeiVE; 
that is, the squares of the ordinates are to each other as the cor* 
responding abscissas, and hence the curve is a parabola whose 
axis is VE (Pr. 9, Cor. 1). Hence the parabola is called a conic 
section, as mentioned on page 203. 

Sehol. 1. The conclusion that DVG is a parabola would not 
be legitimate unless it was proved that the property that " the 
squares of the ordinates are to each other as ^ 

the corresponding abscissas" is peculiar to 
the parabola. That such is the case ap- 
pears from the fact that, when the axis and 
one point of a parabola are given, this prop- 
erty will determine the position of every V 
other point of the curve. Thus, let VE be the axis of a parabola. 
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and g any point of the curve, from which draw the ordinate ge. 
Take any other point in the axis, as E, and make 6E of such a 
length that Ve : VE : : ge^ : GE^. 

Since the first three terms of this proportion are given, the 
fourth is determined, and the same i>roportion will detennine 
any number of points of the curve. 

dchcl, 2. AB, AC, the sides of the cone, may be conceived to be 
indefinitely extended, until the height of the cone ABiC is infinite. 
If the plane DVG be also indefinitely extended, the two branch- 
es of the parabola DVG will extend to an infinite distance from 
y, and will also recede to an infinite distance from the axis, as 
stated in Prop. 9, Cor. 2. 

PROPOSITION XVI. TUEOREM. 

A segment of a parabola cut off by a double ordinate to the axis 
is two thirds of its circumscribing rectangle. 

B K A Let AVD be a segment of a 

II parabola c.ut off by the straight 
line AD perpendicular to the 
axis. Through V draw the tan- 
Q. gent BC ; also, draw AB, CD par- 
allel to the axis; then will the 
parabolic segment AVD be two 
thirds of the rectangle ABCD. 

Let H be a point of the curve 
near to A, and through A and H 
draw the secant line AHE. Also, through H draw KL perpen- 
dicular, arid MN parallel to the axis. 

^ The area of the trapezoid AHLG is equal to ^AG+HL)!!!^, 
(B. rV., Pr. 1) ; and the area of the trapezoid ABMH is equal to 
i(AB+MH)AN. Hence we have 

AHLG : ABMH :: (AG+HL)HN : (AB+MH)A]Sr, 

:: (AG+HL)EG: (AB+MH)AG, 
because EG : AG : : HN : AN. 

If, now, we suppose the point H to move toward A, the secant 
line AHE will approach the position of a tangent to the curve at 
A, and will coincide with the tangent when H coincides with A. 
When, this takes place, AG will be equal to HL, find AB to MH ; 
also, EG will be double of VG or AB (Pr. 6). We shall then have 

AHLG _ 2 A G.EG EG 
• ABMH~2AB.AG""AB~ • 
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Hence the portion of the parabola included between two ordi- 
natea indefinitely near is double of the corresponding portion of 
the exteraal space ABV. The same may be proved for every 
point of the curve, and hence the whole space AVG is double the 
space ABV. Whence AVG is two thirds of ABVG, and the par- 
abolic segment AVD is two thirds of the circumscribing rectan- 
gle ABCD. Therefore a segment, etc. 

EXERCISES ON THE PARABOLA. 

I. The diameter of the circle described about the triangle AVB 
is equal to 5FV, (See fig., Pr. 4.) 

•2. If from the point D, DE be drawn at right angles to FA, 
then AE is equal to 2VF. (See fig., Pr. 7.) 

3. If the triangle ADP is equilateral, then AF is equal to the 
latus rectum. (See fig., Pr. 7.) 

4. If AB is a common tangent to a parabola, and the circle de- 
scribed on the latus rectum as a diameter, prove that AF and BF 
make equal angles with the latus rectum. 

5. If the tangent AC meets the directrix in 6, prove that AC. 
AG=AF2, tni that AC.CG= AF.FV. (See fig., Pr. 3.) / 

r 6. If AE be drawn at right angles to AV, meeting the axis in 

E, then CE is equal to 4VF. (See fig., Pr. 1.) 
+ 7. The tangent at any point of a parabola meets the directrix 

and latus rectum produced in points equally distant from the focus. 
8. Prove that BC=CD, and that BABC=BF.BD. (See fig., 

Pr. 8.) 
- 9. If a circle be described about the triangle AFC, the tangent 

to it from V is equal to one half AC. (See fig., Pr. 7.) 

10. If the ordinate of a point A bisect the subnormal of a point 

B, the ordinate of A is equal to the normal of B. 

II. If from any point on the tangent to a parabola a line be 
drawn touching the parabola, the angle between this line and the 
line to the focus from the same point is constant. 

12. If the diameter AC meets the directrix in 6, and the chord 
drawn through the focus parallel to the tangent at A iq C, prove 
that' AC = AG. (See fig., Pr. 14.) 

13. Required the area of a segment of a parabola cut off by a 
chord 15 inches in length, perpendicular to the axis, the corre- 
sponding abscissa of the axis being 21 inches. 

14. An ordinate to the axis of a parabola is 9 inchesf and the 
corresponding abscissa is 10 inches ; required the latus rectum. 

K 
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15. An ordinate to a diameter of a parabola is 12 inches, and 
the corresponding abscissa is 5 inches; required the parameter 
of that diameter. 

16. The latas rectum of a parabola is 20 inches; required the 
area of the segment cut off by a double ordinate to the axis 
when the corresponding abscissa is 30 inches. 

17. The latus rectum of a parabola is 9. What is the ordinate 
to the axis corresponding to the abscissa 4 ? 

18. The latus rectum of a parabola is 10 inches. Find the or- 
dinate to the axis corresponding to that point of the curve from 
which, if a tangent and normal be drawn, they will foim with the 
axis a triangle whose area is 36 inches. 

19. The latus rectum of a parabola is 15, and a tangent ]» 
drawn through the point whose ordinate to the axis is 4. De- 
termine where the tangent line meets the axis produced. 

20. The latus rectum of a parabola is 12, and a tangent is 
drawn through the point whose ordinate -to the axis is 7. De- 
termine where the normal line passing through the same point 
meets the axis. 
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ELLIPSE. 

Definitions. 

1. An eUipse is a plane curve traced out by a point which moves 
in such a manner that the mm of its distances from two fixed 
points is always the same. 

2. Th^ two fixed points are called the/oc^ of the ellipse. 
Thus, if P and F' are two fixed points, 

and if the point D moves about F in such 
a manner that the sum of its distances 
from F and F' is always the same, the 
point D will describe an ellipse, of which 
F atid F' are the focL 

3. The centre of the ellipse is the mid- 
dle point of the straight line joining the foci 

4. The eccentricity is the distance from either focus to the 
centre. 

Thus, let F and F' be the foci of the b 

ellipse ABA'B'. Draw the line FF', 
and bisect it in C. The point C is the 
centre of the ellipse, and CF or CF' is ^ 
the eccentricity. 

5. A diameter is any straight line 
passing through the centre, and ter- 
minated on both sides by the curve. 

6. The extremities of a diameter are called its vertices. 

Thus, through C draw any straight line DD' terminated by the 
curve ; DD' is a diameter of the ellipse ; D and D' are the vertices 
of that diameter. 

7. The major axis is the diameter which passes through the 
foci. 

8. The minor axis is the diameter which is perpendicular to 
the major axis. 

Thus, produce the line FF' to meet the curve in A and A', and 
through C draw BB' perpendicular to AA' ; then is AA' the ma- 
jor axis, and BB' the minor axis. 

9. A tangent to an ellipse is a straight line which meets the 
curve in one point only, and every'where else falls without it. 
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10. An ordinate to a diameter is a straight line drawn from 
any point of the carve to the diameter, and is parallel to the tan- 
gent at one of its vertices. 

Thus, let DD' be any diameter, and 
TT a tangent to the ellipse at D. From 
any point G of the curve draw 6KG' 
parallel to TT, and cutting DD' in K ; 
then is GK an ordinate to the diameter 
DD'. It is proved in Pr. 7 that the tan- 
gents at D and D' are parallel. 
It is proved in Pr. 21, Cor. 1, that GK 

is equal to G'E ; hence the entire line GG' is called a double or- 

dincUe. 

11. Each of the parts into which a diameter is divided by an 
ordinate is called an dbsciaaa. 

Thus, DE and D'K are the abscissas of the diameter DD' cor* 
responding tb the ordinate GE, or to the point G. 

12. One diameter is said to be conjugate to another when it is 
parallel to the ordinates of the other diameter. 

Thus, draw the diameter EE' parallel to GK, an ordinate to 
the diameter DD', in which case it will, of course, be parallel to 
the tangent TT'; then is the diameter EE' conjugate to DD'. 

13. The lotus rectum is the double 
ordinate to the major axis which 
passes through one of the foci. 

Thus, through the focus F' draw 
LL', a double ordinate to the majof 
axis; it will be the latus rectum of 
the ellipse. 

14. Asubtangent\% that part of an 
axis produced which is included between a tangent and the or- 
dinate drawn from the point of contact. 

Thus, if TT' be a tangent to the curve at D, and DG an ordi- 
nate to the major axis, then GT is the corresponding subtangent. 

15. The directrix of an ellipse is 
^ a straight line perpendicular to the 
major axis produced, and intersect- 
ing it in the same point with the 
tangent drawn through one ex- 
tremity of the latus rectum. 
Thus, if LT be a tangent drawn 
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throngh one extremity of the latus rectum LLV meeting the axis 
produced in T, and GT be drawn through the point of intersec- 
tion perpendicular to the axis, it will be the directrix of the ellipse. 
The ellipse has two directrices, one corresponding to the focus 
F, and the other to the focus F'. 

PROPOSITION I. THEOBEM. 

The ^um of the two lines drawn from any point of an ellipse to 
the foci is equal to the major axis. 

Let ADA' be an ellipse, of which F, 
F' are the foci, AA' is the major axis, 
and D any point of the curve ; then 
will DF+DF be equal to AA'. 

For, by DeC 1, the sum of the dis- 
tances of any point of the curve from 
the foci is equal to a given line. Now, 
when the point D arrives at A, FA+F'A, or 2AF+FF' is equal 
to the given line. And when D is at A', FA'+F'A', or 2A'F+ 
FF' is equal to the same line. Hence 

2AF+FF=2AT'+FF; 
consequently, AF is equal to AT'. 

Hence DF+DF', which is equal to AF+AF,must be equal to 
AA'. Therefore the sum of the two lines, etc. 

Cor. The major axis is bisected in the centre. For, by Def. 3, 
CF is equal to CF' ; and we have just proved that AF is equal to 
A'F' ; therefore AC is equal to A'C. 

PEOPOSITION n. PROBLEM. 

The major axis and foci of an ellipse being given^ to describe 
the curve. 

FiEST METHOD. JBj/ points. 

Let AA' be the major axis, and F, F' 
the foci of an ellipse. Take £ any point 
between the foci, and from F and F' 
as centres, with the distances A£, A'£ X 
as radii, describe two circles cutting 
each other in the point D ; D will be 
a point on the ellipse. For, join FD, 
F'D; then DF+DF =:EA+EA'=AA'; and, at whatever point 
between the foci E is taken, the sum of DF and DF' will be equal 
to AA'. Hence, by Def. 1, D is a point on the curve ; and, in the 
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same maimer, any number of points in the ellipse may be deter- 
mined. . 

Cor. The same circles determine two points of the curve D and 
D', one above and one below the major axis. It is also evident 
that these two points are equally distant from the axis ; that is, 
the ellipse is symmetrical with respect to its major axis, and is 
bisected by it. 
Second method. By continuous motion. 

Take a thread equal in length to the 
major axis of the ellipse, and fasten one ' 
of its extremities at F, the other at F'. 
Then let a pencil be made to glide along 
the thread, so as to keep it always stretch- 
ed ; the curve described by the point of 
the pencil will be an ellipse. For in every 
position of the pencil the sum of the dis- 
tances DF, DF' will be the same, viz., equal to the entire length 
of the string. 
Scholium. The ellipse is evidently a continuous and closed curve. 

PEOPOsmoN in. theobem. 

The mm of two lines dravmfrom any point without the ellipse 
to ths foci is greater than the major axis / and the sum of two 
lines drawn from any point within the ellipse to the foci is less than 
the major axis. 

Let ADA' be an ellipse, of which 
F, F' are the foci, and AA' the major 
axis ; and let £ be a point without the 
ellipse. Join EF, EF'; the sum of 
EF and EF' will be greater than AA'. 
Let EF^, which must meet the el- 
lipse, meet it in D ; then DE+EF is 
greater than DF (B. L, Pr. 8). Adding DF' to these unequals, we 
have EF+EF' greater than DF+DF' ; that is, than AA'. 

Again, let G be a point within the ellipse ; then GF+GF' will 
be less than AA'. 

Let F'G, which must meet the curve if produced beyond G, 
meet it in D, and join DF. The Ime GF is less than DG+DF 
(B. L,Pr. 8). Adding GF' to these unequals, we have GF+GF' 
less than DF+DF'; that is, less than AA'. Therefore the sum, 
etc 
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Cot. a point is without or within the ellipse according as the 
fium of two lines drawn from it to the foci is greater or less than 
the major axis. 

PBOPOSITION IV. THEOREM. 

JEkery diameter of an ellipse is bisected in the centre. 

Let D be any point of an ellipse ; join 
DF, DF', and FF'. Complete the paral- 
lelogram DFD'F', and join DD'. 

Now, because the opposite sides of a 
parallelogram are equal, the sum of DF 
and DF' is equal to the sum of D'F and 
D'F' ; hence D' is a point in the ellipse. 
But the diagonals of a parallelogram bisect each other ; there* 
fore FF' is bisected in C ; that is, C is the centre of the ellipse, and 
DD' is a diameter bisected in C. Therefore every diameter, eta 

PEOPOSinOIT V. THEOBEM. 

The distance from either focus to the extremity of the minor 
axis is equal to half the major axis. 

Let F and F' be the foci of an el- b 

lipse, AA' the major axis, and BB' the 
minor axis; draw the straight lines 
BF, BF' ; then BF, BF' are each equal ^ , 
to AC. 

In the two right-angled triangles 
BCF, BCF, CF is equal to CF', and 
BC is common to both triangles; 
hence BF is equal to BF. But BF+BF' is equal to 2AC (Pr. 
1) ; consequently, BF and BF' are each equal to AC. Therefore 
the distance, etc. 

Cor. 1. Solfihe minor axis is a mean proportional between the 
parts into which either focus divides the major axis. 

For BC2 is equal to BF^-FC^ (B. IV., Pr. 11), which is equal 
to AC2-FC3 (Pr. 6). Hence (B. IV., Pr. 10) 

BC2=(AC+FC) X (AC-FC) 
=:AF'xAF; and, therefore, 
AF:BC::BC:FA'. 

Cor. 2. The square of the eccentricity is equal to the dijfference 
of the squares of the semi-axes. 

For FC2 is equal to BF^-BC^, which is equal to AC^-BC^. 
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PEOPOSinON VI. THEOREM. 

A tangent to the ellipse makes equal angles with straight Knei 
drawn from the point ofcovUact to the foci. 

Let F, F' be the foci of an ellipse, and 
D any point of the curve ; if through 
the point D the line iLt^ be drawn, 
making the angle TDF equal to TT>F', 
then will TT' be a tangent to the ellipse 
at D. — 

Let E be any point in the line TT 
different from D. Produce F'D to G, 
making DG equal to DF, and join EF, EF', EG and FG. 

Now, in the two triangles DFH, DGH, because DFis equal to 
DG, DH is common to both triangles, and the angle FDH is, by 
supposition, equal to F'D'F, which is equal to the vertical angle 
GDH ; therefore HF is equal to HG, and the angle DHF is equal 
to the angle DHG. Hence the line TT' is perpendicular to FG 
at its middle point; and, therefore, EF is equal to EG. Hence 
EF+EF' is equal to EG+EF'. But EG+EF is greater than 
GF' ; that is, greater than FD+F'D, which is equal to the major 
axis of the ellipse; therefore EF+EF' is greater than the major 
axis, and hence the point E is without the ellipse (Pr. 3, Cor.). 
Therefore every point of the line TT' except D is without the 
curve ; that is, TT' is a tangent to the curve at D. 

Cor, 1. As the point D moves to- 
ward A, each of the angles FDT, FT)^ 
increases, and at A becomes a right 
angle. Hence the tangents at the 
vertices of the major axis are perpen- 
dicular to that axis. Also, since the 
angle FBC is equal to F'BC (Pr. 6), 
the tangents at the vertices of the 
minor axis are perpendicular to that axis, and hence an ordinate 
to either axis is perpendicular to that axis. 

Cot, 2. If TT' represent a plane mirror, a ray of light proceed- 
ing from F in the direction FD would be reflected in the direc- 
tion DF', making the angle of reflection equal to the angle of in- 
cidence. And, since the ellipse may be regarded as coinciding 
with a tangent at the point of contact, if rays of light proceed 
from one focus of a polished concave surface whose flgureis that 




ELLIPSE. 



225 




produced by the revolution of an ellipse about its major axis, 
they will all be reflected to the other focus. For this reason, the 
points F, F' are called the fociy or burning points. 

PBOPOsrnoN vil thbobem. 
Tanfferiis to the ellipse at the vertices of any diameter are paral- 
lel to each other. 

Let DD' be any diameter of 
an ellipse, and TT, W tan- 
gents to the curve at the points 
I), D'; then will they be paral- 
lel to each other. 

Join DF, DF, D'F, D'F ; 
then, by the preceding Propo- 
sition, the angle FDT is equal 
to FDT, and the angle FD' V is 
equal to FDT'. But,byPr.4, 
DFD'F' is a parallelogram ; and, since the opposite angles of a 
parallelogram are equal, the angle FDF' is equal to FD'F'; there- 
fore the angle FDT is equal to FT)T' (B. I., Pr. 2). Also, since 
FD is parallel to F'D', the angle FDD' is equal to F'D'D ; hence 
the whole angle D'DTis equal to DD'V'; and, consequently, TT 
is parallel to W. Therefore tangents, etc. 

Cor. If tangents are drawn through the vertices of any two di- 
ameters, they will form a parallelogram^ircumscribing the ellipse. 

PROPOsinoK vnL theoebm. 
If from the vertex of any diameter straight lines are dravm 
through thefody meeting the conjugate diameter^ thepart intercept^ 
edby the conjugate is egualto half the rnxxjor axis. 

Let E£' be a diameter conjugate 
to DD', and let the lines DF, DF' bo 
drawn, and produced, if necessary, 
so as to meet ££' in H and K ; then 
will DH or DK be equal to AC. 

Draw FG parallel to EE' or TT'. 
Then the angle DGF is equal to the 
alternate angle F'DT', and the an- 
gle DFG is equal to FDT. But the 
angles FDT, F'DT' are equal to each other (Pr. 1) ; hence the an« 
gles DGF, DFG are equal to each other, and DG is equal to DF, 

K2 
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Also, because CH is parallel to FG, and CF is equal to CF', there- 
fore HG must be equal to HF'. 

Hence FD+FD is equal to 2DG+2GH or 2Da But FD-h 
FT) is equal to 2AC. Therefore 2AC is equal to 2DH, or AC is 
equal to DH. 

Also, the angle DHE is equal to DEH, and hence DE is equal 
to DH or AC. Therefore, if from the vertex, etc. 

PEOPOSITION IX. THEOBEM. 

Perpendiculars drawn from the fod upon a tangent to the el- 
lipse meet the tangent in the circumfere7ice of a circle whose di- 
ameter is the major axis. 

Let TT' be a tangent to the ellipse 
at D, and from F' draw F'E perpen- 
dicular to TT; the point E will be 
in the circumference of a circler de- 
scribed upon AA' as a diameterl 

Join CE, FD, FD, and produce 
F'E to meet FD produced in G. 

Then, in the two triangles DEF', 
DEG, because DE is common to both 
triang^les, the an&^les at E are equal, 
being right angles ; also, the angle 
EDF is equal to FDT (Pr. 6), which 
is equal to the vertical angle EDG ; therefore DF' is equal to 
DG, and EF' is equal to EG. 

Also, because F'E is equal to EG, and F'C is equal to CF, CE 
must be parallel to FG, and, consequently,- equal to half of FG. 

But, since DG has been proved equal to DF', FG is equal to 
FD+DF', which is equal to AA'. Hence CE is equal to half of 
AA' or AC ; and a circle described with C as a centre, and radius 
CA, will pass through the point E. 

The same may be proved of a perpendicular let fall upon TT 
from the focus F, Therefore perpendiculars, etc. 

Cor. CE is parallel to DF; and, if CH be joined, CH will be par- 
allel to DF'. 




PBOPOSinOK X. THEOBEM. 

The product of the perpendiculars let faU from the foci upon a 
tangent is equal to the square of half the minor axis. 

Let TT' be a tangent to the ellipse at any point E, and let the 
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perpendiculars FD, P'G be drawn 
from the foci ; then will the prod- 
uct of FD by F'G be equal to the 
square* of BC. 

On AA' as a diameter, describe 
a circle ; it will pass through the ^ 
points D and G (Pr. 9). 

Produce GF' to meet the circle 
in D', and join DD' ; then, since 
the angle at G is a right angle, 
DD' passes through the centre C. 
Because FD and D'G are perpendicular to the same straight line, 
they are parallel to each other, and the alternate angles CFD, 
CF'D' are equal. Also, the vertical angles DCF, D'CF' are equal, 
and CF is equal to CF'. Therefore DF is equal to D'F' f hence 
DFxGF is equal to DT'xGF', which is equal to AT'xF'A 
(B. IV., Pr. 28), which is equal to BC^ (Pr. 6, Cor. 1). 

Cot. The triangles FDE, P'GE are similar; hence 

FD:F'G::]^E:F'E; 
that \%^pefrpendiculaT% let faU from tJiefod upon a tangent are to 
each other as the di8tap>C€9 of the point of contact from the foci. 

PEOPOSITION XL THEOSEM. 

If a tangent and ordinate be drawn from the mme point of an 
eUipaCy meeting either axis prodicced^ half of that axis wHl be a 
Tiiean proportional between the distances of the two intersections 
from the centre. \ 

1st. For the major axis. 

Let TT' be a tangent to the ellipse, and DG an ordinate to the 
major axis from the point of contact ; then we shall have 

CT:CA::CA:CG. 

From F draw FH per- 
pendicular to TT'; join 
DF, DF', CH and GH. 
Then, by Pr. 9, Cor., CH 
is parallel to DF'. Also, 
since DGF, DHF are both 
right angles, a circle de- 
scribed on DF as a di- 
ameter will pass through the points G and H. Therefore the 
angle HGF is equal to the angle HDF (B.in.,Pr. 15,Cor.l), 
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which is equal to TT)F' 
or DHC. Hence the an- 
gles CGHand CHT, which 
are the supplements of H 
GF and DHC are equal ; 
and, since the angle is 
common to the two trian- 
gles CGH, CHT, these tri- 
angles are equiangular, &nd we have 

CT:CH::CH:Ca 
But CH is equal to CA (Pr. 9) ; therefore 

CT:CA::CA:CG. 
2d. For the minor axis. 

Let the tangent TT' meet the minor axis in T', and let DG' be 
an ordinate to the minor axis from the point of contact ; then we 
shall have CT' : CB : : CB : CG'. 

Draw DH perpendicular to 
T' TT, and it will bisect the an- 

gle FDF (Pr. 6). Hence 
HP':HF::DF:DF 
::TF':TF(Pr.lO,Cor.). 
T Therefore (B. H., Pr. 8) 

2CF:2CH::2CT:2CF. 
^ Whence CTxCH=CF2. 

But we have proved that 
-f CTxCG=eA2. 
Subtracting the former from the latter, we have 

CT X GH=CA2~CF2= CB^. 
Because the triangles DGH and CTT' are similar, we have 

CT:CT'::DG:GH. 

CTxGH=CT'xDG=CT'xCG'. 

CT'xCG'=CB2, 

CT':CB::CB:CG'. 

Cor. By this Proposition, 

CA2=CG.CT. 
If a second ordinate dg^&nd tangest 
dty be drawn, we shall also have 

CA2=C^.C«. 
Whence CG.CTznC^.C^, 




Whence 

Therefore 

or 




or. 



QC:Cf/::Ct:CT. 



I 
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PEOPOSmON XIL THEOEEM. 

TTie mbtangent of an ellipse is equal to the corresponding sub* 
tangent of the circle described upon its major axis. 

Let AE A' be a circle described 
pn AA\ the major axis of an el- 
lipse, and from any point E in 
the circle draw the ordinate EG, 
cutting the ellipse in D. Draw '^1 
PT touching the ellipse at D, 
and join ET; then will ET be a 
tangent to the circle at E. 

Join CE. Then, by the last Proposition, 

CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT:CE::CE:Ca 
Hence the triangles CET, CGE, having the angle at C common, 
and the sides about this angle proportional, are similar (B. IV., 
Pr. 21). Therefore the angle CET, being equal to the angle 
CGE, is a right angle ; that is, the line ET is perpendicular to 
the radius CE, and is, consequently, a tangent to* the circle (B. 
in.,Pr. 9). Hence GT is the subtangent corresponding to each 
of the tangents DT and ET. Therefore the subtangent, etc. 

Cor. A similar property may be proved of a tangent to the el- 
lipse meeting the minor axis. 

PEOPOSITION Xni. THEOBBM. 

TJie square of either axis is to the square of the other as the 
rectangle of the abscissas of the former is to the square of their 
ordinate. 

1st. -Fbr the major axis. 
Let DE be an ordinate to the 
major axis from the point D ; then 
we shall have 

CA»:CB2::AExEA':DE2. 
Draw TT' a tangent to the el- , 
lipse at D ; then, by Pr. 1 1 , ^ 

CT:CA::CA:CE. 
Hence (B.n.,Pr. 13) 

CT:CE::CA2:CE2; 
and by division (B. H., Pr. 7), 
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CT: ET:: CA^: CA^-CE'. (1) 
Again, by Pr. 11, 

Crr:CB::CB:CE'orDE. 
Hence CT' : DE : : CB« : DE^. 
But, by similar triangles, 
^ T CT':DE::CT:ET; 

Therefore 

CT:ET::CB2:DE2. (2) 
Comparing proportions (1) and (2), 
we have CA^ : CA^-CE^ :: CB^ : DE^. 

But CA2-CE2 is equal to AE x EA' (B. IV., Pr. 10). 
Hence CA«:CB2::AExEA':DE«. 

2d. J^or the minor axis. 

Let DE' be an ordinate to the minor axis ; then we shall have 

CB2 : C A2 : : BE' x E'B' : DE'^. 

We have already proved that 

CA2:CA2-CE2::CB2:DE2(=CE'2); 

therefore, by division, 

C A2 : CE2 : : CB^ : CB^-CE'^ ; 
or CB2 : CA^ : : CB^-CE'^ : DE'^. 

But CB2-CE'2 is equal.to BE' x E'B' (B. IV., Pr. 10). 
Hence CB^ : C A^ : : BE' x E'B' : DE'a. 

Cor. 1. CA2 : CB^ :: CA^-CE^ : DE^. 

Cor. 2. The squares of the ordinates to either axis are to each 
other as the rectangles of their abscissas. 

PEOPOSinON XIV. THEOBSM. 

« 

If a circle be described on either axis^ then any ordinate in the 
circle is to the corresponding ordinate in the eUipae as the axis of 
that ordinate is to the other axis. 

^'^ '-...^ Let a circle be described on AA' as 

^ N^ a diameter, and let DE, an ordinate to 

the axis, be produced to meet the cir- 
cle in G ; then 
lA GE:DE::AC:BC. 

For (Pr. 13) 

AC2:BC2::AExEA':DE2. 

But AE X EA' is equal to GE? (B. IV., 

Pr. 23, Cor.) 




Therefore 
or 



AC2:BC2::GE2:DE2, 
AC:BC::GE:DE. 
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Also, if a circle be described on BB' as a diameter, and the or- 
dinate DE' be drawn meeting the circle in 6', then 

G'E':DE'::BC:AC. 

PEOPOSmON XV. THEOBEM. 

The latuB rectum is a third proportional to the major and minor 
a/xes. 

Let UJ be a double ordinate to the 
major axis passing through the focus 
F; then we shall have 

AA':BB'::BB':LL'. 
Because LF is an ordinate to the ma- 
jor axis, 

AC2 : BC2 : : AF X FA' : LF^ (Pr. 1 3). 
::BC2:LF2(Pr.6,Cor.l). 
Hence AC : BC : : BC : LF, 

or AA':BB'::BB':LL'. 

Therefore the latus rectum, etc. 

PEOPOsrriON xvi. theobeh. 

If one diameter of an dlipee is conjugate to anotJier^ and if 
from the vertices of these two diameters ordinates be dravm to either 
tixiSj the sum of the squares of these ordinates wiU be equal to the 
square of half the other axis. 

Let the diameter ££' be 
conjugate to DD'; and let 
DG and EH, ordinates to 
the major axis, be drawn 
from their vertices; in which ^^ 
case C6 and CH will be equal 
to the ordinates of the minor 
axis drawn from the same 
points; then we shall have 

CG2+CH2=CA2; 
and DG2+EH2=CB2. 

Upon AA^ as a diameter describe the circle AMA^, and produce 
DG and EH to cut the circumference in M and N. Draw the 
tangents at D and M, which will meet pach other in T, in the axis 
produced (Pr. 12). Join CM and CN. 

Since DT is parallel to EC, the triangles DTG and ECH are 
similar, and therefore 
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CH:GT::EH:DG 

::NH:Ma ByPr.l4. 
Hence the triangle NHC is similar to MGT, and it is also similai 
to MCG (B. IV., Pr. 23). But the hypothenuse CM=CN ; there- 
fore MG=CH; and, consequently, 

CG2+CH2=CG2+GM2=CM2=CA». 
Secondly. By Pr. 14, 

AC2:BC2::NH2:EH» 
::MG2:DG» 

::NH2+MG2:EHHD62 (B.n.,Pr.6). 
But NH2+MG2=NH2+CH2=CN2=AC2; 

therefore EH^+DG^zrBC^. 

Therefore, if one diameter, etc. 
Cor. 1. Since CG^^NH*, we have 

AC2:BC2::CG2:EH«. 
Cor. 2. If one diameter of an ellipse is conjugate to another, 
the second is conjugate to the first. For if the tangent ET' be 
drawn, it will be parallel to DD'. 

Draw NT' ; it will be tangent to the circle at N", and the trian- 
gle NTH will be similar to NHC ; that is, to CGM. 
Hence T'H:CG::NH:MG 

::EH:DG. 
Therefore the triangles ET'H and DCG are similar, and ET' is 
parallel to CD. . 

Cor. 3. Since 

CA2:CB2::MG2:DGS 
and 

MG2=CG.GT (B. IV., Pr. 23, Cor.), 
we have CA^ : CB^ : : CG.GT : D6». 

_^ If a second ordinate dg^ and tangent 

o gATt T ^ |j^ drawn, we shall have 

CA2:CB2::C^.^^:d^2, 
Hence CG.GT : Cg.gt : : DG^ : dgi 

PEOPOSmON XVII. THEOBEK. 

The sum of the squares of any two conjugate diameters is equal 
to the sum of the squares of the axes. 

Let DD',EE' be any two conjugate diameters; then, we shall 
have DD'2+EE'2=AA'2+BB'2. 

Draw DG, EH ordinates to the major axis. Then, by the pre- 
ceding Proposition, CG2+CH2=CA2, 
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and DG2+EH2=CB2. 

Hence 

CG2+DG2+CH2+EH2=CA2+CB2, 
or CD2+CE2=CA2+CB2; X 

that is 

DD'2+EE'2=AA'2+BB'2. 

Therefore the sum of the squares, «tc. "^ 

PROPOSITION XVIIL THEOBEM. 

The paraUelogfram formed by drawing tangmts through the ver- 
tices of two conjugate diameters is equal to^ the rectangle of tlie 
axes. 

Let DED'E' be a parallelogram formed by drawing tangents 
to the ellipse through the vertices of two conjugate diameters 
Di)', EE' ; its area is equal to AA' x BB'. 

Let the tangent at D 
meet the major axis pro- 
duced in T; join ET, and 
draw the ordinates DG, 
EU 

Then, by Pr. 16, Cor. 1, we 
have 

CA2:CB2::CG2:E'H2, 
or CA:CB::CG:E'H. 
But CT:CA::CA:CG(Pr.ll); 

hence CT:CB::CA:E'H, 

or CA X CB is equal to CT x E'H, 

•which is equal to twice the triangle CE'T, or the parallelogram 
PE' ; since the triangle and parallelogram have the same base 
CE', and are between the same parallels. 

Hence 4CA x CB or AA' x BB' is equal to 4DE', or the parallel- 
ogram DED'E'. Therefore the parallelogram, etc. 

PEOPOSITION XIX. THEOBEH. 

If from tJie vertex of any diameter straight lines are drawn to 
thefoci^ t/ieir product is equal to the square of half the conjugate 
diameter. 

Let DD', EE' be two conjugate diameters, and from D let lines 
be drawn to the foci ; then will FD x F'D be equal to EC*. 

Draw a tangent to the ellipse at D, and upon it let fall the per- 
pendiculars FG, F'H ; draw, also, DK perpendicular to EE'. 
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Then, becausef the triangles DFG, 
DLK, DF'H are similar, we have 

FD:FG::DL:DK. 
Also, F'D:F'H::DL:DK 
Whence (B.IL,Pr. 12) 
FDxF'D:FGxF'H::DL2:DK2.(l) 
But,byPr.l8, 

ACxBC=ECxDK; 
whence 
ACorDL:DK::EC:BC, 
and DL2 : DK^ : : EC^ : BC^. (2) 

Comparing proportions (1) and (2), we have 

FDxFa):FGxF'H::EC2:BC2. 
But FGxF'H is equal to BC^ (Pr. 10) ; hence FDxF'D is equal 
to EC^. Therefore, if from the vertex, etc. 

PBOPOSITiON XX. THEOEEM. 

If a tangent and ordinate be dravmfrom the Barm point of cm 
ellipse to any diameter^ half of that diameter wiU he a mean pro- 
portional b^ween the diataiicea of the two intersections from the 
centre. 

Let a tangent EG and an ordinate EH be drawn from the same 
point E of an ellipse, meeting the diameter CD produced ; then 
we shall have CG : CD : : CD : CH. * 




Produce EG and EH to meet the major axis in K and L ; draw 
DT a tangent to the curve at the point D, and draw DM paral- 
lel to GK Also, draw the ordinates EN, DO. 

By similar triangles we have 

OM:NK::DO:EN, 
and also OT : NL : : DO : EN. 

Multiplying together the terms of these proportions (B. n.,Pr. 
12), we have 
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OM.OT::NKNL::D02:EN2::CO.OT:CKNK(Pr.l6,Cor.3). 
Omitting the factor OT in the antecedents, and NK in the con- 
sequents of this proportion (B.IL,Pr. 10, Cor.), we have 

OM:NX::CO:CN, 
and, by composition, CO : CN : : CM : CL. 
But, by Pn 1 1 , Cor., CO : CN : : CK : CT. 
Whence ^ CK: CM::CT: CL. 

But CK:CM::CG:CD, 

and CT:CL::CD:CH; 

hence C6:CD::CD:CH. 

Tlierefore, if a tangent, etc. 

PBOPOSinON XXL THEOREM. 

The square of any diameter is to the square of its conjugate as 
the rectangk of its abscissas is to the square of their ordinate^ 

Let DD', EE' be two conjugate di- ij./ 

ameters, and GH an ordinate to DD'; v^w^ ^- x -^... ^ 
then J^^s.^ \ ^v ^^^ 

Diy2:EE'2::DIIxin)':GH2. 

Draw TT' a tangent to the curve 
at the point G, and draw GK an or- 
dinate to EE'. Then, by Pr. 20, 

CT:CD::CD:CH, 
and CD2:CH2::CT:CH (B.IL,Pr.l3); 

whence, by division, 

CD2 : CD2-CH2 : : CT : HT. (1) 

Also, by Pr, 20, CT' : CE : : CE : CK, 

and CE2 : CK^ : : CT' : CK or GH, 

::CT:HT. (2) 

Comparing proportions (1) and (2), we have 

CD2 : CE2 : : CD^-CH^ : CK^ or GH», 
or i)D'2 : EE'2 : : DH x KD' : Gm 

Therefore the square, etc. 

Cor. 1. Li the same manner, it may be proved that DD''* : EE'^ 
: : DH x HD' : G'H^ ; hence GH is equal to G'H, or eoery diameter 
Msects aXL chords parallel to the tangents at its vertices. 

Cor. 2. The squares of the ordinates to any diameter are to 
each other as the rectangles of their abscissas. 
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PEOPOsrriON xxii. theorem. 

If a cone be cut by a plane^ making an angle with the base less 
than that made 'by the side of the conCj the section is an eUipse. 

Let ABC be a cone cut by a plane DE 
6H, making an angle with tbe base less 
than that made by the side of the cone ; 
the section DeEGHA is an ellipse. 

Let ABO be a section through the axis 
of the cone, and perpendicular to the plane 
DE6H. Let EMHO, emho be circular sec- 
tions parallel to the base; then EH, the in- 
tersection of the planes DEGHjEMHO will 
be perpendicular to the plane ABC, and, 
consequently, to each of the lines DG, MO. So, also, eh will be 
perpendicular to DG and mo. 

Now, because the triangles DNO, Dno are similar, as also the 
triangles GMN, Gmn^ we have the proportions 

NO : no ::DN:Dw, 
and MN : mn : : NG : nG. 

Hence, by B. H., Pr. 12, 

MN X NO : m;i X no ::DNxNG:DnxwG. 
But, since MO is a diameter of the circle EMHO, and EN is per- 
pendicular to MO, we have (B. IV., Pr. 23, Cor.) 

MNxN0=:EN2. 
For the same reason, m?i x no=en\ 

Substituting these values of MNxNO and mnxno in the pre- 
ceding proportion, we have 

EN2:en2::DNxNG:DnxnG; 
that is, the squares of the ordinates to the diameter DG are to 
each other as the products of the corresponding abscissas. There- 
fore the curve is an ellipse (Pr. 13, Cor. 2), whose major axis is 
DG. Hence the ellipse is called a conic section^ as mentioned oa 
page 203. 

Scholium. The conclusion that the curve DEGH is an ellipse 
would not be legitimate unless the property above demonstrated 
were peculiar to the ellipse. That such is the case appears from 
the fact that when the major axis and one point of an ellipse are 
given, this property will determine the position of every other 
point of the curve, in the same manner as was shown in the cor- 
responding Proposition for the parabola, p. 215. 
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PEOPOSrrioN XXIII. THEOBBM. 

TJie area of an ellipse is a mean proportional between the two 
circles described on its axes. 

Let AA' be the major axis.of an ellipse ABA'B'. On AA' as a 
diameter describe a circle; inscribe in the circle any regular 
polygon AEDA', and from the vertices E, D, etc., of the polygon 
draw perpendiculars to AA'. Join the points B, G, etc., in which 
these perpendiculars intersect the ellipse, and there will be in- 
scribed in the ellipse a polygon of an equal number of sides. 

Now the area of the trapezoid CEDH is equal to (CE+DH) x 

-5-; and the area of the trapezoid CBGH is equal to (CB+6H) 

CH 
X-r-. These trapezoids are to each 

other as CE+DH to CB+GH, or as 
AC to BC (Pr. 14). 

In the same manner, it maybe proved 
that each of the trapezoids composing 
the polygon inscribed in the circle is 
to the corresponding trapezoid of the 
polygon inscribed in the ellipse as AC 
to BC. Hence the entire polygon in- 
scribed in the circle is to the polygon inscribed in the ellipse as 
AC to BC. 

Since this proportion is true, whatever be the number of sides 
of the polygons, it will be true when the number is indefinitely 
increased ; in which case one of the polygons coincides with thp 
circle, and the other with the ellipse. Hence we have 

area of circle : area of eUipse : : AC : BC. 

But the area of the circle is represented by irAC^; hence the 
area of the ellipse is equal to xACxBC, which is a mean propor- 
tional between the two circles described on the axes. 

PBOPOSmON' XXIV. THEOBEM. 

The distance of anf/ point in an ellipse from either focus is to 
its distance from the corresponding directrix as the eccentricity to 
half the major aods. 

Let D be any point in the ellipse ; let DF, DF' be drawn to 
the two foci, and DG, DG' perpendicular to the directrices ; then 

DF:DG::DF:DG'::CF:CA 
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Draw DE perpendicular to the 
major axis, and take H, a point in 
the axis, so that AH=DF, and 
consequently HA' = DF'; then 
CH is half the difference between 
A'H and AH, or DF and DF, 
and CE is half the difference be- 



tween FE and F'R By B. IV., Pr. 34, 

FF : DF+DF : : DF-DF : F'E-FE. 
Dividing each term by two, we have 

CF:CA::CH:CE. 
But, by Pr. 11, CA : CT :: CF : CA 

Therefore C A : CT : : CH : CE. 

Hence (B. H., Pr. 1) 

CA-CH:CT-CE::CA:CT, 
or AH:ET::CA:CT::CF:CA; 

that is, DF : DG : : CF : C A. 

la the same manner, it may be proved that 

DF:DG'::CF:CA. 



EXERCISES ON THE ELLIPSE. 

1. If a series of ellipses be described having the same major 
axis, the tangents at the extremities of their latera recta will all 
meet the minor axis in the same point. 

2. The foci of an ellipse being given, it is required to describe 
an ellipse touching a given straight line. 

3. If the angle FBF'be a right angle, prove that CA2=2CB2. 
(See fig., Pr. 5.) 

4. If a circle be described touching the major axis in one focus, 
and passing through one extremity of the minor axis, AC will be 
a mean proportional between BC and the diameter of this circle. 
(See fig., Pr. 6.) 

5. If, on the two axes of an ellipse as diameters, circles be de- 
scribed, and a line be drawn through the centre cutting the 
larger circle in H and H', and the smaller circle in K and K', 
then HKH'K=CF». (See fig., Pr. 14.) 

6. If DG produced meet the tangent at the extremity of the 
latus rectum in K, then KG=DP. (See fig., Pr. 11.) 

7. A tangent to the ellipse makes a greater angle with a line 
drawn from the point of contact to one of the foci than with the 
perpendicular on the directrix. (See fig., Pr. 24.) 
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8. If from C one line be drawn parallel, and another perpendic- 
ular to the tangent at D, they inclose a part of DF' equal to DF. 
(See fig., Rr, 9.) 

9. If the tangent at the vertex A cnt any two conjugate diam- 
eters in T and t, then ATM=BC\ (See fig., Pr. 16.) 

10. What is the area of an ellipse whose axes are 46 and 34 
feiBt? 

11. An ordinate to the major axis of an ellipse is 7 inches, and 
the corresponding abscissas are 5 and 20 inches; required the la» 
tus rectum. 

12. The latus rectum of an ellipse is 11 inches, and the major 
axis 26 inches ; required the area of the ellipse. 

13. The eccentricity of an ellipse is 10 inches, and its latus rec- 
tum 12 inches; required the area of the ellipse. 

14. Supposing a meridional section of the earth to be an el- 
lipse whose major axis is 7926 miles, and its minor axis 7900 
miles, what is the area of the section ? 

15. What is the latus rectum of the terrestrial ellipse, and 
what is its eccentricity ? 

16. What is the distance of the directrix of the terrestrial el- 
lipse from the nearest vertex of the major axis? 

17. If the axes of an ellipse are 60 and 100 feet, what is the ra- 
dius of a circle described to touch the curve, when its centre is 
in the major axis at the distance of 16 feet from the centre of the 
ellipse? Am. 27.496 feet. 

- 18. If the axes of an ellipse are 60 and 80 feet, what are the 
areas of the two segments into which it is divided by a line per- 
pendicular to the major axis at the distance of 10 feet from the 
centre? Ans. 1291.27 and 2478.65 feet. 

19. The minor axis of an ellipse is 8 inches, the latus rectum 5 
inches, and an ordinate of 3 inches is drawn to the major axis ; 
determine where the tangent line drawn through the extremity 
of this ordinate meets the major axis produced. 

20. Determine where the tangent line in the last example meets 
the minor axis produced. 



r 
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HYPERBOLA. 

Definitions. 

1. An hyperbola is a plane curve traced out by a point which 
moves in such a manner that the difference of its distances from 
two fixed points is always the same. 

2. The two fixed points are called the/oci of the hyperbola. 

Thus, if F and F' are two fixed points, 

and if the point D moves about F in 
such a manner that the difierence of its 
distances from F and F' is always the 
same, the point D will describe an hy- 
perbola, of which F and F' are the focL 
If the point D' moves about F' in such 
a manner thatD'F—DT' is always equal 
to DF'-DF, the point D' will describe a 

second branch of the curve similar to the first. The two branches 

are called branches of the hyperbola. 

3. The centre of the hyperbola is the middle point of the straight 
line joining the foci. 

4. The eccentricity is the distance from either focus to the centra 

Thus, let F and F' be the foci of an hy- 
perbola. Draw the line FF', and bisect 
it in C. The point C is the centre of the 
hyperbola, and CF or CF' is the eccen- 
tricity. 

5. A diameter is any straight line pass- 
ing through the centre, and terminated 
on both sides by opposite branches of an 
hyperbola. 

6. The extremities of a diameter are called its vertices. 
Thus, through C draw any straight Ime DD' terminated by the 
opposite curves; DD' is a diameter of the hyperbola; D andD' 
are the vertices of that, diameter. 

7. The transverse axis is the diameter which, when produced, 
passes through the foci. 

8. The conjugate axis is a line drawn through the centre per- 
pendicular to the transverse axis, and terminated by the cireum- 
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ference described from one of the vertices of the transverse axis 
as a centre, and with a radius equal to the eccentricity. 

Thus, through C draw BB' perpendicular to AA', and with A as 
a centre, and with CF as a radius, describe a circumference cut- 
ling this perpendicular in B and B' ; then AA' is the transverse 
axis, and BB' the conjugate axis. * 

If, on BB' as a transverse axis, opposite branches of an hyper- 
bola are described, having AA' as their conjugate* axis, this hy- 
perbola is said to be conjugate to the former. 

9. A tangent to an hyperbola is a straight line which meets the 
carve in one point only, and every where else falls without it, 

10. An ordinate to a diameter is a straight line drawn from any 
point of the curve to meet the diameter produced, and is parallel 
to the tangent at one of its vertices. 

Thus, let DD' be any diameter, and 
TT' a tangent to the hyperbola at D. 
From any point 6 of the curve draw 
6KG' parallel to TT', and cutting 
DD' produced in K ; then is GK an 
ordinate to the diameter DD'. 

It is proved in Pr. 21, Cor. 1, that 
GK is equal to G'K; hence the entire 
line G6' is called a double ordinate. 

11. The parts of the diameter produced, intercepted between 
its vertices and an ordinate^ are called its abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' cor- 
responding to the ordinate GK. 

12. When the ordinates of a diameter of an hyperbola are par- 
allel to a diameter of the conjugate hyperbola, the latter diameter 
is said to be conjugate to the former. 

Thus, draw the diameter EE' parallel to GK, an ordinate to the 
diameter DD', in which case it will, of course, be parallel to the 
tangent TT' ; then is the diameter EE' 
conjugate to DD'. 

13. The latus rectum is the double 
ordinste to the transverse axis which 
passes through one of the foci. 

Thus, through the focus F' drawLL', 
a double ordinate to the transverse 
axis ; it will be the latus rectum of 
the hyperbola. 

L 
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14. A si^tangent is that part of an axis produced which is in« 
eluded between a tangent and the ordinate drawn from the point 
of contact. 

Thus, if TT' be a tangent to the curve at D, and DG an ordi- 
nate to the transverse axis, then 6T is the corresponding sub- 
tangent. 

15. The directrix of an hyperbola is a straight line perpendicu- 
lar to the transverse axis, and intersecting it in the same point 

with the tangent to the curve at one 
extremity of the latus rectum. 

Thus, if LT be a tangent drawn 
through one extremity of the latus rec- 
tum LL', meeting the axis in T, and, 
through the point of intersection, GG' 
be drawn perpendicular to the axis, it 
will be the directrix of the hyperbola. 
The hyperbola has two directrices, one corresponding to the 
focus F, and the other to the focus F'. 

PROPOSITION I. THKOEEM. 

The dijirence of the two lines drawn from any poitU of an hy- 
perbola to the foci is equal to the transverse axis. 

Let F and F' be the foci of two oppo^ 
site hyperbolas, AA' the transverse axis, 
and D any point of the curve ; then will 
DF'-DF be equal to A A'. 

* For, by Def. 1, the difference of the 
distances of any point of the curve from 
the foci is equal to a given line. Now 
when the point D arrives at A, F'A— 
FA, or AA'+F'A'— FA, is equal to the given line. And when 
D is at A, FA'—F'A', or AA'-f- AF-A'F', is equal to the same 
line. Hence AA'H-AF-A'F=AA'+F'A'-FA, 
or 2AF=2A'F; 

that is, AF is equal to AT'. 

Hence DF'— DF, which is equal to AF'— AF, must be equal to 
AA'. Therefore the difference of the two lines, etc. 

Cor, The transverse axis is bisected in the centre. For, by Def. 
3, CF is equal to CF' ; and we have just proved that AF is equal 
to AT' ; therefore AC is equal to A'C. 
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PEOPOSmON II. PROBLEM. 

The transverse axis and/oci of an hyperbola being given^ to <fo- 
acribe the curve, 

FiEST METHOD. By points. 

Let AA' be the transverse axis, and 
F, F' the foci of an hyperbola. In the 
transverse axis AA' produced, take any 
point £, and from F and F' as centres, 
with the distances AE, A'£ as radii, de- 
scribe two cu'cles cutting each other in 
the point D ; D will be a point in the y^ 
hyperbola. For, join FD, F'D ; then 
DF— DF=EA'— EA=AA'; and at whatever point of the trans- 
verse axis produced £ is taken, the difference between DF' and 
DF will be equal to AA'. Hence, by Def. 1, D is a point on the 
curve ; and, in the ^ame manner; any nuniber of points in the hy- 
perbola may be determined. In a similar manner the opposite 
branch may be constructed. 

Cor. The same circles determine two points of the curve D and 
D', one above and one below, the transverse axis. It is also evi- 
dent that these two points are equally distant from the axis ; that 
is, the hyperbola is symmetrical with respect to its transverse axis. 

Second method. By continuous motion. 

Take a ruler longer than the dis- 
tance FF', and fasten one of its ex- 
tremities at the point F'. Take a 
thread shorter than the ruler, and 
fasten one end of it at F, and the oth- 
er to the end H of the ruler. Then 
move the ruler HDF' about the point 
F', while the thread is kept constantly 
stretched by a pencil pressed against the ruler; the curve de- 
scribed by the point of the pencil will be a portion of an hyper- 
bola. For, in every position of the ruler, tne difference of the 
lines DF, DF' will be the same, viz., the difference between the 
length of the ruler and the length of the string. 

If the ruler be turned, and move on the other side of the point 
F, the other part of the same branch may be described. 

Also, if one end of the ruler be fixed in F, and that of the 
thread in F', the opposite branch may be described. 
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it is evident that each portion of each branch will extend to 
an indefinitely great distance from the foci and centre. 

PEOPOSinoN ni. theobem. 
The difference of the two lines drawn to the foci from any point 
without the hyperbola is leas than the transverse axis^ and the dvf* 
ferenfie of the two lines drawn to the fod from any poinJt within 
the'hyperbola is greater than the transverse axis. 

Let F and F' be the foci of an hyper- 
bola ; let AA' be the transverse axis, and 
E any point without the curve. Join 
JEF, EF ; the difference of EF and EF 
will be. less than AA'. 

Let F be the focus nearest to E ; the 
line EF must cut the curve in some point 
D ; then EF' is less than ED +DF (B. L, Pr. 8). Subtracting EF, 
or ED+DF, from these unequals, we have .EF'— EF less than 
DF'-DF ; that is, than AA'. 

Again, let 6 be a point within either branch of the hyperbola, 
and let F be the nearer focus; then F'G will cut the nearer 
branch of the curve in tt Join FH ; then FG<HG+HF. Sub- 
tract each from F'G, and we have 

F'G-FG>FG-HG-HF, which equals FH-FH; 

that is, FG-FG>AA'. 

Cor. A point is without or within the hyperbola according as 
the difference of two lines drawn from it to the foci is less or 
greater than the transverse axis. 

PEOPOSinON IV. THEOEEM. 

Every diameter of an hyperbola is bisected in the centre. 

Let D be any point of an hyperbola ; 
.join DF, DF, and FF'. Complete the 
parallelogram DFDT', and join DD'. 

Now, because the opposite sides of a 
parallelogram are equal, the difference 
between DF and DF' is equal to the dif- 
ference between D'F and D'F' ; hence D' 
is a point in the opposite branch of the 
hyperbola. But the diagonals of a parallelogram bisect each 
other; therefore FFi is bisected in C ; that is, C is the centre of 
the hyperbola, and DD' is a diameter bisected in C. Therefore 
every diameter, etc. 
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PEOPOSmOK V. THEOREM. 

Half the conjugate axis is a mean proportional between the dis^ 
tancesfrom o?ie of the foci to the vertices of the transverse axis. 

Let F and F' be the foci of an hyperbola, 
AA'the transverse axis, and BB' the conju- 
gate axis ; then will BC be a mean propor- 
tional between AF and AT. 

Join AB. Now BC^ is equal to AB^- 
AC2, which is equal to FC^-AC^ (Def. 8). 
Hence (B. IV., Pr. 10) 

BC2=(FC-AC) X (FC+ AC) 
=AFxA'F; 
And hence AF : BC : : BC : AT. 

Cor. 1. The square of the eccentricity is equal to the sum of the 
squares of the semi-axes. 

For F02 is equal to AB2 (De£ 8), which is equal to AC2+. 
BC2. 

Cor. 2. The eccentricity of an hyperbola and of its conjugate 
are equal, and a circle described from C as a centre and CF as a 
radius will pass through the four foci of the two hyperbolas. 

PROPOSITION VI. THEOREM. 

A tangent to the hyperbola bisects the angle contained by lines 
drawn from the point of contact to the foci. 

Let F, F' be the foci of an hyper- 
bola, and D any point of the curve ; 
ifj through the point D, the line TT' 
be drawn bisecting the angle FDF', 
then will TT' be a tangent to the 
hyperbola at D. 

Let E be any point in the line TT' 
different from D, and let F be the 
focus nearest to E. Gn DF' take DG 
equal to DF, and join EF, EF', EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is equal to 
DG, DH is common to both triangles, and the angle FDH is, by 
supposition, equal to GDH ; therefore HF is equal to HG, and the 
angle DHF is equal to the angle DHG. Hence the line TT' is per- 
pendicular to FG at its middle point, and therefore EF is equal 
tdcEG. 
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Hence EF'-EF is equal to EP'— 
EG. But EF'-EG is less than GF 
(B. I., Pr. 8) ; that is, less than the 
difference of DF' and DF, which is 
equal to AA'; therefore EF'— EF is 
less than .the transverse axis, and 
hence the point E is without the hy- 
perbola (Pr. 3, Cor.). Therefore ev- 
ery point of the line TT' except D is 
without the curve ; that is, TT' is a tangent to the curve at D. 

Cor. 1. As the point D moves toward 
A, each of the angles EDT, FDT in- 
creases, and at A becomes a right angle. 
Hence the tangents at the vertices of the 
transverse axis are perpendicular to that 
axis. 

Cor, 2. If TT' represent a plane mirror, 
a i-ay of light proceeding from F in the direction FD would be re- 
flected in a line which, if produced backward, would pass through 
F', making the angle of reflection equal to the angle of incidence. 
And, since the hyperbola may be regarded as coinciding with a 
tangent at the point of contact, if rays of light proceed from one 
focus of a polished surface whose figure, whether concave or con- 
vex, is that produced by the revolution of an hyperbola about 
its transverse axis, they will be reflected in lines diverging from 
the other focus. For this reason, the points F, F' are called the 
foci. 

PROPOSITION Vn. THEOSEM. 

Tangents to the hyperbola at the vertices of any diameter art 
parallel to each other. 

Let DD' be any diameter of an hy- 
perbola, and TT',W' tangents to the 
curve at the points D, D' ; then will 
they be parallel to each other. 

Join DF, DF, DF, DT'. Then, by 
Pr. 4, FDF'D' is a parallelogram ; and, 
since the opposite angles of a parallel- 
ogram are equal, the angle FDF' is 
equal to FD'F'. But the tangents TT, 
VV bisect the angles at D and D' (Pr. 6) ; hence the angle FTDT, 
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or its alternate angle FTT), is equal to rDT. But FT'D is the 
exterior angle opposite to FD'V; hence TT' is parallel to W. 
Therefore tangents, etc. 

Cot. If tangents are drawn through the vertices of any two di- 
ameters, whether of the same or of conjugate hyperbolas, they 
will form a parallelogram. 

t — 

PBOPOSmON VIII. THEOREM. 

If through the vertex of any diameter straight lines are drawn 
from thefod^ meeting the conjugate diameter ^ the part intercepted 
by the conjugate is equal to half of the transverse axis. 

Let EE' be a diameter conjugate to DD', 
and let the lineis DF, DF' be drawn, and 
produced, if necessary, so as to meet EE' 
in H and K ; then will DH or DK be equal 
to AC. 

Draw FG parallel to EE' or TT', meet- 
Ing FD produced in 6. Then the angle 
D6F is equal to the exterior angle FDT', « " 
and the angle DF'G is equal to the alter- 
nate angle FDT'. But the angles FDT', 
F'DT' are equal to each other (Pr. 6); 
hence the ang:les DGF', DF'G are equal to each other, and DG is 
equal to DF'. Also, because CK is parallel to F'G, and CF is 
equal to CF', therefore FK must be equal to KG. 

Hence F'D-FD is equal to GD-FD or GF--2DF; that is, 
2KF— 2DF or 2DK But FD -FDis equal to 2 AC. Therefore 
2 AC is equal to 2DK, or AC is equal to DK. 

Also, the angle DHK is equal to DKH, and hence DH is equal 
to DK or AC. 'Therefore, if through the vertex, etc. 

PROPOSITION IX. THEOREM. 

Perpendicfulars drawn from the foci upon a tangent to the hy* 
perbola meet the tangent in the circumference of a circle whose dir 
ameter is the transverse axis. 

Let TT' be a tangent to the hyperbola at D, and from F draw 
'FE perpendicular to TT' ; the point E will be in the circumfer- 
ence of a circle described upon AA' as a diameter. 

Join CE, FD, F'D, and produce FE to meet FD in G. 

Then, in the two triangles DEF, DEG, because DE is common 
to both triangles, the angles at E are equal, being right angles; 
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also, the angle EDF is equal to EDO (Pr. 6) ; therefore DF is 
equal to DG, and EF to EG. 

Also, because FE is equal to EG, and 
CF is equal to CF', CE must be parallel to 
F'G, and, consequently, equal to half of 
F'G. 
But, since DG has been proved equal to 
Ir DF, FG is equal to FT)-FD, which is 
equal to AA'. Hence CE is equal to half 
of AA' or AC, and a circle described with 
C as a centre, and radius CA, will pass 
' through the point E. 
The same may be proved of a perpendicular let fall upon TT 
from the focus F'. Therefore perpendiculars, etc. 

PBOPOSniON X. THEOBEM. 

The product of t?ie perpendiculars from thefod upon a tangent 
is equal to the square of half the conjugate aocis. 

Let TT' be a tangent to the hyperbola 
at any point E, and let the perpendiculars 
FD, P'G be drawn from the foci ; then will 
the product of FD by F'G be equal to the 
square of BC. 

On AA' as a diameter describe a circle; 
it. will pass through the points D and G- 
(Pr. 9). Let GF' meet the circle in D', and 
join DD' ; then, since the angle at G is a 
right angle, DD' passes through the centre 
C, Because FD and F'G are perpendicular to the same straight 
line TT', they are parallel to each other, and the alternate angles 
CFD, CF'D' are equal. Also, the vertical angles DCF, D'CF' are 
equal, and CF is equal to CF'. Therefore DF is equal to DT' ; 
hence DF x GF' is equal to D'F' x GF', which is equal to A'F' x 
F'A (B. IV., Pr. 29, Cor. 2), which is equal to BC^. (Pr. 6). 
Cor. The triangles FDE, F'GE are similar ; hence 

FD:F'G::FE:F'E; 
that IB, perpendiculars let fall from the foci upon a tangent are to 
each other as tlie distances of the point of contact from thefod. 
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PROPOSITION XI. THEOBEM. 

If a tangent and ordinate be drawn from the same point of 
an hyperbola^ meeting either axis produced^ half of that axis wiU 
be a mean proportional between the distances of the two interseo- 
tionsfrom the centre. 

1st. Ibr the transverse axis. 
Let BT be a tangent to the hyperbola, 
and D6 an ordinate to the transverse 
axis from the point of contact ; then we 
shall have CT : CA : : CA : CG. 

From F draw FH perpendicular to 
DT, and join DF, DF', CH, and GH. 
Then, by Pr. 9, CH is parallel to DF'. 
Also, since DGF, DHF are both right 
angles, a circle described on DF as a diameter will pass through 
the points G and H. Therefore the angle CGH or FGH is equal 
to the angle HDF (B. IH, Pr. 15, Cor. 1), which is equal to F'DT 
or CHT. That is, the angle CGH is equal to CHT; and, since 
the angle C is common to the two triadgles CGH, CHT, these 
triangles are equiangular, and we have 

CT:CH::CH:CG. . 
But CH is equal to CA (Pr. 9) ; therefore 

CT:CA::CA:CG. 
2d. For the conjugate axis. 

Let the tangent DTP' meet the conjugate axis in T', and let 
DG'be an ordinate to the conjugate axis from, the point of con- 
tact ; then we shall have 

CTiCBirCBiCG'. 
Draw DH perpendicular to DT, 
and it will bisect the exterior an- 
gle of the triangle FDF'. Hence 
(B.iy.,Pr.l8) 

HF:HF::DF':DF 
::TF':TF. 
Therefore (B. H., Pr. 8) 

2CF:2CH::2CT:2CF. 
Whence CTxCH=CF2. 

But we have proved that CT x CG=CA2. 
Subtracting the latter from the former, we have 

CT X GH =CF2 -. C A2 = CB2. 
L2 
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Because the triangles DGH and CTT' are similar, we Lave 

CT:Cr::DG:GH. 
Whence CTxGH=CT'xDG=CT'xCG'. 

Therefore CTxCQ'=CB\ 

or CT':CB::CB:CG'. 

Cor, By this Proposition, 

CA2=CGxCT. 
If a second ordinate dg, and tangent dt be 
drawn, we shall also have CA^=^Cg.Ct» 
Whence CGxCT=C^.C^, 
or CT:C^::C^:CG. 

PEOPOSmON XII. . THEOREM. 

The subtangent of an hyperbola is equal to the corresponding 
subtangervt of the circle described upon its transverse axis. 

Let AE A' be a circle described on AA', the 
transverse iaxis of an hyperbola, and from 
any point E in the circle draw the ordinate 
ET. Through T draw the line DT touch- 
itig the hyperbola in D, and from the point 
^ of contact draw the ordinate DG. Join 
GE ; then will GE be a tangent to the cir- 
cle at E. 
Join CE. Then, by the last Proposition, 
CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT:CE::CE:Ca 
Hence the triangles CET, CGE, having the angle at C common, 
and the sides about this angle proportional, are similar (B. IV., 
Pr. 21). Therefore the angle CEG, being equal to the angle 
CTE, is a right angle ; that is, the line GE is perpendicular to 
the radius CE, and is, consequently, a tangent to the circle (B. 
in.,Pr. 9). Hence GT is the subtangent corresponding to.each 
of the tangents DT and EG. Therefore the subtangent, etc* 

PROPOSITION Xin. THEOREM. 

The square of the transverse axis is to the square of the conjth 
gate as the rectangle of the abscissas of the former is to the square 
of their ordinate. 

Let DE be an ordinate to the transverse axis from the point 
D ; then we shall have 
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CA2:C32::AExEA':DE2. 
Draw DTT' a tangent to the hyperbola 
at D ; then, by Pr. 11, 

CT:CA::CA:CE. 
Hence (B.n.,Pr. 13) 

CT:CE::CA2:CE2; 
and, by division (B. 11;, Pr. 1)j 

CT: ET : : CA2 : CE^-CA^. (1) 
Again, by Pr. 11, CT':CB::CB:CHor DE. 
Hence CT'iDEr.CB^rDE^. 

But, by similar triangles, 

CT':DE::CT:ET; 
therefore CT : ET : : CB2 : DE^. 

Comparing proportions (1) and (2), we have 

CA2 : CE2-CA2 : : CB2 : DE«. 
But CE2-CA2 is equal to AE x EA' (B. IV., Pr. 10). 
Hence CA^iCB^irAExEA'rDE^ 

• Cor.l. CA2:CB2::CE2-CA2:DE2. 

Cor. 2. The squares of the ordinates to the transverse axis are 
to each other as the rectangles of their abscissas. 

Cor. 3. Produce DE to meet the conjugate hyperbola in D', and 
draw D'E' at right angles to CE' ; then, since the conjugate hy- 
perbola is described with BB' as transverse axis and AA' as con- 
jugate axis, we shall have 

CB2 : CA2 : : CE'^-CB^ : D'E'^. 



(2) 



PROPOSITION XrV. THEOREM. 

J^a circle be desGribed on the transverse axis of an hyperbola, 
an ordinate to this axis is to a tangent to the circle dravm from 
the foot of the ordinate as the conjugate axis is to the transverse. 

Let a circle be described on AA' as a 
diameter; draw the ordinate DE, and 
from E draw EG tangent to the circle ; 
then ED:EG:rBC:AC. 

For, by Pr. 13, 

Eb2:AExEA'::CB2:CA2. 
But AExEA' is equal to EG^ (B.IV., 
Pr. 29). 

Therefore ED^ : EG^ : : CB^ : C A^ ; 

or / ED:EG::CB:OA. 
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PEOPOSmOl^ XV. THEOEEM. 

The latiia rectum is a third proportional to the transverse and 
conjugate axes. 

Let LL' be a double ordinate to the 
transverse axis passing through the focus 
F ; then we shall have • 

AA':BB'::BB':LL'. 
Because LF is an ordinate to the transr 
verse axis, 

AC2:BC2:: AFxFA':LF2 (Pr. 13) 
::B02:LF2(Pr.6). 
AC:BC::BC:LF, 
AA':BB'::BB':LL'. 




B' 




Hence 

or 

Therefore the latus rectum, etc. 



PEOPOsrriON xvi. theossm. 

If a diameter of the hyperbola is conjugate to a diameter of the 
conjugate hyperbola^ and if ordinal be drawn to either axis from 
the vertices of the two diameters^ the difference of their squares will 
be equal to the square of half the other axis. 

Let DD' be a diameteir of an hyperbola, 
and DT a tangent at the point D ; and let' 
EE' be a diameter of the conjugate hyper- 
bola parallel to DT. Let DG and EH be 
ordinates to the axis AA'; then we shall 
have CG2-CH2=CA2, 

and EH2-D63=CB2. 

Through E draw the tangent ET' ; then, 
by Pr. 13, Cor. 3, 

CA2 : CB2 : : CH^ : EH^-CB^, 
and, by composition, 

CA2+CH2 : EH2 : : CA2 : CB^ 

: : CG2-CA2 : DG3 (Pr. 13, Cor. 1). 
CA2+CH2=CH,Cr+CH2=CH.HT' (Pr.ll), 
CG2-CA2=CG2-CG.CT =CG.GT. 
CH.HT' : CG.GT : : EH^ : DG» 

:: CH2 : GT2, by sim. triangles. 
Hence, B. H, Pr. 1 0, Cor., 

HT:CG:iCH:GT::EH:DG. 
Therefore the triangles EHT' and DGC are similar, and ET is 




But 
and 
Hence 
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parallel to DD'. Hence the triangles EOT' and DOT are similar, 
and we have CT : CT' : : GT : CH. 

But CT : CT' : : CH : CG (Pr. 11, Cor.). 

Hence GT:CH::CH:CG, 

or CH2=CG.GT. 

Subtract each, of these equals from CG^and we Have 
CG2-.CH2=CG3-CG.GT=:CG.CT=CA2. 
Also, siqce ET' is parallel to DD', the diameter DD' is conjugate 
to EE', and we have EH2-DG2=CB2. 
Therefore, if a diameter, etc. 

Cor. I. CA2+CH2=C62; 

hence CA^rCB'i-.CG^-.EH^. 

C4)r. 2. If a diameter of an hyperbola is conjugate to a diameter 
of the conjugate hyperbola, the second diameter is conjugate to the 
£rst ; for it has been provied that if EE' be parallel to the tangent 
DT, DD' will be parallel to the tangent ET'. 

Cor. 3. CG2-CA2=CG.GT; 
hence CA^iCB^: :CGxGT:DG2. |B 

If a second ordinate dffy and tangent dthe 
drawn, we shall have 

CA^:CB'^::Cgxfft:dg'. 
Hence CGxGT: C^X^«: : DG«: dg\ 

PEOPOSinON . XVII. THEOBEM. 

The difference of the sqiuirea of any two conjugate diameters U 
' equal to the difference of the squares of the axes. 

Let DD', EE' be any two conjugate di- 
ameters ; then we shall have 

DD'2-EE'2=AA'2-.BB^ 

Draw DG, EH ordinates to the trans- 
verse axis. Then, by the preceding Prop- 
osition, CG2-CH2=CA2, 
EH2-DG2=:CB'. 




and 
Hence 

or 
that is, 




CG2+DG2-CH2-EH2=CA2_CB2, 

CD2-CE»=CA»~CB*; 

DD'-EE'^zzAA'^-BB'*. 



Therefore the difference of the squares, etc. 



PBOFOsmox znii. theobbu. 
Thx paralielogram formed by drawing tangents through the 
vertices of two conjugate diamekra is egucA to. the rectangle of the 
axes. 

Let DED'E' te a parallelogram formed by drawing tangents 
to the conjugate hyperbolas through the vertices of two conja- 
gate diameters DD', EE' ; its area is equal to AA' x BB'. 

Let the tangent at D meet the transverse axis in T; join ET, 
and draw the ordinates DG, EH. 
Then, by Pr. 16, Cor. 1, we have CA» : CB' : : CG« : EH% 
or CA:CB::C6:EH. 

But CT:CA::CA:CG(Pr.ll); 
hence CT:CB: : CA:EH, 
or CAxCBiseqnaltoCTxEH, 
which is equal to twice the tiiangle 
CTE, or the parallelogram DE ; Bince 
the triangle and parallelogram have 
the same base CE, and are between the 
same parallels. 

Hence 4CA x CB or AA' x BB' is equal to 4DE, or the parallel- 
ogram DED'E' Therefore the parallelogram, etc. 

PBOFOSmON ZIZ, THSO££M. 

If from the vertex of any diameter straight lines are drawn to 
t/ie foci, their product is equal to the square of half the conjugate 




Let DD', EE' be two conjugate di- 
ameters, and from D let lines be 
drawn to the foci; then will FDx 
F'D be equal to EC». 

Draw a tangent. to the hyperbola' 
at D, and upon it let fall the perpen- 
dicnlars FG, F'H; draw, also, DK 
perpendicular to EE'. 

Then, because the triangles DFG, 
DLK, DF'H are similar, we hare 
FD:FG::DL:DK. 
Also, F'D:FH::DL:DK 

Wheace (B. IL, Pr. 12) 

FDxF'DiFGxF'H ■.•.'DU:l>K\ (l) 
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But, by Pr. 18, AC x BC =EC x DK ; 

whence AC or DL : DK : : EC : BC, 

and DL2 : DK2 : : EC^ : BC2. (2) 

Comparing proportions (1) and (2), we have 

FDxFD : FGxFH: : EC^ : BC^. 
But FGxP'H is equal to BC* (Pr. 10) ; hence FD xFT) is equal 
to EC*. Therefore, if from the vertex, etc. 

PBOPOSITIOK XX. THEOBEM. 

If a tangent and ordinate be drawn from the same point of an 
hyperbola to any diameter, half of that dvarmter will be a mean 
proportional between the distances of the two intersectipnsfrom the 
centre. 

Let a ttogent E6, and an ordinate EH, be drawn from the 
same point E of an hyperbola, meeting the diameter CD pro- 
duced ; then we shall have 

CG : CD : : CD : CH. 

Produce GE and HE to meet the transverse axis in K and L ; 
draw DT a tangent to the curve at the point D, and draw DM 
parallel to GK. Also draw the ordinates EN, DO. 

By similar triangles we have 

OM:NK::DO:EN, 
and also OT : NL : : DO : EN. 




C T L KANM O 

Multiplying together the terms of these proportions (B. H., Pr. 
12), we have 

OMxOT: : NKxNL : : DO?: EN* : : COxOT : CNxNK 

(Pr. 16, Cor. 2). 
Omitting the factor OT in the antecedents, and NK in the con- 
sequents of this proportion (B. H., Pr. 10, Cor.), we have 

OM:NL::CO:CN, 
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CO:CN::CM:CL. 

CO:CN::CK:CT. 

CK:CM::CT:GL. 

CK:CM::CG:CD, 

CT:CL::CD:CH; 

CG:CD::CD:CH. 
Therefore, if a- tangent, etc. 

Cor. If a tangent to the hyperbola meet a conjugate diame- 
ter, and from the point of contact an ordinate be drawn to that 
diameter, it may be proved that half of that diameter is a mean 
proportional between the distances pf the two intersections from 
the centre. 



and, by division, 

But,by Pr. ll,Cor., 

Whence 

Bat 

and 

hence 



PBOPOSinON XXL THEOBEM, 

The square of any diameter is to the square of its conjugate as 
the rectangle of its dbscissas is to the sqiuire oftlmr ordinate, 

fQ Let DD', EE' be two conjugate 
diameters, and GH an ordinate to 
DD'; then 

DD'2 : EE'2 : : DH xHD' : Gm 
Draw GTT' a tangent to the curve 
at the point G, and draw GK an o^ 
• dinatetoEE'. Then, by Pr. 20, 
CT:CD::CD:CH, • 
and CD2:CH2::CT:CH 
(B.n.,Pr.J3), 

whence, by division, CD^ : CH^-CD^ : : CT : HT. (1) 

Also, by Pr. 20, Cor., CT' : CE : : CE : CK, 
and CE2 : CK^ : : CT' : CK or GH, 

: : CT : HT. (2) 
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Comparing proportions (1) and (2), we have 

CD2 : CE2 : : CH^-CD^ : CK^ or GH^ 
or DD'2:EE'2::DHxHD':GH2. 

Therefore the square, etc. 

Cot, 1. In the same manner, it may be proved that DD'^ : EE'* 
: : DH x HD' : GH^ ; hence GH is equal to G'H, or eoery diameter 
bisects aU chords, parallel to the tangents at its vertices. 

Cor, 2. The squares of the ordinates to any diameter, are to 
each other as the rectangles of their abscissas. 

Scholium. If DD' be produced beyond D', and ordinates be 
drawn in the opposite branch of the hyperbola, all the proposi- 
tions which refer to the ordinates of the diameter DD' will apply 
indiscriminately to ordinates of either or both branches. 

Thus, let DD' be produced to A, and draw the ordinate gh; 
then, by Cor. 2, DH.D'H : J)h.l>'h : : GH^ : gh\ 
Also, produce £E' beyond E' to ky and draw the ordinate M; then 

EKE'K : Ek.E'k ::KL^:kP. 

PBOPOsrriON xxil theobem. 

^a cone be cut by a plane not passing through the vertex^ and 
making an angle with the base greater than that made by the side 
of the cone^ the section is an hyperbola. 

Let ABC be a cone cut by a plane DGH, not passing through 
the vertex, and making an angle with the base greater than that 
made by the side of the cone, the section DHG is an hyperbola. 

Let ABC be a section through the axis of 
the cone, and perpendicular to the plane 
HDG. Let bgcd be a section made by a 
plane parallel to the base of the cone; then 
DE, the intersection of the planes HDG, 
BGCD, will be perpendicular to the plane 
ABC, and, consequently, to each of the lines 
BC, HE. So, also, de will be perpendicular 
to be and HE. Let AB and HE be produced 
to meet in L. 

Now, because the triangles LBE, Ue are 
similar, as also the triangles HEC, Hee, we have the proportions 

BE:5€::EL:eL, 
EC : ec : : HE : He. 
Hence, by B. II., Pr. 12, 

BExEC: foxec : : HExEL : HexeL. 
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But, Bince BO is a diameter of the circle 
EGCD, and DE is perpendicular to EC, we 
bave (a IV., Pr. 23, Cor.) 

BExEC=DE^ 
For the same reason, 

bey.ec=de\ 
Substituting these values of BE x EC and 
^X^ in the preceding proportion, we have 

DEi>:tfe^::HExEL:HfixeL; 
that is, the squares of the ordinates to the 
diameter HE are to each other as the pro- 
ducts of the corresponding abscissas. Therefore the curve DHG 
is an bTperbola (Pr. 13, Cor. 2) whose traosTerse axis is LH. 
Hence the hyperbola is called a conic section, as mentioned on 
page 203. 

Schoi. J. The conclusion that the curve DUG is an hyperbola 
would not be legitimate unless the property above demonstrated 
were peculiar to the hyperbola. 'Oiat such is the case appears 
from the fact that, when the transverse axis and one point of an 
hyperbola are given, this property will determine the position of 
every other point of the curve in the same manner as shown in 
the corresponding Proposition for the parabola, p. 215. 

It will be noticed that this property of the hyperbola difiers 
from the corresponding property of the ellipse in this particular, 
that the ordinate of the hyperbola &lls upon the axis produced, 
pse it falls upon the axis itself 
surface of the cone may be regarded as extend- 
below the base BGC, and hence the curve will 
ely in the same direction. 

if the cone is described by the motion of the line 
3), If the portion of AB produced toward L be 
jcribing a second portion of the conical surface, 
of the plane DHGE with this second portion will 
branch of the hyperbola DHG. 

PROPOSmON XXIIL THEOREM. 

of any point in an hyperbola from either foc^iS is 
rom the corresponding directrix as the eccentricity 

T point in the hyperbola; let DF,DF' be drawn 
and DGG' perpendicular to the directrices ; then 



} 
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DF:DG::DF:DG'::CF:CA. 

Draw DE perpendicular to the trans- 
Terse axis, and take H a point in the 
axis, so that AHr=DF, and, consequent^ 
ly,HA'=DF; then CH is half the sum 
of AH and A'H, or DF and DF'; and 
CE is half the sum of FE and F'E. 

ByB.IV.,Pr.34, 

FF : DF-DF : : DF+DF : F'E+FE. 
Dividing each' of these equals by two, we have 

CF:CA::CH:CE. 
By Pr. 11, CF: CA: : CA: CT. 

Therefore CH : CE : : C A : CT. 

Hence(B.n.,Rr.7) 

CH-CA : CE-CT : : CA : CT; 
or AH : ET : : CA : CT : : CF : CA; 

that is, DF : DG : : CF : C A. 

In the same manner, it may be proved that 

PF:DG'::CF:CA, 

Scholium 1. We have seen that, in the parabola, the distanoe 
of any point of the curve from the focus is equal to its distance 
from the directrix, while in the ellipse and hyperbola these dis- 
tances are in the ratio of the eccentricity to half the major or 
transverse axis. In the ellipse the eccentricity is less than the 
semi-major axis, while in the hyperbola it is greater than the 
semi-transverse axis. In each of these three curves the two dis- 
tances have to each other a constant ratio. In the parabola this 
ratio is unity; in the ellipse it is less than unity; while in the hy- 
perbola it is greater than unity. 

Scholium 2. Astronomers generally regard the semi-major axis 
of a planetary orbit as unity, in which case the eccentricity of 
the ellipse will be less than unity. li we regard the semi-trans- 
verse axis of an hyperbola as unity, its eccentricity will be great- 
er than unity. The parabola may be regarded as an ellipse whose 
major axis is infinite, and in which the eccentricity is equal to 
the semi-major axis ; that is, the eccentricity is unity. In Astron- 
omy, therefore, the eccentricity of a parabola is considered as 
unity; that of an ellipse is less than unity; and that of an hy- 
perbola is greater than unity. In each case the value of the ec- 
centricity expresses the ratio of the distances of any point of the 
curve from the focus and directrix. 



260 



CONIC SECTIONS. 




OP THE ASTlflPTOTES. 

D^nition, If tangents to two conjugate hyperbolas be drawn 
through the vertices of the axes, the diagonals of the rectangle 
so formed, being indefinitely produced, are called asymptotea to 
the hyperbolas. 

PROPOSITION XXIV. THEOREM. 

If an ordinate to the transverse axis be produced to meei the 
asymptotesj the rectangles of the segments into which it is divided 
by the curve toiUbe equal to the square of half the conjugate axis. 

Let AA', BB' be the axes of two 
conjugate hyperbolas, and through 
the vertices A, A', B, B' let tangents 
to the curve be drawn, and let CE, 
CE', the diagonals of the rectangle 
thus formed, be indefinitely produced, 
they will be asymptotes to the curvea 
From any point D of one of the 
curves draw the ordinate DG to the 
transverse axis, and produce it to 
meet CE in H, and CE' in H'. Then, from Pr. 1 3, Cor. 1, we shall 
have CA2 : CB2(=:AE2) :: CG^-CA^ : DG* 

: : CG* : GH^, by similar triangles. 
Hence CG^ : GH* : : CG«-CA« : DG^, 

and by division, 

CG2 :GB?:: CA* : 6H2-DG2, or as CA* : AE*. 
Since the antecedents of this proportion are equal to each oth- 
er, the consequents must be equal ; that is, 

AE* or BC2 is equal to GH^-DG^, 
which is equal to HD x DH' (B. IV., Pr. 1 0). 

Cor, 1. Since the rectangle contained by HD and DH' remains 
constant, while HDH' is removed from C, and the line DH' con- 
sequently increases, DH must diminish ; and, by taking H suf- 
ficiently far from C, DH may be made less than any assignable 
magnitude. The line CH, therefore, approaches nearer and near- 
er to the hyperbola the farther it is produced, though it never 
actually reaches it at any finite distance from C. When the dis- 
tance of H from C becomes infinitely great, DH becomes less than 
any assignable quantity, and the asymptote may therefore be eonr 
sidered as a tangent to the curve at a point infinitely distant from 
the centre. 
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. The asymptote CH', in the same manner, approaches nearer 
and nearer to the other branch of the hyperbola the farther it is 
prod need. 

Cor. 2. The line AB, joining the vertices of the two axes, is bi- 
Bected by one asymptote, and is parallel to the other. 

C<^. 3. If DL be drawn perpendie- 
nlar to the conjugate axis, and meet 
the asymptotes in E and L, and the 
conjngate hyperbola in D', it may 
also be proved thatCA^=D'K x D'L. 
The asymptote CH, therefore, con- 
tinually approaches the conjugate 
byperbola, and becomes tangent \^ 
it at an infinite distance from the 
centre. 

Cm^. 4. If KK' be drawn parallel to HH', then KM x MK'^HD 

xI^H', for each of them is equal to BC^; thatis, if two ordinates 

to the transverse axis be produced to meet the asymptotes, the 

rectangles of the segments into which these lines are divided by 

• the cnrre are equal to each other. 

PBOFOSmON XXV. TIISOBEM. 

AU the parallelograms formed by Rawing lines from anypoirU 
of an hyperbola parallel to the asymptotes are equal to each other. 

Let CH, CH' be the asymptotes of an hyperbola ; let the lines 
AK, DL be drawn parallel to CH', and the lines AK', DL' paral- 
lel to CH; then will the parallelogram CLDL' be equal to the 
parallelogram CKAK'. 

Through the points A and D draw 
EE', HH' perpendicular to the trans- 
verse axis ; then, because the triangles 
A£K, DHL are similar, as also the 
triaugles AE'E', DH'L', we have the 
proportions , 

AK: AE::DL:DH. 
Also, AK':AE'::DL':DH'. 
Hence {B.n.,Pr. 12) 

AKxAK':AExAE'::DLxDL': 

DHxDH'. 

But, by Pr. 24, Cor. 4, the consequents 

of this proportion are equal to each 

other ; hence AK x AK' is equal to DL x DL' 
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But the parallelograms CA, CD, being equiangular, are as the 
rectangles of the sides which contain the equal angles (B. lY., Pn 
24, Cor. 2) ; hence the parallelogram CD is equal to the parallel- 
ogram CA. 

EXERCISES ON THE HYPERBOLA. 

1. In an hyperbola, the tangents at the vertices of the trans- 
verse axis will meet the asymptotes in the circumference of the 
circle described on FF[ as a diameter. 

2. If DM be drawn parallel to CG (fig., Pr. 14), meeting the 
transverse axis in M, then ME=:BC. 

3. If an hyperbola and an ellipse have the same foci, they cat 
one another at right angles. 

4. If DG (fig. 2d, Pr. 11) be the ordinate of a point D, and GK 
be drawn parallel to AD to meet CD iu K, then AK is parallel 
to the tangent at D*. 

5. If from any point of the hyperbola lines be drawn parallel 
to, and terminating in the asymptotes, the parallelogram so form- 
ed will be equal to one eighth of the rectangle described on the 
axes. 

6. An ordinate to the transverse axis of an hyperbola is 43 
inches, and the corresponding abscissas are 30 and 85 inches; re- 
quired the latus rectum. 

7. If the axes of an hyperbola are 65 and 54 inches, what is tho 
radius of a circle described to touch the curve, when its centre is 
in the transverse axis produced, at the distance of 112 inches 
from the centre of the hyperbola ? 

8. If the axes of an hyperbola are 65 and 54 inches, what is its 
latus rectum, and what is the position of its directrix ? 

&. The conjugate axis of an hyperbola is 52 inches, the latus' 
rectum 42 inches, and an ordinate of 36 inches is drawn to the 
transverse axis; determine where the tangent line ^rawn through 
the extremity of this ordinate meets the transverse axis. 

10. Determine where the tangent line in the last example 
meets the conjugate axis. 



PLANE TRIGONOMETRY. 



1. Tbigonomstbt is that branch of Mathematics which teacfh 
es how to detemxine the several parts of a triangle by means of 
others that are given. In a mere enlarged sense, it embraces 
the investigation of the relations of angles in general. 

Plane Trigonometry treats of plane angles and triangles; 
Spherical Trigonometiy treats of spherical triangles. 

2t In every triangle there are six parts: three sides and three 
angles. These parts are so related to each other that when any 
three of them are given, provided one of them is a side, the re- 
maining parts can be determined. 

8« In order to subject angles to computation, they must be ex- 
pressed by numbers. The units by which angles are expressed are 
the degree^ mintUe^ and second^ designated by the characters °, ', ". 

A degree is the 90th part of a right angle, or the 360th part of 
the whole angular space about a point. A right angle is ex- 
pressed by 90°; two right angles by 180°; and the whole angu* 
lar space about a point by 360°. 

A minute is an angle equal to the 60th part of a degree. 
Therefore one degree=60'. 

A second is an angle equal to the 60th part of a minute. 
Therefore one minute =60". 

Angles less than a second are expressed as decimal parts of a 
second. Thus ^th of four right angles will be expressed by 

61° 25' 42."86. 

4a Sinee angles at the centre of a circle are proportional to the 
arcs intercepted between their sides, these arcs may be taken as 
the measures of the angles. An angle may therefore be measured 
by the number of units of arc intercepted on the circumference, t 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second respectively at the centre. The quadrant is therefore ex- 
pressed by 90°; the semi-circumference by 180°; and the whole 
circumference by 360^. 

The radius of the circle employed in measuring angles is arbi- 
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trary, and, for convenience, is generally taken as unity. When 
this is not done, it is denoted by its initial letter R. 

6« The circumference of a circle whose diameter is nnity ia 
3.14169. If the radius be unity, the semi-circumference, or an 
arc of 180% will be" 3.14169. Hence the length of an arc of 1® 
will be 0.01745 ; and the length of an arc of 1' 

will be 0.00029, etc. 

6i The complement of an arc or angle is the remainder obtained 
by subtracting the arc or angle from 90°. Thus the complement 
of 26° 16' is 64° 46'. Since the two acute angles of a right-an- 
gled triangle are together equal to a right angle, each of them 
must be the complement of the other. 

In general, if we represent any arc by A, its complement is 
90°— A. Hence, if an arc exceeds 90°, its complement must be 
negative. Thus the complement of 11 3o 16' is —23° 16'. See 
Art. 79. 

7t The supplement of an arc or angle is the remainder obtained 
by subtracting the arc or angle from 180°. Thus the supplement 
of 26<^ 16' is 164° 46'. Since in every plane triangle the sum of 
the three angles is 180°, either angle is the supplement of the sum 
of the other two. . 

In general, if we represent any arc by A, its supplement is 
180O— A. Hence, if an arc is greater than 180°, its supplement 
must be negative. Thus the supplement of 200° is —20°. 

8i The sine of an arc is tJie perpendicular UtfaUfrom one ex- 
tremity of the arc upon the diameter passing through the other ca> 
tremity.. 

Thus FG is the* sine of the arc AF, 
or of the angle ACF. 

JSvery sine is half the chord ofdorMe 
the arc. Thus the sine FG is the half 
of FH, which is the chord of the arc 
FAH, double of FA. The chord which 
subtends the sixth part of the circum- 
ference, or the chord of 60°, is equal to 
the radius (Geom., B. VI., Pr. 4) ; hence 
the sine of 30° is equal to half of the 
radius. 

9. Th>e tangent of an arc is the line 
which touchy the circle at one extremity of the arc^ and is limited 
by a line drawn from the centre through the other extremity. 
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•Thus AI is the tangent of the'arc AP, or of the angle ACF. 

lOi The secant of an arc 43 the line drawn from the centre of 
the circle through one extremiif/ of the arc, and is limited by the 
tangent drawn through the other extremity. 

Thus CI is the secant of the arc AF, or of the angle ACF. 

In the preceding definitions of sine, tangent, and secant, the ra* 
dius of the circle has been assumed as unity. In a circle of any 
other radius, we must suppose these lines to be divided by that 
radius. 

11. The cosine of an arc is the sine of the complement of that 
arc. 

Thus the arc DF, being the complement of AF, FK, or its equal 
CG, is the sine of the. arc DF, or the cosine of the jirc AF. 

The cotangent of an arc is the tangent of the complement of 
that arc. Thus DL is the tangent of the arc DF, or the cotan- 
gent of the arc AF, 

The cosecant of an arc is the secant of the complement of that 
arc. Thus CL is the secant of the arc DF, or the cosecant of the 
arcAF. 

In general, if we represent any angle by A, . 

cos. A= sine (90°— A) ; 

cot. A=tang. (90°— A) ; 

cosec. A= sec. (90^- A). 

Since in a right-angled triangle either of the acute angles is 
the complement of the other, the sine, tangent, and secant of one 
of these angles is the cosine, cotangent, and cosecant of the other. 

12. The versed sine of an arc is that part of the diameter inter- 
cepted between the extremity of the arc and the foot of the sine. 

Thus GA is the versed sine of the arc AF, or of the angle ACF. 

The versed Bine of an acute angle ACF is equal to the radius 
minus the cosine CG. The versed sine of an obtuse angle BCF 
is equal to rskdixiBplus the cosine. CG; that is, to BG. 

18. The sine, tangent, and secant of any arc are equal to the 
«ine, tangent, and secant of its supplement 

Thus FG is the sine of the arc AF, or of its supplement SDF. 

AI, the tangent of the arc AF, is equal to BM, the tangent of 
the arc BDF. 

And CI, the secant of the arc AF,is equal to CM, the secant of 
the arc BDF. 

14i Fundamental formulce. The relations of the sine, cosine, 
etc., to each other may be derived from the proportions of the 

M • 
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sides of similar triangles. Thus thB tii 
angles CGF, CAI, CDL being similar, 
we have 

fl. CG : GF : : CA : AI ; that is, repre- 
senting the arc by A, and the radius 
j^ of the circle by R, we have 

COS. A : sin. A : : R : tang. A. 

Whence tang. A= — \ . 

° COS. A 

2. CG : CF :: CA : CI ; that is, 

COS. A : R : : R : sec. A. 

Whence sec. A = ^. 

COS. A 

3. GF : CG :: CD : DL ; that is, sin. A : cos. A : : R : cot. A. 

—^ ^ A R cos. A 

Whence cot. A= — : — r-^. 

sm^ A 

4. GF:CF::CD:CL; that is, sin. A:R::R:cosec. A, 

Whence cosec. A = -. — r-. 

sin. A 

6. AI:AC::CD:DL; that is, tang. A :R::R: cot. A. 

R2 

Whence tang. A = — -— r . 

° cot. A 

The preceding formulaa will be frequently referred to hereafter. 

16i Given the sine of an angle^ to find the cosine^ tangent^ etc. 

In the right-angled triangle CGF, we find C6HGF»=:CF2; 
that is, 6in.2A+cos.2A=R2, where sin.2A signifies "the square of 
the sine of A." When radius is taken as unity, we have 

COS. A= -v/l — sin.2A= -/(l +sin. A) (1 —sin. A). 
When the sine and cosine of an &ngle have been determmed| 
the tangent may be found by Eq. 1, Art. 14, . 

. sin. A 

and the cotangent by Eq. 3, Art. 14, 

^ . COS. A 

cot. A=— : T-. 

Sin. A 

Also the secant by Eq. 2, Art. 14, 

A 1 

sec. A= T-» 

COS. A 

and the cosecant by Eq. 4, Art. 14, 



cosec. A=-T 



sin. A 
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sine 50°=0.766 
" 60 =0.866 
« 70 =0.940 
" 80 =0.985 
" 90 =1.000 




70» 



Hepce we see that.if we had a table of sines for every degree 
and minute of the quadrant, we could easily obtain the cosines, 
tangents, cotangents, etc. 
Ex. 1. Compute the cosine, tangent, etc., of 30°. 
Ex. 2. Given the tangent of 20°, equal to 0.364, to find the se- 
cant of 20°. Find also the sine, etc., of the same angle. 

Ex. 3. The tangent of 46° is unity. Compute the sine and se- 
cant of 45°. 
Ex. 4, The sine of 40^ is 0.643. Compute the cosine, tangent, etc. 
16t A table of natural sines^ tangents^ etc., is a table giving the 
lengths of those linea for different angles in a circle whose ra- 
dius is unity. 

Thus, if we describe a circle with a radius of one inch, and di- 
vide the circumference into equal parts oi ^ ^ 
ten degrees, we shall find that 
sine 10° =0.1 74 
" 20 =0.342 
" 30 =0.500 
" 40 =0.643 
" 45 =0.707 
If we draw the tangents of the same arcs, 
we shall find that 

tangent 60° =1.1 92 
" 60 =1.732 
" 70 =2.747 
" 80 =5.671 
" 90 =infinite. 
Also, if we draw the secants of the same 
arcs, we shall find that 






tangent 10°=0.176 
« 20 =0.364 
« 30 =0.677 
« 40 =±0.839 
" 45 =1.000 



secant 10°=1.015 

" 20 =1.064 

. " 30 =1.155 

". 40 =1.305 



secant 50o=1.556 
" 60 =2.000 
" 70 =2.924 
" 80 =5.769 
« 90 =infinite. 



" 45 =1.414 
17. The following table, pages 268-9, 
gives the sines and tangents between 0° 
and 90° for every ten minutes to four places 
of figures. For angles less than 45°, look 
for the degrees in* the first vertical column, 
and for the minutes at the top of one of 
the six following columns ; and for angles greater than 45*^, look 
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1.411 
X.464 

X.520 

i,58o 
1.643 
1.709 
1.780 
X.855 
X.935 

2.020 

2.1X2 
2.2XX 

2.3i8 

4.342 

2.56o 
2.699 
2.85o 
3.018 

3.204 
3.4x2 

3.647 
3.9x4 
4.219 

4.574 

4.989 
5.485 

6.084 
6.827 
7.770 
9.010 
10.71 
1 3.20 
17.17 
24.54 
42.96 
171.9 

4o' 


j8 

19 
20 

21 

22 

23 

24 
25 

26 


3249 
3443 
364o 
3839 
4o4o 
4245 
4452 
4663 
4877 


28 
29 

3o 
3i 

32 

33 

34 
35 


5095 
53x7 
5543 
5773 
6009 
6249 
6494 
6745 
7002 


5169 
5392 
56x9 
585 X 
6088 
633o 
6577 
683o 
7089 

7355 
7627 
7907 
8x95 

8491 
8796 

9x10 

9435 

9770 

20' 


5206 
543o 
5658 
5890 
6x28 
6371 
66x9 
6873 
7x33 

7400 
7673 

79^4 
8243 

854x 
8847 
9163 
9490 
9827 

3o' 


36 

37 
38 

39 
4o 

4i 

42 

43 

44 


7265 
7536 
78x3 
8098 
8391 
8693 

9004 
9325 
9657 


0' 




0' 
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for the degrees in the eighth vertical column, and for the min- 
utes at the top of one of the six following columns. Upon the 
same horizontal line with the degrees, and under the given num- 
ber of minutes at the top of the page, will be found the sine or 
tangent required. Since the radius of the circle is supposed to 
be unity, the sine of every arc below 90° is less than unity. The 
sines are expressed in decimal parts of radius ; and, although the 
decimal point is not written in the tabled it must always* be pre- 
fixed. Thus the sine of 25° 10' is 0.4253 ; 

" 51 30 18 0.7826. 
So also the tangent of 31° 40' is 0.61 68 ; 

" 65 20 is 2.1770. 

If the cosine of an angle is required, we must look for the sine, 
of the complement of that angle. Thus 

the cosine of 16^ 40' is the sine of 73° 20', or 0.9580 ; 
" 67 2^0 " 22 40, or 0.3854. 

The cotangents are found in the same -manner. 
It is not necessary to extend the tables beyond a quadrant, be- 
cause the sine of an angle is equal to that of its supplement. Art. 13. 
Thus the sine of ll6° 10' is the same as the sine of 63^ 50'. 
cosine of 132 40 " sine of 42 40; 

tangent of 143 20 " tangent of 36 40; 

cotangent of 151 60 " tangent of 61 50. 

18i If a sine is required for an angle containing a number of 
minutes not given in the table, it must be found by interpolation. 
This interpolation is based upon the assumption that the differ- 
ences of the sines are proportional to the differences of the an- 
gles; and, although this assumption is not strictly correct, the 
error is generally so small that it may be neglected. Thus 

• the sine of 40° 20' is 0.647.2 ; 
« . 40 30 is 0.6494. 
The difference of the sines corresponding to ten minutes of arc 
is .0022, which is called the tabular difference. 

The correction for 1' is therefore .00022 ; for 2' it is .00044 ; for 
3' it is .00066, eta 

As the tables only extend to four decimal places, we omit the 
fifth decimal, and, when the fraction omitted exceeds a half, we 
increase the preceding figure by unity. Thus we find 

the sine of 40° 21' is 0.6474 ; 
" 40 22 0,6476; 
'' 40 23 0.6479, etc. 
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Thus we see that the correction for the odd minutes is found 
by ^nuUiplying the tabular difference by the numher of mimUes^ 
and dividing the product by 10. 

In this manner we find 

the sine of 27° 17' is 0.4584 ; 
cosine of "45 23 is 0.7024; 
the tangent of 63 32 is 2.0090; 
cotangent of 81 48 is 0.1441. 

19. To find the number of degrees and minutes belonging to a 
given sine or tangent. 

If the given sine is found exactly in the table, the correspond- 
ing degrees will be found in the first or eighth vertical column, 
and the minutes at the top of the page. But when the given 
number is not found exactly in the table, look for the sine or tan- 
gent which is next less than the proposed one, and take out the 
corresponding degrees and minutes. The additional minutes 
may be found by reversing the process described in the preced- 
ing article. 

Find the difference between the given number and the one 
next less in the table; multiply this difference by 10, and divide 
the result by the tabular difference. The quotient will be the addi- 
tional niinutes required, 

Mc. Required the arc whose sine is 0.6060. 

The next less sine in the table is 0.5050, which corresponds to 
80° 20'. The difference between this sine and the given sine is 
•0010, which, multiplied by 10 and divided by the tabular differ- 
ence .0025, gives 4, the additional minutes required. The re- 
quired arc is therefore 30° 24'. 

In the same manner we find 

the arc whose tangent is 1.750 is 60° 15'. 

If the arc corresponding to a cosine or a cotangent is required, 
first find the arc corresponding to the same number regarded as 
a sine or tangent, and take the complement of this arc. Thus 
the arc whose cosine is 0.8264 is Z4P 16'; 
" • cotangent is 0.7146 is 54° 27'. 

LOGARITHMS. 
20i Logarithms are numbers designed to diminish the labor of 
multiplication and division by substituting in their stead addi- 
tion and subtraction. All numbers are regarded as powers of 
some one number, which is called the base of the system; and the 
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exponent of the power to which the- base must be raised in order to 
be equal to a givers number is called the logarithm of that number. 
llie base of the common system of logarithms (called, from 
their inventor, Briggs^s Logarithms) is the number 10. Hence 
all numbers are .to be regarded as powers of 10. Thus, since 
10^=1 we'have logarithm of 1 =0 
10'=:l6 " 10 =1 

" 10'=100 " 100 =2 

10'=1000 " 1000=3, etc. 

Whence it appears that in Briggs's system the logarithm of any 
number between 1 and 10 is some number between and 1 ; that 
is, it is a fraction less than. unity, and is generally expressed as a 
decimal The logarithm of any number between 10 and 100 is 
some number between 1 and 2 ; that is, it is equal to 1 plus a 
decimal. The logarithm of any number between 100 and 1000 
is some number between 2 and 3 ; that is, it is equal to 2 plus a 
decimal ; and so on. 

21. The same principle may be extended to fractions by means 
of negative exponents. Thus, sincfe 

10~*=-iV, or 0.1, —1 is the logarithm of 0.1 ; 

10-«=T^, or 0.01, -2 " 0.01; 

10-*=-rXir, or 0.001, -3 " 0.001; 

'r 10'^= ioL(» or 0.0001, —4 " 0.0001, etc. 

Hence it appears that the logarithm of any number between 
1 and 0.1 is some number between and —1, or may be repre- 
sented by —1 plus a decimal. The logarithm of any number be- 
tween 0.1 and 0.01 is some number between —1 and —2, or may 
be represented by —2 plus a decimal The logarithm of any 
number between 0.01 and 0.001 is some number between —2 and 
—3, or may be represented by —3 plus a decimal, and so on. 

22. Hence we see that the logarithms of most numbers must 
consist of two parts, an integral part and a decimal part. The 
integral part is called the characteristic or index of the logarithm. 
The characteristic may always be determined by the following 

KULB. 

' T/ie characteristic of the logarithm of any number is egfual to 
the number of places by which the first significant figure of that 
nurriber is removed from the imiCs place; a7id is positive wJien this 
figure is to the left of the unites places negative when it is to the 
rights and zero when it is in the unifs place. 
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Thus the characteristic of the -logarithm of 397 is +2, and that 
of 4673 is +3, while the characteristic of the logarithm of 0.0046 
is —3. 

23. Since powers of the same quantity are multiplied by add- 
ing their exponents, the logarithm of the product of two or more 
numbers is equal to the sum of the logarithms of those numbers. 
Also, since powers of the same quantity are divided by subtract- 
ing their exponents, the logarithm of the quotient of two numbers 
is equal to the logarithm of the dividend diminished by that of the 
divisor. 

Since the logarithm of 10 is 1, if a number be multiplied or di- 
vided by 10, its logarithm will be increased or diminished by 1, 
the d^mal part remaining unchanged Hence 

The decimal' part of the logarithm of any number is the same 
as that of the number multiplied or'dividedby 10, 100, 1000, etc. 

• Thus, if we denote the decimal part of the logarithm of 3456 by 
m, we shall- have 

logarithm of .3456=— l-f-m; 
" .03456 = — 2+m/ 

" .003456 =— 3+w/ 
" .0003456 = — 4+m. 



logarithm of 3456 = 3 + m / 
« 345.6 =2+wi; 

" • 34.66 =zl+m; 

" 8.456=0+m;. 



Table of Logarithms. 

24s A table of logarithms usually contains the logarithms of 
the entire series of natural numbers from 1 up to 10,000, and the 
larger tables extend to 100,000 or more. In the smaller tables 
the logarithms are usually given to five pr six decimal places ; 
the larger tables extend to seven, and sometimes eight or more 
places. 

In the accompanying table, the logarithms of the first 100 num- 
bers are given, with their characteristics ; but for all other num- 
bers, only the decimal part 6f the logarithm is given, while th(3 
characteristic is left to be supplied according to the rule in Art. 22. 

Tofnd the JLogarithm of any Narnber between 1 and 100. 
26i Look on the first page of the accompanying table, along 
the column of numbers under N., for the given number, and 
against it, in the next column, will be found the logarithm, with 
its characteristic. Thus 

opposite 13 is 1.113943, which is the logarithm of 13; 
" 65 is 1.812913, " . " 66. 

M2 
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• To find the Logarithm of any Number consisting of three . 

Mgures. 

Look on one of the pages of the table from 322 to 342, along the 
left-hand column, marked N., for the given number, and against 
it, in the column headed 0, will be found the decimal part of its 
logarithm. To this the characteristic must be prefixed, accord- 
ing to the rule in Art. 22. Thus 

the logarithm of 347, from page 33*, will bo found, 2.540329 ; 
« " 871, " 340, " 2.940018. 

As the firAt two figures of the decimal are the same for several 
successive numbers in the table, they are not repeated for each 
logarithm separately, but are left to be supplied* Thus the dec- 
imal part of the logarithm of 339 is .530200. The first two fig- 
ures of the decimal remain the same up to 347 ; they are there- 
fore omitted in the table, and are to be supplied. 

To find the Logarithm qfany Jfumber consisting offowr 

Figures, 

Find the three left-hand figures in the column marked N., as 
before, and the fourth figure at the head of one of the other col- 
umns. Opposite to the first three figures, and in the column un- 
der the fourth figure, will be found four figure^ of the logarithm, 
to which two figures from the column headed are to be prefix- 
ed, as in the former case. The characteristic must be supplied 
according to Art. 22. Thus 

the logarithm ot3456 is 3.538574; 
*' *' 8765 is 3.942752. 

In several of the columns headed 1,.2, 3, etc., small do^s are 
found in the place of figures. This is to show that jJie two fig- 
ures which are to be prefixed from the first column have changed, 
and they are to be taken from the horizontal line directly hdow. 
The place of the dots is to be supplied with ciphers. Thus 

the logarithm of 2045 is 3.310693 ; 
" " 9777 is 3.990206. 

The two leading figures from the column must also be t&ken 
from the horizontal line below, if any dots have been passed over 
on the same horizontal line# Thus 

the logarithm of 1628 is 3.211654. 
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« 

To find the LogarUKva of any Number containing more than 

four Figures. 

26i By inspecting the table, we shall find that the differenced 
oi: the logarithms are nearly proportional to the differences of 
their corresponding numbers. Thus 

the- logarithm of')r260 is 3.860338; 
" *' ' '^261 is 3.860398; 

". " 7252 is 3.860468; . 

" " 7253 is 3.860518, 

Here the difference between the successive logarithms, called 
the tahular difference^ is constantly 60,. corresponding to a differ- 
ence of unity in the natural numbers. If, then, we suppose the 
differences of the logarithms to be proportional to the differences 
of their correspon.ding numbers (aa they are nearly), a difference 
of 0.1 in the numbers should correspond to a difference of 6 in the 
logarithms; a difference of 0.2 in the numbei*s should correspond 
to a difference of 12 in the logarithms, etc. Hence 

the logarithm of 7250.1 must be 3.860344; 
" " 7250.2 " • 3.860350; 

" " 7250.3 " 3.860356. 

In order to facilitate the computation, the tabular difference is 
inserted on page 338 in the colunm headed D., and the proportion- 
al part for the fifth figure of the natural number is given at the 
bottom of the page. Thus, when the tabular difference is 60, the 
corrections for .1, .2, .3, etc., are seen to be 6, 12, 18, etc. 

If the given number was 72501 , the characteristic of its logarithm 
would be 4, but the decimal part would be the same as for 7260,1. 

If it were required to find the correction for a sixth figure in 
the natural number, it is readily obtained from the Proportional 
Parts in the table. The correction for a figure in the sixth place 
must be one tenth of the correction for the same figure if it stood 
in the fifth place. Thus, if the correction for .6 is 30, the correc- 
tion for .05 is obviously 3. 

Required the logarithm of 452789. 

The logarithm of 462700 is 5.655810. 

The tabular dijQTerence is 96. 

Accordingly, the correction for the fifth figure, 8, is 77, and for 
the sixth figure, 9, is 8.6, or 9 nearly. Adding these corrections 
to the number before found, we obtain 5.655896. 

The preceding logarithms do not pretend to be perfectly exacts 
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but only the nearest numbers limited to six decimal places. Ao* 
cordingly, when the fraction which is omitted exceeds half a unit in 
the sixth decimal place, the last figure must be increased by unity. 
Required the logarithm of 8765432. . 

The logarithm of 8765000 is 6.942762 

Correction for the fifth figure, 4, 20 

" * sixth figure, 3, 1.5 * 

" " seventh figure 2, 0.1 

Therefore the logarithm of 8765432 is 6.942774. 
Bequired the logarithm of 234567. 

The logarithm of 234500 is 5.370143 

Correction for the fifth figure, 6, 111 

" " sixth figure, 7, 13 

Therefore the logarithm of 234567 is 5.370267. 

• 

Tojind the JOogarithrh of a Decimal Fmctipn. 
27i According to Art. 23, the decimal part of the logarithm of 
any number is the same as that of the number multiplied or di- 
vided by 10, 100, 1000, etc. Hence, for a decimal fraction, we 
find the logarithm as if the figures were integers, and prefix the 
characteristic according to the rule of Art. 22, 



s 2.538574; 
8 1.942752; 
s 0.370143; 
s 1.091315; 
s 3.754195. 



EXAMPLE'S. 

The logarithm of 345.6 
« « 87.65 

" , " 2.345 

« " .1234 

" " .005678 

The minus sign is here placed <yoer the characteristic, to show 
that that alone is negative, .while the decimal part of the logar- 
ithm is positive. 

To find the Logarithm of a Yulgar JPhaction. 

28, We may reduce the vulgar fraction to a decimal, and find 
its logarithm by the preceding article ; or, since the value of a 
fraction is equal to the quotient of the numerator divided by the 
denominator, we may, according to Art. 23, subtract the logarithm 
of the denominator from that of the numerator / the difference 
will be the logarithm of the fraction. 

Ex. 1. Find the logarithm of •^, or 0.1875. 
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From th6 logarithm of 3, 0.477121, 

Take the logarithm of 16, 1.204120. 

Leaves the logarithm of -^, or .1875, 1.273001. 
Ex. 2, The logarithm of ^fe is 2.861697. 
Ex. 3. The logarithm of ^ is 1.147401. 

To find the KaturaL Numbefr corresponding to any Logarithm. 

29. Look in the table, in the column headed 0, for the first two 
figures of the logarithm, neglecting the characteristic ; the other 
four figures are to be looked for in the same column, or in one of 
the nine following columns ; and if they are exactly found, the 
first three figures of the corresponding number will be found op- 
posite to them in the column headed N., and the fourth figure 
will be found at the top of the page. This number muBt be 
made to correspond with the characteristic of the given logar- 
ithm by pointing off decimals or annexing ciphers. Thus 
the natural number belonging to the log. 4.370143 is 23450; 
" " « " 1.538574 is 34.56. 

If the decimal part of the logarithm can not be exactly found 
in the table, look for the nearest less logarithm, and take out the' 
four figures of the corresponding natural nuniber as before ; the 
additional figures may be obtained by means of the Proportional 
Parts at the bottom of the page. 

Required the number belonging to -the logarithm 4.368399. 
On page 328 we find the next less logarithm ,308287. 

The four corresponding figures of the natural number are 
2335. Their logarithm is less than the one proposed by 112. 
The tabular difference is .186; and, by referring to the bottom 
of page 328, we find that, with a difference of 186, the figure cor- 
responding to the proportional part 112 is 6. Hence the five 
figures of the natural number are 23356 ; and, since the charac- 
teristic of the proposed* logarithm is 4, these five figures are all 
integral. 

Required the number belonging to the logarithm 5.345678. 
The next less logarithm in the table is 345570. 

Their difference is . 108. 

The first four figures of the natural number are* 2216. 

With the tabular difference 196, the fifth figure,* corresponding 
to 108, is seen to be 5, with a remainder of 10. . To find the sixth 
figure corresponding to this remainder-IO, we may multiply it by 
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•10, making 100, and search for 100 in the' same line of Proper-, 
tional Parts. ' We see that a difference of 100 woald give us 6 in 
the fifth place of the natural number. Therefore a difference of 
10 must give us 5 in the sixth place of the natural number. 
Hence the required number i^ 221655. 

In the same manner we find 
the number corresponding to the log. 8.538672 is 3456.78^ 

** y " L 994605 is 98.7654; 

" " " 1.647817 is .444444. 

♦ • 

MULTIPLICATION Bt LOGARITHMS. 

30a According to Art. 23, the logarithm of the product of two 
or more factors is equal to the sum of the logarithms of those 
factors. Hence, for multiplication by logarithms, we' have the 
follo^^ing ' . 

•* •' - . •■-. 

Add the logarithms of tlie factors; the sum wiUbe the logarithm 
of their product 
£x.i. Required the product of 67.98 by 18. 

The logarithm of 57.98 is 1.763278 

" ' " 18 is 1.255273 

The logarithm of the product 1043.64 is 3.018551. 
Ex. 2. Required the product of 397.65 by 43.78. 

Ans. 17409.117. 
Ex. 3. Required the continued product of 54.32, 6543, and 
12.345. 

The word sum in the preceding rule is to be understood in its 
algebraic sense ; therefore, if any of the characteristics of the 
logarithms are negative^ we must take tlie difference between 
their sum and that of the positive characteristics, and prefix the 
sign of the greater. It should be remembered that the decimal j 

part of the logarithm is invariably positive ; hence that which is 
earned from the decimal part to the characteristic must be coobi 
sidered positive. 

Ex. 4. Multiply 0.00563 by 17. 

The logarithm of 0.00563 is 3.750508 
" " 17 is 1.230449 

Product, 0.09571, whose logarithm is 2.980957. 
' Ex. 5. Multiply 0.3854 by 0.0576. 
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The logarithm of^ 0.3854 is 1.585912 

" " 0.0576 is 2.760422 

Product 0.022199, whose logarithm is 2.346334, 
Ex. 6. Multiply 0.007853 by 0.00476. . A^is. 0.00003738. 
Ex. 7. Find the continued product of 11.35, 0.072, and 0.017. 
81. The logarithm of a negative number is an imagina'ry quan* 
tity. If, therefore, it is required to multiply negative number by 
means of logarithms, we must multiply the equal positive num- 
bers, and give to the product the sign required by the rule of 
signs in Multiplication. To distinguish the negative sign of a 
natural number from the negative characteristic of a logarithm, we 
append the. letter n to the logarithm of a negative factor. Thus 
for —56 we write the logarithm 1.748188 n, * • 

Ex. 8. Multiply 53.46 by —29.47. 

The logarithm of 53.46 is 1.728029 

For —29.47 we write the logarithm 1.46^9380 n. 
Product, —1575.47, log. 3.197409 n. 
Ex. 9. Find the continued product of 372.1, —.0054, and 
—175.6. 

Ex. 10. Find the continued product of —0.137, —7.689, and 
—.0376. 

• 

DIVISION BY LOGAHTTHMS. 

Z2m According to Art. 23, the logarithm of the quotient of one 
number divided by another is*equal to the difference of the logar- 
ithms of those numbers. Hence, for division bjr logarithms, we 
have the following 

BULE. 

jR-om the logarithm of the dividend subtract the logarithm of 
t/ie divisor; the difference will be the logarithm of the quotient. 
Ex. 1. Required the quotient of 888.7 divided'by 42.24. 

The logarithm ot 888.7 is 2.948755 
" " 42.24 is 1.625724 

The quotient is 21.039, whose log. is 1.323031. 
Ex. 2. Required the quotient of 3807.6 divided by 13.7. 

Ans. 211.921. 
The word difference^ in the preceding rule, is to be understood 
in its algebraic sense ; therefore, if the characteristic of one of 
the logarithms is negative, or the lower one is greater than the 
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upp^FyWe must change the sign of the subtrahend, and proceed 
as in addition. If unity is carried from the decimal part, this 
must be considered as positive, and must be united with the char- 
yicteristicr before its sign is changed. 

Ex. 3. Required the quotient of 56.4 divided by 0.00015. 
The logarithm of 56.4 is 1.751279 

" * . " • 0.00015 is 4.176091 

The quotie^it is 376000, whose logarithm is 5.575188. 

.This result may be verified in tKe same way as subtraction in 
common arithmetic. The remainder, added to the subtrahend, 
should be equafto the minuend. This pi*ecaution should always 
be observed when there is any doubt with regard to the sign of 
the result. 

Ex. 4. Required the quotient of .8692 divided by 42.258. 

Ex. 5. Required the quotient of .74274 .divided by .00928. 

The logarithm of ' 0.74274 is 1.870887 
" " 0.00928 is 3.967548 

The quotient is 80.037, whose logarithm is 1.903289. 

Ex. 6. Required the quotient of 24.934 divided by .078641. 

If the divisor or dividend, or both, be negative^wQ perform the 
division by logarithms by using the equal positive numbers, and 
prefixing to the quotient the sign required by the rule of signs 
in Algebra. 

Ex.7. Required the quotient of —79.64 divided by 0.08321. 

Ex. 8. Required the quotient of —0.4753 divided by —3^.74. 

INVOLUTION BY LOGARITHMS. 
83. It is proved in Algebra, Art. 398j that the logarithm of any 
power of a number is equal to the logarithm of that number mul- 
tiplied by the exponent of the powel*. Hence, to involve a num- 
ber by logarithms, we have the following 

BULB. 

Mtdtiply the logarithm of the number by the eocponent of thi * 
power required. 
Sx. 1. Required the square of 428. 

The logarithm of 428 is 2.631444 

_« 

Square. 183184, log. 5.262888. 



PLAKE TBIOONOHETBT. 281 

'■ Ex. 2. Required the 20th. power of 1.06. 

The logarithm of 1.06 is 0.025306 • 

20 

20th power, 3.2071, log. 0.506120. 
Ex. 3. Required the 5th power of 2.846. 
It should be remembered that what is carried from the deci- 
mal part of the logarithm is positive, whether the characteristic 
is positive ox negative. • 

Ex.4. Required the cube of .07654. 

The logarithm of .07654 is 2.883888 

3 

Cube, .0004484, log. 4.651664, 
Ex. 5. Required the fourth power of 0.09874. 
Ex. 6. Required the seventh power of 0.8952. 

EVOLUTION BY LOGARITHMS. 

34. It is proved in Algebra, Art. 399, that the logafithni of any 
root of a number is equal to the logarithm of that number di- 
vided by the index of the root. Hence, to extract the root of a 
number by logarithms, we have the following 

BULK. 

Divide the logarithm of the number by the index of the root re* 
quired. 

Ex. 1. Required the cube root of 482.38. 

The logarithm of 482.38 is 2.683389. 

Dividing by 3, we have 6.894463, which corresponds to 7.842, 
which is therefore the root required, 

Ex. 2. Required the 100th root of 365. Am. 1.0608. 

When the characteristic of the logarithm is negative, and is 
not divisible by the given divisor, we may increase the charac- 
teristic by any number which will make it exactly divisible, pro- 
vided we prefix an equal positive number to the decimal part of 
the logarithm. 

Ex. 3. Required the seventh root of 0^005846. 

The logarithm of 0.005846 is 3.766859, which may be written 
7+4.766859. 

• 

Dividing by 7, we have 1.680980, which is the logarithm of 
.4797, which is, therefore, the root required. 
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This result may be verified by multiplying 1.680980 by 1 ; the 

result will be found to be 3.Y66860. 
Ex. 4. Required the fifth root of 0.08452. 
Ex. 5. Required the tenth root of 0.007815. 

PROPORTION BY LOGARITHMS. 

86. The fourth term of a proportion is found by multiplying 
together the second and third terms, and dividing by the first. 
Hence, to find the fourth term of a proportion by logarithms. 

Add the logarithms of the second and third terms y and from 
their sum subtract the logarithm of the first term, 

Ex. 1. Find a fourth proportional to 72.34, 2.519, and 357.48. 

Ans. 12.448. 
. 36a When one logarithm is to be subtracted from another, it 
is sometimes more convenient to convert the subtraction into an 
addition, which may be done by first subtracting the given* log- 
arithm from 10, adding the difiference to the othet logarithm, and 
afterward rejecting the 10. 

The difference between a given logarithm and 10 is called its 
complement ; and this is easily taken from the table by beginning 
at the left hand, subtracting each figure from 9, except the last 
significant figure on the right, which must be subtracted from 10. 

To subtract one logarithm from another is the same as to 
add its complement, and then reject 10 from the result. For 
a— ft is equivalent to 10— ft+a— 10. 

To work a proportion, then, by logarithms, we must 

Add the complement of the logarithm of the first term to the log* 
arithms of the second and third terms. 

The characteristic must afterward be diminished by 10. 

Ex. 1. Find a fourth proportional to 6853, 489, and 38750. 
The complement of the logarithm of 6853 is 6.164119 
The logarithm of 489 is 2.689309 

'« * " • 38750 is 4.588272 

The fourth term is 2765, whose logarithm is 3.441700. 
One advantage of using the complement of the first term in 
working a proportion by logarithms is, that it enables us to ex- 
hibit the operation in a more compact form. 

Ex. 2. Find a fourth proportional to 73.84^ 658.3, and 4872. 

Ans. 
Ex. 3. Find a fourth proportional to 5.745, 781.2, and 54.27. 
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LOGARITHMIC SINES AND TANGENTS. 

87i When the natural sines, tangents, etc., are used in propor- 
tions, it is necessary to perform the tedious operations of multi- 
plication and division. It is therefore generally preferable to 
employ the logarithma of the sines ; and, for convenience, tliese 
numbers are arranged -in a separate table, called logarithmic 
sines^ etc. Thus 

the natural sine of 32° 30' is 0.5373. 

Its logarithm, found from page 33!|f, is 1.730217. ^/ 

The characteristic of the logarithm is negative^ as must be the 
case with all the sines, since they are less than unity. To avoid 
the introduction of negative numbers in the table, we increase 
the characteristic by 10, making 9.730217, and this is the num- 
ber found on page 376 for the logarithmic sine of 32° 30'. The 
radius of the table of logarithmic sines is therefore sometimes 
regarded as 10,000,000,000, whose logarithm is 10. 

The accompanying table contains the logarithmic sines and 
tangents for every .degree and minute of the quadrant. 

88t To find, the logarithmic sine^ cosine^ etc.^ of a given arc or 
angle. Hthe angle be less than 45°, find the degrees at the top 
of the page, and the' minutes in the left vertical column, marked 
M. ; then, in the column marked sine at the top, and opposite to 
the minutes, will be found the logarithmic sine of the given arc ; 
in the column marked cosine^ and opposite to the minutes, will be 
found the cosine of the given arc, etc. 

Thus, on page 371, we find 

the log. sine of 27° 38' is 9.666342 ; 

cosine " 9.947401 ; 

. tangent " 9.718940; 

cotangent " 10.281060. 

If the angle be greater than 45°, find the degrees at the bottom 
of the page, and the minutes in the vertical column on the right ; 
theq, in the column marked sine at the bottom, and opposite 
to the minutes, will be found the logarithmic sine of the given 
arc, etc. 

It will be se^n that the angle found by taking the degrees at 
the top of the page, and the minutes from the first vertical col- 
umn on the left, is the complement of the angle found by taking 
the corresponding minutes upon the same horizontal line from the 
vertical column on the right, and the degrees at the bottom of 
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the page. Thus, on page 371, having found 21° 38', follow the hor- 
izontal line containing the minutes to the right vertical column, 
and we find 22' with 62^ at the bottom of the page; and we, see 
that 62° 22' is the complement of 27® 38'. Now the sine of 27o- 
38' is the cpsihe of 62"" 22'; and the cosine of 27® 38' is the sine 
of 62^ 22'. This fact is indicated in the table, where the column 
marked sine at the top is marked cosine. at the bottom; and the 
column marked tangent at the top is marked cotangent at the 
bottom. 

On page 379 we find 

the log. sine of 64® 43' is 9.91 1 853 ; 

cosine " 9.761642; 

tangent " 10.150210; 

cotangent " 9.849790. 

39. If a sine is required for an arc consisting of degrees, min- 
utes, and seconds^ we must make an allowance for the seconds in 
the same manner as was directed iil the case of logarithms, Art. 
26 ; for within certain limits the differences of the logarithmic 
sines are proportional to the differences of the cori'esponding arcs. 
Thus . the log. sine of 24° 15' is 9.613545 ; 

" 25 16 is 9.613825. 

The difference of the log. sines corresponding to one minute of 
arc, or 60", is .000280 ; or 280 if we regard the sixth decimal place 
as uuits. The proportional part for 1 " is found by dividing the 
tabular difference- by 60, which in this case gives 4.67; that is, 
the allowance for 100" would be 467 ; and this is the number, 
given on page 368, in the column with the title D. 100", upon the 
horizontal line between 15' and 16'. The correction for any num- 
ber of seconds will be found by multiplying the proportional part 
for 1" by the number of seconds ; or multiplying the correspond- 
ing number in the column marked D, by the number of seconds^ 
and rejecting ^he last two figures of the product. 

Required the log. sine of 32° 45' 37". 

On page 376 the coiTcsponding number in the column m^ked 
D. is 327. Multiplying this by 37, and rejecting the last two 
figures of the product, we obtain 121, which is the correction for 
87". Adding this to the sine of 32° 45', we find 

the log. sine of 32° 45' 37" is 9.733298. 

In a similar manner we find the tangent of an arc consisting 
of degrees, minutes, and seconds ; and so also for cosines and co- 
tangents, except that the correction for the seconds is to bo suh- 
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trcccted instead of added, because the cosines decrease while the 
arcs increase. 

The column marked D. between the tangents and cotangents 
answers for each of these columns, because by E<][. 5, Art. 14, tang. 
Ax cot. A=:R2 ; that is, log. tang. A+log. cot. A=20; and it will 
be observed that the sum of any two numbers on the same hori- 
zontal line in these two columns is equal to 20. Hence the differ^ 
ence for 1" is the same in both columns. 

JScampfe^. The log. sine of 37° 24' 13" is 9.783493; 

log. cosine . of 48 32 29 is 9.820910; 
the log. tangent of 62° 45' 31" is 10.288325 ; 
log. cotangent of 81 17 68 is 9.184781. 
40i For arcs, not exceeding half a degree, the sine and tangent, 
may be found more conveniently, and in general more accurate- 
ly, as in the following examples : for in so small an arc the sine 
and tangent do not differ from the arc by so much as a unit in 
the sixth decimal place, and hence the sine of a smaU arc may he 
dammed as equal to the sine ofl" multiplied by the number of 
seconds in the arc. 
Ex. 1. Required the log. sine of 23".87. 

The Jog. sine of 1" is 4.685575 

log. of.23.87 is 1.377852 

The log. sine of 23."87 is 6.063427. 

Ex. 2. Required the log. tangent of 5' 37. "6« 

The log. tangent ofl" is 4.685575 

log. of 337.5 is 2.528274 

The log. tangent of 5' 37".5 is 7.213849. 

' For arcs not exceeding 7/ this method will give the log. sine or 
tangent correct to six decimal places ; and for arcs not exceed- 
ing one degree, the error is quite small. . 

41 ■ It is not necessary to extend the tables beyond 90°, because 
the sine of an angle is equal to that of its supplement. Art. 13. 
Thus. the log. sine . of 126° 17' 24" is 9.906352; 

log. cosine of 132 29 53' is 9.8296^7; 
log. tangent of 158 42 12 is 9.690860; 
log. cotangent of 147 51 38 is 10.201862. 
42i The secants and cosecants are omitted in this table, since 
they are easily derived from the sines and cosines. We have 

found, Art. 14,Eq. 2, secant = — ; — ; or, taking the logarithms, 
' cosine 

• we have log. secant=:2. log. R— log. cosine ; 
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log. secant=:20— log. cosine. 

R2 

Also, cosecant=-: — ; 

' Bine ' 

or log. cosecant=20— log. sine; that is, 

The logarithmic secant is found by subtracting the logarithmic 
cosine from 20; and the logarithmic cosecant is found by sub- 
tracking the logarithmic sine from 20. 

Thus we have found the logarithmic sine of 37° 24' 13" to be 
9.783493. 

Hence the logarithmic cosecant of 37° 24' 13" is 10.216507. 

The logarithmic cosine of 48° 32' 29" is 9.820910, 

Hence the logarithmic secant of 48° 32' 29" is 10.179090. 

43. To find the arc corresponding to a given logarithmic sine or 
tangent. 

If the given number is found exactly in the table, then, when 
the appropriate title is found at the top of the column, the de- 
grees will be found at the top of the page, and the minutes in 
the vertical column on the left; but if the title is found at the 
bottom of the column, the degrees will be found at the bottom 
of the page, and the minutes in the vertical column on the 
right. 

But when the given number is not found exactly in the table, 
look for the sine or tangent which is next less than the one pro- 
posed, and take out the corresponding degrees and minutes. 
Find also the difference between this tabular number and the 
number proposed ; annex two ciphers, and divide the resuU by the 
corresponding number in the column D. The quotient will be the 
required number of seconds^ to be- addpd to the degrees and min* 
utes before found. 

Example. Find the arc whose log. sine is 9.760000. 

The next less sine in the table is . 9.749987. 
The arc corresponding to' which is 34° 13'. . 

The difference between its sine and the One proposed is 13. 
Annexing two ciphers, and dividing by 3Q9 (the corresponding 
number in column D.), we obtain 4 nearly. Hence the required 
arc is 34° 13' 4". 

In the same manner we find the arc corresponding to log. tan- 
gent 10.250000 to be 60° 38' 67". 

If a cosine or cotangent is required, we must look for the num- 
ber in the table which is next greater than the one proposed, and 
then proceed as for a sine or tangent. Thus 
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the arc whose cosine is 9.602000 is 66° 25' 31".; 
" cotangent is 10.300000 is 26 37 10. 

44. For arcs not exceeding half a degree, it will be most con- 
venient to reverse the method of Art. 40. For this purpose sub- 
tract the log. ^ine of 1" fcom the given log. sine, and the remain- 
der will be the logarithm oT the nuniber of seconds in the arc. 
Required the arc whose log. sine is 7.000000 
Subtracting the log. sine of 1" 4.685575 

we have 2.314425, 

which is the log. of 206.26. 
Hence the required arc is 3' 26".26. 

Required the arc whose log. tangent is 7.500000 
Subtracting the log. tangent of 1" 4.685575 

we have 2.814425, 

which is the log. of 652.27. 
Hence the required arc is 10' 52".27. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

THEOBEM I. 

46i In any righUingled triangle^ radius is to the hypothmuse as 
the sine of either acute angle is to the opposite side^ or the cosine 
of either acute angle to the ac^acent side. 

Let the triangle CAB be right-angled at JB 

A ; then will vg 

R : CB : : sin. C : BA : : COS. C : C A 

From the point' C as a centre, with a ra- 
dius equal to the radius of the tables, de- ^^ i:Jr- 

scribe the arc D£, and on AC let fall the 

perpendicular £F. Then £F will be the sine, and CF the cosine 

of the angle C. 

Because the triangles CAB, CF£ are similar, we have 

CE:CB::EF:BAf 
or .. R:CB::sin.C:BA. 

AlsQs CE:CB::CF:CA, 

or • R:CB::cos.C:CA. 

Cor. If radius be taken as unity, we shall have 
AB = CB sin. C, and AC = CB cos. C. 

Hence, in any right-angled triangle^ either of the sides which 
contain the righJt angle is equal to the product of the hypothenusc 
by the sine of the angle opposite to that sidCy or by the cosine of 
the acute angle adjacent io that side. 
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THEOBBH II. 

46t In any Hffk^ngled triangle^ radius is to, either side as the 
tangent of the acffacent acute angle is to the opposite side^ or the 
secant of the same angle to the hypothenuse, 

Le( the triangle CAB be right-angled at 
A ; then will 

R : CA :: tang. C : AB :: tfec. C : CB. 
From the point C as a centre, with a ra^ 
^j^ dins equal to the radius of the tables, de- 
scribe the arc DE, and from the point D 
draw DF perpendicular to CA. Then DF will be the tangent, 
and CF the secant of the angle C. . . 

Because the triangles CAB, CDF are similar, we have 

CD:CA::DF:AB, 
or R:CA::tang. C: AB. 

Also, • CD:CA::CF:CB, . . 

or R : CA :; sec. C : CB. 

Cor. If radius be taken as unity, we shall have 

AB=AC tang. C, and BC=AC sec. C. 

Hence, in any right-angled triangle^ either of the sides which 
contain the right angle is equal to th^ product of the other side by 
the tangent pfthe angle which is opposite to the first side; and the 
hypothenuse is equal to the product of either side by the secant of 
the acute angle adjacent to that side, 

47t In every plane triangle there are six parts : three sides and 
three angles. Of these, any three being given, provided one of 
them is a side, the others may be determined. In a right-angled 
triangle, one of the six parts, viz., the right angle, is always 
given ; and if one of the acute angles is* given, the other is, of 
course, known. Hence 'the number of parts to be considered in 
a right-angled triangle -is reduced io four ^ B,nY two of which be- 
ing giv^n, the others may be found. 

It is desirable to have appropriate names by which to desig- * 
nate each of the parts of a triangle. One of the sides adjacent 
to the right angle being called the base, the other side adjacent 
to the right angle may be called the perpendicular. The three 
sides will then be called the hypothenuse, base, and perpendicu- 
lar. The base and perpendicular are sometimes called the legs 
of the triangle. Of the two acute* angles, that which is adjacent 
to the base may be called the angle at the base, and the other 
the angle at the perpendicular. 
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We may, therefore, have four cases, according as there are 
given, 

1« The hypothenuse and the angles; 

2. The hypothenuse and a leg ; 

3. One leg and the angles ; or, 

4. The two legs. 
All these cases macy be solved by the two preceding theorems. 

CASE I. 

.48i Given the hypothenuse and the angles^ to find the base and 
perpendicular. 
This case is solved by Theorem L 

Hadius ; hypothejiuse :: sine of the angle at the base iperpendiO" 
ular / 

Radius : hypothenuse : : cosine of the angle at the base : base, 
Ex. 1. Given the hypothenuse 275, and the angle at the base 
57° 20^, to find the base and perpendicular. . 
The natural sine of 57° 20' is .8418. 
" cosine " .5398. 

Hence 1 : 275 ::. 841.8: 23 1.6= AB. 
1 : 275 :: .5398 : 148.4= AC. 
The computation is here made by natural num- 
bers. If we work the proportion by logarithms, q 
we shall have 

•radius, 10.000000 

. is to the hypothenuse 275, 2.439333 

as the sine of C 57° 20',. 9.926222 

to the perpendicular 231.50, 2.3645$5. 

Also, radius, 10.000000 

• is to the hypothenuse 275, 2.439333 

as the cosine ofC 57° 20', 9.732193 

. to the base 148.43, . 2.171626. 

Ex. 2. Given the hypothenuse 67.43, and the angle at the per- 
pendicular 38° 43'^ to find the base £md perpendicular, . 

Aws. The base is 42.17.5, and pei*pendicular 62.612. 
The student should woiic the examples both by natural num- 
bers and by logarithms until he has inade himself perfectly fa- 
miliar with both method?. He may then employ either method, 
asoi&ay appear to him most expeditious. 
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CASE n. 

49i Cfiven the Aypothenuse and one leffy to find t/ie angles and 
the other leg. 
This case is solved by Theorem X 

Sypothenuse : radius : ibase : cosine ofths angle at the base. 
Badius : hypotheniise\\ sine of the angle at the base '.jperpendio- 
ular. 

When the perpendicular is given, perpendicular must be sub- 
stituted for base in this proportion. •* 

Ex. 1. Given the hypothenuse 54.32, and the base 32.11, to find 
the angles and the perpendicular. 
By natural numbers we have 

64.32:1:: 32.11: COS. C. 
Also 1 : 54.32 :: sin. C:AB. 

By logarithms, 

54.32, " 1.734960 

is to radius, ' 10.000000 

. as 32.11, 1.506640 

is to COS. 53° 45' 47", 9.771680. 

That is, the angle 0=53° 45' 47", and therefore the angle B=36^ 

14' 13'.'. 

Also radius, ' 10.000000 

is to 54.32, 1.734960 

as sine 53° 45' 47", 9.906647 

is to 43.813, the perpendicular 1.641607. 
Ex. 2. Given the hypothenuse 332.49, and the perpendicular 
98.399, to find the angles and the base. 
Ans.'The angles are 17° 12' 51" and 72° 47' 9"; the base, 317.6. 

CASE in. 
60. Given one leg and the angles^ to find the other leg and Ay- 
pothenuse. 

This case may be solved by Theorem 11. 
Madius.: base : : tangent of the angle at the base : the perpendicukiT. 

: : secant of the angle at the base : hypothenuse. 
' When the perpendicular is given, perpendicular must be suU 
Btituted for base in this proportion. 
This case may also be solved by Theorem L 

sin, B : base :: sin. C ; perpendicular; • 
:: radius : hypothenuse. . 
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Ex. 1. Given the base 222, and the angle at the base 25^ 15', to 
find the perpendicular and hypothenuse. 
By natural numbers we have 

1 ; 222 : : tang. 26° 15'.: perpendicular. 
Also sin. 64° 45' : 222 : ; radius : hypothenuse. 

By logaritbims,' 

radius, JO.OOOOOa 

is to 222, 2.3.46353 

as tang. 25° 15', 9.673602 . 

is to Jd4.70, the perpendicular, 2.019955. 

Also sin. 64° 45', * 9.956387 

is to 222, 2.346353 

as radius, 10.000000. 

is to 245.45, the hypothenuse, 2.389966. 
Ex.2. Given the perpendicular 125, and the angle at the per- 
pendicular 51° 1 9', to find the hypothenuse and base. 

Arts* Hypothenuse, 199.99; base, 156.12. 

• • • 

. CASE IV. 
• ♦ 

61; Given the two legs^ to find the angles and hypothenuse. 

This case is solved by Theorem H. . 

Base^ : rccdius : '.perpendicular : tangent of the angle at the base. 

Hadius : base : : secant of the angle at the base : hypothmuse. 
. When the angles have been found, the hypothenuse may be 
found by Theorem L 

sin. C : AB : : radius : BC. 

» 

Ex. 1. Given the base 123, and perpendicular 765, to find the 
angles and hypothenuse. 
By patural numbers we have 

123:1:: 765: tang. C; 
sin. C :. 765 : : 1 : hypothenuse. 
By logarithms, 

' 123, 2.089905 

is to radius,* . IQ.OOOOOO 

as 765, 2.883661 

is to tang. 80° 51' 57'V' 0.793756. 

Also • Bin; 80° 51' 57", 9.994458 

is to 765, 2.883661 

as radius, . 10.00.0000 

is to 7.74.82, hypothenuse, 2.889203. 
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Ex. 2. Given the base 53, aixd perpendicalar 67, to find the an- 
gles and hypothenuse. 

Ana. The angles are 61® 30' 16", and 38® 20' 44"; hypothenuse, 
85.428. . ... 

• • • • • 

JEk^mpUa for Ftactice. 

1. Given the base 777, and perpendicular 345, to find the by* 
pothenuse and angles. 

This example, it will be seen, falls under Case IV. 

2. Given the hypothenuse ' 324, and the angle at the base 
48° 1 7', to find the base and perpendipular. 

3. Given the perpendicular 543, and the angle at the base * 
72° 45', to find the hypothenuse and base. 

4. Given the hypothenuse 666, and base 432, to find the angles 
and perpendicular. 

5. Given the base 634, and the angle at the base 53® 27', to find 
the hypothenuse and perpendicular. 

6. Given the hypothenuse 1234, and perpendicular 555, to fihd 
the base and angles. _ 

7. Suppose the radius of the earth to be '3963 miles, ^nd that it 
subtends an angle of 57' 2".3 at the moon, what is the distance of 
the moon from the earth ? 

8. Suppose that when the moon's distance from the earth is 
238,885 miles, its apparent semi-diameter is 15' 33".5, wh^t is its 
diameter in miles ? 

9. Suppose the radius of the earth to be 3963 miles, and that it 
subtends an angle of 8".9 at the sun, what is the distance of the 
sun from the earth ? 

10. Suppose that the sun's distance from the «arth is 92,000,000 
miles, and that its apparent semi-diameter is 16' 1".S, what^isits 
diameter in miles ? 

62i When two sides of a right-angled triangle are given, the 
third may be found by means of the property that the square of 
the hypothenuse is equal to the sum of the squares of the other 
two sides. . ' • ■ ' 

Hence, representing the hypothenuse, base, and perpendieulaf 
by the initial letters of th^se words, we have 



Ex.1. If the base is 2720, and the perpendicular 3104, what is 
the hypothenuse ? . ^n^. 4127,1. 
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Ex. 2. If the hypothenuse is 514, and the perpendicular 432^ 
what is the base ? 

• SOLUTION OF OBLIQUE-ANGLED TRIANGLEa 

THEOBEM I. 

58i iH any plane triangle^ the sines of the angles areproportionr 
al to the opposite sides. 

Let ABC be any triangle, and from one of its 
angles, a^ A, let AD be drawn perpendicular to the 
opposite side BC. There may be two cases. 

Mrst. If the perpendicular falls within the trian^ b 
gle, because the triangle ABD is right-angled at D, we have 
R:sin.B::AB:AD; whence R'x AD = sin. BxAB. 

Far a similar reason, 

R:sin.C::AC:AD; whence Rx AD = sin. Cx AC. 
Therefore 8in.5xAB=:sin.CxAC; 

or, sin. B : sin.C : : AC : AB. 

Second. If the perpendicular falls without the tri- a 
angle, we have in the triangle ABD, as before, . 

R:sin.ABD::AB:AD. 
Also, in the triangle ACD, 

. R:sin.C::AC:AP; 

whence sin. ABD : siri. C : : AC : AB. 

But, since ABD is the supplement of ABC, their sines are equal. 
Art. 13. 
Therefore sin. ABC : sin. C : : AC : AB. 

* * - « 

THEOBEM IL 

64i, In any plane triangle^ the sum of any tujo sides is to their 
differenee as the tangent of half the sum of the opposite angles is 
to the tangent of half their difference. 

Let ABC be any triangle ; then will 

CB+CA i CB'-CA :: tang. ^^±5 : tang. ^^ 

Produce AC to D, making CD equal to CB, and join DB. 
Take CE equal to CA ; draw AE, and produce it to F. Then AD 
is the sum of CB and CA, and BE is their difference. 

The sum of the two angles CAE, CEA is equal to the sum of 

CAB, CBA, each being the supplement of ACB (Geom.,B. I.,Pr. 

27). But, since CA is equal to CJE, the angle CAE is equal to the 

. angle CEA; therefore CAE is th« half sum of the angles CAB, 
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CBA, Also, if from the greater of the 4;wo 
ftDgles CAB, CBA there be taken their half 
snm, the remainder, FAB, will be their haHf 
difference (Algebra, p. 89). 

Since CD is equal to CB, the angle ADF 
is equal to the angle EBF; also, the angle 
CAE is equal to A£C, which is equal to 
the vertical angle BEF. Therefore the two 
triangles DAF, BEF are mutually equian- 
gular ; hence the two angles at F are equal, 
and AF is perpendicular to DB. 
If, then, AF be made radius^ DF will be 

the tangent of DAF, and BF will be the tangent of BAF. But, 

by similar triangles, we have 

AD:BE::DF:BF; thatis. 




CB+CA : CB-CA :: tang. 



A+B 



: tang. 



A-B 



THSOBSM in. 

66i. If from any angle of a triangle a perpendicitlar be dragon 
to the opposite side or Txise^ the sum of the segments of the base is 
to the sum of the two other sides as the difference of those sides is 
to the difference of the segments of t/ie base. 

For demonstration, see Geometry, B. IV., Pr. 34, Cor. 

66i In every plane triangle three parts must be given to ena- 
ble us to determine the others, and of the given parts one at 
least must be a side. For, if the angles only are given, these 
might belong to an infinite number of different triangles. In 
solving oblique-angled triangles four different cases may there- 
fore be presented. There may be given, 

1. Two angles and a side ; 

2. Two sides and an angle opposite one of them ; 

3. Two sides and the included angle ; or, 

4. The three sides. 

We shall represent the three angles of the proposed triangle 
by A, B, C, and the sides opposite them respectively by a, b,c. • 



CASE I. * 

67i Given two angles and a side, to find the third angle aiid the 
other two sides. 

To find the third angle, add the given angles together, and 
subtract their sum from 180°. 
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The required sides may be found by Theorem I. The propor- 
tion will be, 

Tfie sine of the angle opposite the given side : the given side 
: : the sine of the angle opposite the required side 
zihe required side, 
Exrl. In the triangle ABC, there are given 
the angle A, 57^ I6', the angle B,36° 30', and 
the side c, 364, to find the other parts. 

The sum of the given angles, subtracted 
from 180°, leaves 87° 15' for the angle C. ^ 
Then, to find the side a, we say, 

sip.C:c::sin. A:a. 
By natural numbers, 

.9988 : 364 :: .8410 : 306.49=a. 

This proportion is most easily woilced by logarithms, thus : 

As the sine of the angle C, 87° 16', comp. 0.000500 

Is to the side c, 364, 2.56H01 

. So is the sine of the angle A, 67° 15', 9.924816 

To the side.o, 306.49, 2.486417, 

To find the side 5, we have, sin. C : c : ; sin. B : b. 
By natural numbers, 

9988 : 364 :: .6807 : 211.62=:ft. 
The work by logarithms is qs follows : 

sin.C, 87° 15', comp. 0.000600 

:c, 364, 2.661101 

:: sin. B, 35° 30', 9.763964 

':b, 211.62, 2.326666. 

Ex. 2. In the triangle ABC, there are given the angle A, 49® 
25', the angle C, 63° 48', and the side c, 275, to find the other 

parts. ^n*. B=:660 47'; ai=232.766; J=281.67. 

. » 

CASE II. 

68. Given two sides and an angle opposite one ofthem^ to find 
the third side and the remaining angles. 

One of the required angles- is found by Theorem L The pro- 
portion is, 

T?ie side opposite the given angle : th^ sine of that a,ngle 

:: th^ other given side: the sine of the opposite angle. 

The third angle is found by subtracting the sum of the othel 
two from 180°^ and the third side is found as in Case L 
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If the side BC, opposite the given angle 
.'A, is shorter than the other given side AC, 
the solution will be ambiguous ; that is, 
two different triangles ABC, AB'C may be 
\^ formed, each of which will satisfy the con- 
ditions of the problem. 
The numerical result is also ambiguous, for the fourth term of • 
the first proportion is a sine of an angle. But this may be the 
sine either of the acfoie angle AB'C, or of its supplement, the ob- 
tuse angle ABC (Art 13). In practice, however, there will, gen- 
erally be some circumstance to determine whether the required 
angle is acute or obtuse. If the side opposite the given angle is 
longer than the other given side, there can be no ambiguity, for 
B will fall on B'A produced, and the triangle ABC will no longer 
be one solution of the problem. This is always the case when 
the given angle is obtuse* 

Ex. 1. In a triangle ABC, there are given AC, 458,. BC, 307, 
and the angle A, 28° 45', to find the other parts. 
To find the angle B ; 

BC : sin. A : : AC : sin. B. 
By natural numbers, 

307:.4810::458:.71'76, sin. B, the arc corresponding to which 
is 45° 51', or 134° 9'. 
This proportion is most easily worked by logarithms, thus : 

BC, 307, comp. 7.512862 

:sin.A, 28° 45', , 9.682135 

::AC, 458, 2.660865 

: sin. B, 45° 61' 14'', or 134° 8' 46", 9.855862. 

The angle ABC is 134° 8' 46," and the angle AB'C, 45*^ 61' 14". 
Hence the angle ACB is 17° 6' 14", and the angle ACB', 105° 23' 
46". 

To find the side AB ; 

sin. A : CB : : sin. ACB : AB. 

By logarithms, 

sin. A, 28° 46', comp. 0.317865 

CB; 307, 2.487138 

: sin. ACB, 17° 6' 14", 9.468502 

AB, 187.72, 2.273506. 

To find the side AB' ; 
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sin. A : CB' : : siii. ACB' : AB'. 
By logarithms, 

sin. A, ' 28*^45', comp. 0.317865^. 

i-CB', .307, . . 2.487138 

:: sin. ACB', 105^ 23' 46", 9.984128 . 

:AB', 615.36, 2.789131 . 

Ex.2. In a triangle ABC, there are given ABj,532, BC, 358, 
and the angle C, 107° 40', to find the other parts. 

^/w.A=390 52'52"; B=32°27'8"; AC=299.6. 
In this example there is no ambiguity, because the given angle 

is obtuse. 

* . • . • • 

59i GUven two sides and the included angle^ to find the ttiird side 
and the remaining angles. 

The sum of the required angles, is found by subtracting the 
given angle from 180**. The difference of the required angles is 
then found by Theorem IL Half the difference added to half the 
sum gives the greater angle, and, subtracted, gives the less an- 
gle. . The third side is then found by Theorem L 

Ex. 1. In the triangle ABC, the angle A is given 53° .8'; the 
Bide c, 420, and the side ^, 535, to find the remaining parts. 

The sum of the angles B+C=I80O-53° 8'=126° 52'. Half 
their sum is 63° 26'. 

Then,by1?heoremn., * 

535+420 : 535— 42Q :: tang, es*" 26' : tang. 13"* 32' ^6", 
whfeh is half thie difierence of the two required angles. 

Hence the angle B is 76° 58' 25", and the angle C, 49° 53' 35". 

To find the side a/ . . 

sin. C : c :: sin. A : a=439.32. 

Ex. 2. Given the side e, 176, a, 133, and the included angle B, 
• 73°, to find the remaining parts. 

Ans. ^=187.022, the angle C, 64° 9' 3", and A, 42° 50' 57". 

CASE rv. 

' 60. ^iveh the thre^ sides^ to find the angles. 

Let .fall a perpendicular upon the longest side from the oppo- 
site angle, dividing .the given triangle into two right-angled tri- 
angles. The two segments of the base may be found by Theorem 
HI.. There will then be given the hypothenuse ^nd one side of a 

right-angled triangle to find the angles. 

•■• N2 
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Ex. 1. In the triangle ABC, the side a is 261, the side^J, 345, 
and c, 395. What are the angles ? 
Let fall the perpendicular CD upon AB. 
Then, by Theorem m., •' . .. 

AB:AC+CB::AC-CB:AD-.DB; 
or 395:606:: 84: 128.87. 

Half the difference of the segments added to half their sum 
gives the greater segment, and subtracted gives the less seg: 

ment. 

Therefore AD is 26 J.935, and BD, 133.065. 
Then, in each gf the right-angled triangles 
ACD, BCD we have given the hypothenuse 
and base, to find the angles by Case IL of 
® right-angled triangles. Hence •. 
AC:R::AD:cos.At=40°86'13"; 
BC : R :: BD : cos. B=:59° 20' 52". 
Therefore the angle C=80° 2.' 55". 

Ex. 2. If the. three sides of a triangle are 15Q, 140, and J30, 
what are the angles? 

Am. 67° 22' 48", 59° 29' 23", and 53^ 7' 49". 

• " * . * 

Mcamplesfor Practice. 

1. Given two sides of a triangle^.478 and 567, and the included 
angle, 47° 30', to find the remaining parts. . 

2. Given the' angle A, 56° 34', the opposite side, a, 735, and the 
side b, 576, to find the remaining parts. 

3. Given the angle A, 65° 40', the angleJB, 74° 20', and the side 
a, 275, to find the remaining parts. 

4. Given the three sides, 742, 657, and 379, to find the angles. * 

5. Given the angle A, 1 16° 32', the opposite side, a^ 492, and the . 
side c, 295j to find the remaining parts. ; 

6. Given the angle C, 56° 18', the opposite side, c, J 84, and the 
side ft, 219, to find, the remaining pa^'ts. . . " * . 

This problem admits of two answers. ' . 

7. Given the angle B,*68°.35' 27", the angle C,44'' 48' 47", and 
the side c, 479, to find A, «, and h. * ' . 

8. Given the angle A, 67° 23' 56", tbo side a, 1486,73, Bpd the 
side ft, 2073.22, to find B, 0, and a ' 

9. Given the angle C, 66° 3' 27'^, the side a, 897,. and the side 
ft, 571, to find A,.B^ arid c. ... 

10. Given a=2251, ft=738, and c =830, to find A, B, and C. 



PLANS TBIGONOMBTEY, 



299 




INSTRUMENTS USED IN DRAWING. 

61. The following are some of the moBt important instraments 
used in drawing. * . 

I. The dividers consist of two legSy revolving upon a pivot at 
onQ extremity. The joints should be composed of two different 
metals, of unequal hardness : one part, for example, of steel, and 
the other of braiss. or sil- 
ver, in order that they 
may move upon each oth- 
er with greater freedom. 
The points, should be of 
tempered steel, and, when the dividers arie closed, they should meet 
with great exactness. The dividers are often furnished with va- 
rious appendages, which are exceedingly convenient in drawing. 
Sometimes one of the legs is furnished with an adjusting screw, 
by which a slow motion may be. given, to one of the points, in 
which case they are called hair compasses. It is also useful to 
have a movable leg, which may be removed at pleasure, and oth- 
er parts fitted to its place ; as, for example, a long beam for draw- 
ing large circles, a pencil-point for. drawing circles with a pencil^, 
an ink^oint for drawing black circles, etc. 

62. n. The parallel rule consists of two flat rules, made of wood 
or ivoiy, and connected together by two cross-bars of equal 
length, and parallel to each other. This instrument, is useful for 
drawing a line parallel to. a ..given line, through a given point. 




For this purpose, pla6e the edge of one of the flat rules against 
the given line, and move the other rule until its edge coincides 
with the given point. A line drawn along its edge will be par- 
allel to the given line. 

68t HL The protractor is used to lay down or to measure an- 
gles. It consists of a semicircle, usually of brass, and is divided 
into degrees, and sometimes smaller portions, the centre of the 
circle being indicated by a small notch. 

To lay down an angle with the protractor,, draw a base line, 
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and apply to it the edge of 
the protractor, so that its 
centre shall fall at the angu- 
lar point. Count the degrees 
contained in the proposed an- 
gle on the limb of Ihe circle, 
and mark the eixtremity of 
the arc with- a fine dot. Re- 
move the instrument, and through the dot draw a line to the an- 
gular point ; it will give the angle required. In fi similar man- 
ner, the inclination of any two lines may be measured with the 
protractor. 

64t IV. Theplane sccde is a ruler, frequently two feet in length, 
containing a line of equal partSy chords^ sines, tangentSy etc. For 
a scale of equal parts, a line is divided into inches and tenths of 
an inch, or half inches and twentieths; When smaller fractions 
are required, they are obtained by means of the diagonal scaler 
which is constructed in the following manner. Describe a square 
inch, ABCDj and divide each of its sides' into ten equal parts. 

.02 




Draw diagonal lines from the first point of division on the uppei 
line to the second on the lower; from the second on the upper line 
to the third on the lower, and so on. Draw, also, other lines pal> 
allel to AB, through the points of division of B(X Then, in the 
triangle ADE, the base, DE, is one tenth of an inoh ; and, since 
the line AD is divided into ten equal parts, and through the 
points of division lines are drawn parallel to. the base, forming 
nine smaller triangles, the base of the least is one tfenth of DE, 
that is, .01 of an inch ; the base of the second is .02 of an inch; 
the third, .03, and so on. Thus the diagonal scale furnishes us 
hundredths of an inch. 

To take off from the scale a line of given length, as, for exam- 
ple, 4.46 ipches, place one foot of the dividers at F, on the sixth 
horizontal line, and extend the other, foot to G, the fifth diagonal 
line, 

A hfilf inch or less is frequently subdivided in the same manner, 
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' 66i A line of chords, commonly marked cho., is found on most 
plape scales,, and is useful in setting ofiT angles. To form this: 
line, describe a circle with any convenient radius, and divide the 
circumference into degrees. Let the length of the chords for ev- 
ery degree of the quadrant be determined and laid off on a scale : 
this is called a line of chords. 

Since the chord of 60° is equal to radius, in order to lay down 
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an- angle, we take from the scale the choi'd of 60 , and with this 
radius describe an arc of a. circle. Then take from the scale the 
chord of the given angle, and set it off upon the former arc. 
Through these two points of division draw lines to the centre of 
the circle, and they will contain the required angle. 

The line of sines, commonly marked stN., exhibits the lengths 
of the sines to every degree of the quadrant, to the same radius 
as th.e line of chords. . The line of tangents and the line of se- 
cants are constructed in the same manner. Since the sine of 90^ 
is equal to radius, and the secant of 0° is the same, the gradua- 
tion on the line of secants begins where the line of sines ends. 

On the' back side of the plane scale are often found lines repre- 
senting the logarithms of numbers, sines, tangents, etc. This is 
called Gunter's Scale. - 

66. V. The Sector is a very convenient instrument in drawing. 
It is generally made of ivo- 
ry or brass, and consists of ^"^XI^^^^^^ I 

two equal arms, movable ^ ^- j ^i5-t^£3=^^^-*^^ ^1 

about a pivot as a cen- 
tre, having, several scales 
drawn on the faces, some 
single, others double.* The 
single scales are like those upon a common Gunter's Scale. The 
double scales are those which proceed from the centre, each be- 
ing laid twice on the same face of the instrument, viz., once on 
each leg. The double scales are a scale Of lines marked Lin., or 
L. ; the scale of chords, sines, etc. On each arm of the sector 
therQ is a diagonal line, which diverges from the central point 
like the radius of a circle, and these diagonal lines are divided 
into equal parts. 
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• The advantasje of the 
sector is to enable. us to 
draw a line upon paper to 
. any scale ; as, for exam- 
ple, a scale of 6 feet to the 
inch. For this purpose, 
take an inch with the di- . 
viders from the scale of inches; then, placing one foot of the djr 
viders at 6 oa one arm of the sector, open the sector until the 
other foot reaches to the same number on the other arm. Now, 
regarding the lines on the .sector as the sides of a triangle, of 
which the line measured from 6 on one arm to 6 on .the other arm 
is the base, it is plain that if any other line be measured across 
the angle of the sector, the bases of the triangles thus formed will 
be proportional to their sides. Therefore a line of 7 feet will be 
represented by the distance from 7 to 7, and similarly for other 
lines. 

The sector also contains a line oi chorda^ arranged like the line 
of equal parts already mentioned. Two lines of chords are drawn, 
one on each arm of the sector, diverging from the central point. 
This double line of chords is n;Lore convenient than the single 
one upon the plane scale, because it furnishes chords to any ra- 
diu8. If it be required to lay down any angle, as, for example, 
an angle of 25°, describe a circle with any convenient radius. 
Open the sector so that the distancie from 60 to 60,. on the line of 
chords,- shall be equal to this radius. Then, preserving the same 
opening of the sector, place one* foot of the dividers upon the di- 
vision 25 on one scale, and extend the other foot to the same 
number upon the other scale : tbis distance will be the chord of 
25 degrees, which must be set off upon the circle first described. 
The lines of sines, tangents, etc., are arranged in the same 

manner. • 

• • • ■ . • 

67i By means of the instruments now enumerated, all the 
cases in Plane Trigonometry may be solved mechanically, with- 
out the use of tables, and without any arithmetical process. The 
sides and' angles which are given are laid down according to the 
preceding directions, and the re^t/^^(f parts are then measured 
from the same scale. The student will do well to exercise him- 
self upon the following problems : 

I. Given the angles and one side of a triangle^ to find, by. con- 
struction, the other two sides. 
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Draw an indefinite straight line, and from the scale of equal 
parts lay off a portion, AB, equal to the given side. From each 
extremity lay off an angle equal to one of the adjacent angles by 
means of a prol^ractor or a scale of chords. Extend the two. lines 
till they intersect, and measure their lengths upon the same scale 
of equal parts which was used in laying off 
the base. 

.Ex.1. Given the angle A, 45®. 30', the an- 
gle B, 36® 20', and the side AB, 432 rods, to 
construct the triangle, and find the lengths a 
of the sides AC and BC. 

The triangle ABC may . be (Constructed of any dimensions 
whatever; all which is essential is that its angles be made equal 
to the given angles. We may construct the triangle upon a 
9cale of 100 rods to an inch, in which case the side AB will be 
Tepresented by 4.32 inches; or we may construct it upon a 
scale of 200 rods to an inch ; that is, 100 rods to a half inch, which 
is very conveniently done from a scale on which a half inch is 
divided like that described in Art. 64 ; or we* may use any other 
scale at pleasure. It shotild,lioweveFJbe remembered, that the 
required sides must be measured upon the ^ame scale as the giv- 
en sides. 

Ex. 2. Given the angle A, 48°, the angle C, 1 13°, and the side 
AC, %^b^ to construct the triangle. 

II, Gwm two sides of a triangle and an angle opposite one, of 
tJiem^ to find the other two parts. 

Draw the, side which is adjacent to the given angle. From 
one end of it lay off the given angle, and extend a line indefinite- 
ly for the required side. From; the other extremity of the "first 
sidcj with the remaining given side for radius, describe an arc 
cutting the indefinite line. The point of intersection will deter- 
mine the third angle of the triangle. The side and angles re- 
quired may then be measuried. 

Ex. 1. Given the angle A, 74° 45', the side ACj 432, and the side 
6C, 475, to construct the tmaqgle, and find the other parts. 

Ex. 2. Given the angle A, 105°, the side BC, 498, and the side 
AC, 375, to construct the triangle. 

in. Given two sides of a triangle and the included angle^ to 
find the other paxts. 

Draw one of the given sides. From one end of it lay off the 
given angle, and draw the other given •side, making the required 
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angle with the first side. Then connect the extremities of the 
two sides, and there will he formed the triangle required. The 
side and angles required may then be measured. 

Ex. 1. Given the angle A, 37^ 25'^ the side AG, 675, and the side 
AB, 417, to constrtict the triangle, and find the other parts. 

Ex.2; Given, the angle A, 75"^, the side AC,. 643, and the side 
AB, 721, to construct .the triangle. 

lY. Given the three sides of a triangle^ to find the angles. 

Draw one of the sides as a base ; and from one extremity of 
the base, with a radius equal to the second side, describe an arc 
of a circle. From the other end of the base, with a radius equal 
to the third side, describe a second arc intersecting the former; 
the point of intersection will be the third ^ngle of the triangle. 

Ex. 1. T^iven AB, 678, AC, 698, and BC, 435, to find the angles. 

Ex. 2. Given the three sides 476, 287, and 354, to find the angles. 

Sines^' Tangents^ etc.^ of Ares, of any Magnitude, 
68t In a plane triangle each angle is less than 180% and the 
sines, tangents, etc., of the arigles of such a triistngle aie the sines, 
etc., of angles less than 180^, or of arcs less than a semi-circutur 
ference. Frequently, however, especially in Astronomy, we have 
occasion to consider arcs greater than a semi-circumference, or 
even than an entire circumference.' Thus the moon, in its motion 
about the earth, describes an entire rerolution in less than 30 
days, and in the course of a year completes more than- twelve 
revolutions ; that is, its apparent angular motion through the 
heavens exceeds .^OOt) degrees. 

Suppose th<d line CF, starting from 
the -position GA, to revolve about the 
point C, in the direction of the arc 
AFD ; when it arrives at CD it will 
have described an angtilar magnitude 
of 90° ; when it arrives at CB it will 
have described an angular magnitude 
of 180°; at CE, 270°; and at CA 
agliin, 360°. If it continue its revolu- 
tion, when it arrives .again at CD, it 
will have describ^ed ah angular magnitude of 450° ; and thus we 
may have an angular magnitude of any number of degrees, 'and 
we may have arcs equal to or greater than one, two, or more ci^ 
cumferenees. 
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69i For convenience, we draw two diameters, AB, DE, at right 
angles to each other, and suppose one of them to. occupy a hori- 
zontal position, and the other a vertical position. Then ACb ig 
called, the j^r^^ quadrant, DCB the second quadrant, BCE the 
third quadrant, and ECA the fourth quadrant ; that is, the first 
quadrant is above th^ horizontal diameter and on the right of 
the vertical diameter ; the second quadrant is above the horizon- 
tal diameter and on the left of the vertical ; and so on. We pro- 
pose now to consider the values of the sines, tangents, etc., for 
arcs of any magnitude. 

70, Sine$j etc.y of 0° and 90°. When the line CF coincides 
with CA, that is, whiBn thd arc AF is zero, the sine is zero, and 
the cosine is equal to the radius of the circle. As the point F ad- 
vances toward D, the sine increases and the cosine decreases; 
when F arrives at D, the sine is equal to the radius, and the co- 
^ne becomes zero. 

The tangent begins with zero at A, and increases with the arc. 
As the point F approaches D, the tangent increases very rapidly; 
and when the difference between the arc and 90° is less than any 
assignable quantity, the tangent is greater than any assignable 
quantity. Hence the tangent of 90° is said to be iryflnite. 

Since the cotangent of an arc is equal to the tangent of its 
complement, the cotangent is infinite at A, and zero at D. 

The secant begins with radius at Aj increases through the first 
quadrant, and becomes infinite at D. The cosecant is infinite at 
A, and equal to radius at D. Hence. we have 

cot. 0® = tang. 90° = 00 ; 



8in.0"=cos.90°^0; 

cos. 0°= sin. 90° =1; 

tang. O°=cot. 90°=0 ; 



• sec. O"* =cosec. 90° = 1 ; 
cosec. 0°=sec. 90°== oo. 



_ ■ • 

71i SiTie^ etc,^ q/*180°. As the point F advances from D toward 
B, the sine diminishes and becomes zero at B; that is, the sine of 
180° is zero. During the motion through. the second quadrant 
the cosine increases, and becomes equal to radius at 3* 

In the motion through the second quadrant the tangent is at 
first infinitely great, being drawn from A downward to meet the 
secant, and it rapidly diminishes till at B it is reduced to zero. 
The secant also diminishes in the second quadrant, till at .Bit 
becomes CA, or radius. Hence we have 



sin. 180°= tang, 180°=0 ; 
cos. 180'*=sec; 180°=1: 



cot. 180 = cosec. I60°=(x>. 
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72. Siney etc. J of 270°, 860°, etc. During the motion through 
the third quadrant the sine again increases, and becomes equtil 
to radius at E ; the tangent and secant, which are now AI and 
CI, also increase', and become infinite at £• 

When the line FC, in its motion about C, has revolved through 
360°, it comes again into coincidence with AC. . Hence the sine, 
tangent, etc., of 360° are the same as those of 0°. 

The same reasoning shows that the sine, tangent, etc., of 450° 
are the same as those of 90° ; the sine of 540° is the same as that 
of 180°, etc. 

If C represent an entire circumference, or 360°, and A any arc 
whatever, we shall have 

sin. A=8in.(C+A)=:sin.(2 C+A)=fiin.(3 C+.A),etc. 

The same is true of the cosine, tangent, etc. ; that is, the sinCj 
tangent J etc.^ of an arc which exceeds 360°, is the same as t/^ose of 
th& excess above 360°, and so also for any multiple of 360°. In 
fact, since the sine is drawn from one end of an arc perpendicu- 
lar to a diameter through the other end^ two arcs that have the 
same extremities mu^t have the same sine ; and so of the tan- 
gent, etc. 

Values of the Sines^ Cosines^ etc., of certain Arcs or Angles. 

73. Sine^ etc:, of 30° and 60°. By Art. 8, the sine of 30° is equal 
to half radius ; and if we call radius unity, we have 

• . ' sin. 80° =008. 60° =i. 

Also, since cos. A^-v/R^— sin-^A, Art. 15, we have 

sin. 60°=cos. 30°=-/l'-i= Vi=W^' 

Since tang. A= — ^, Art. 15, we have 



COS. A' ' 1 , 

7 j_ 

R2 iV3~V3 



tang. 30°=cot. 60°=^^=-^= JV3. 

Since cot. A=— T-,Art.l4,we have cot. 30° = tang. 60°= -/3. 

tang. A' 

R^ 2 - 

Since sec. A= r, we have sec. 30°=cosec. 60 =-7- = J-/3. 

COS. A' V 3 

T>2 

Since cosec. A=-; — r-» Art.l4,we have cosec. 30°=sec. 60°=2. 

sm. A 

74. Sine, etc., o/45°. Since sin. 45°=cos. 45°; and sia^A-f- 
cos.^A=R% Art. 15, we have 

Bin,246°+sin.245°=l. Hence 8in.246°=i, 

and sin.46°=cos.45°=Vi=iv'2. 
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• 

sin. 45° 
Also, : tang. 45°=cot. 45°= — ^-7-3=1, 

' .° COS. 45 • 

and sec. 46°=cosee.45°=-: — ~^='y/2. 

• sm. 45 ^ 

7Bi Algebraic signs oftJie trigonometrical f auctions. If we at- 
tribute proper s^lgebraic signs to the trigonometrical functions, the 
formulae which have been demonstrated for arcs less than 180° 
will apply also to arcs greater than- 180°. For this purpose we 
adopt the general principle that lines measured in opposite direct 
tionsfrom a fixed line must have opposite signs. It is also con- 
venient to assume that in the first quadrant the sines and cosines 
are. both positive. 

76. In the first and second quadrants the rines are measured 
upward from the horizontal diameter AB, while in the third and 
fourth quadrants they are measured downward. Hence, regarding 
the sines as positive in the first quadrant^ they will also be posi- 
tive in the second quadrant, but negative in the third and fourth. 

In the first and fourth quadrants the cosine extends to the 
right from the vertical diameter DE, but in the second and third 
quadrants to the left. Hence the cosines are positive in the first 
and fourth quadrants, but negative in the second and third. 

77. The signs of the . tangents are derived from those of the 

sines and cosines. For tang.=— ^ ' (Art.. 14), Hence, when 

the sine and cosine have like algebraic signs, the tangent will be 
positive ; when unlike, negative. That is, the tangent is positive 
in the first and third quadrants, and negative in the second and 
fourth. 

Also, cotangent =7 (Art. 14) ; hence the tangent and cotan- 
gent have always the same sign. ' 

We have seen that sec.= ; hence the secant must iavc the 

cos. 

same sign as the cosine. 

Also, cosec.=-rr- ; hence the cosecant must have the same sism 

sm. ' ^ 

as the sine. 

The same results are obtained froin the figure ; for the tangent 
is drawn from A upward for an arc ending in. the first or third 
quadrant, and downward for one ending in the second or fourth. 
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The cotangent is drawn from A' to the right for an arc ending 
in the first or third quadrant, and to the left for the second and 
fourth. 
The secant is positive when drawn from the centre through thQ 

end of the arc ; that is, for an arc ending 
in the first or fourth quadrant ; and nega- 
tive when drawn from the centre away 
from the end of the arc; that is, for the 
second or third quadrant. So also for the 
cosecant. 

The accompanying figure may assist the 
student to retain in memory the algebraic 
signs of the different trigonometrical lines. 
78. The. preceding results are exhibited in the following ta- 
bles, which should be made perfectly familiar : . 

FirttqasA. Second q^t» iTAirdqaad. FourtA quad. 

Sine and cosecant, + + — — 

Cosine and secant, + * — • — + 

Tangent and cotangent, •+ — -f . — 




Sine, 

Cosine, 

Tangent, 

Cotangent, 

Secant, 

Cosecant, 

D 



0° 
. 

+R 



• 00 

+R 

00 



90° 

+ R 


QO 



00 

+R 



180° 



-R 



bo 

-R 

00 



270° 

-R 


00 



00 

«R 



360° 


+R 



00 

+R 

00 



. 79. Negative arcs. We generally 
consider those arcs as positive which 
are estimated froih A in the direction 
ADBE. If, then, an arc were estimated 
I A in the direction AEBD, it should be con- 
sidered as negative ; that is, if the arc 
• AF be considered positive, AH must 
be considered negative. 

Now, wherever a plus arc may end, 
the equal minus arc will end upon the 
opposite side of the horizontal diameter AB, and in the same ver- 
tical line. The sines will evidently be equal, but one will be plus, 
and the other minus.' Thus 
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Bin. AH=; -ain. AF, and sin. AEF= - sin. ADH • 
and universally sin. (—A) = — sin. A. 

In like manner, cos. (—A) = cos. A. 
Hence, also, dividing, tang. (—A) = —tang: A, 
and cot. (—A) = — cot A. 

TRIGONOMETRICAL FORMULAE. 

BO* JSbgpressions for the sine and cosine of the sum and differ' 
ence of ttJQo arcs. 

Let AB and BD represent any two 
given arcs; take BE equal to BD: it is 
required to find an expression for the 
sine of AP^ the sum, and of AE, the dif- 
ference of these arcs. 

Put AB=a, and BD=ft ; then AD= 
a+b. and AE=a— 5. Draw the chord 
DE, and the . radius CB, which- may be 
represented by R. Since DB is, by con- 
struction, equal to BE, DP is equal to ^ K 
FE, and therefore DE is- perpendicular to CB. Let fall the per- 
pendiculars EG, BH,.FI, and DK upon AC, and draw EL, FM 
parallel to AC. 

Because thetriJtngles BCH, FCI are similar, we have 
CB : CF :: BH : FI; or R : cos. b :: sin. a : FL 




IE 



& A 



Therefore, 



^^ sin. a^ COS. b 



. Also, CB:C]F::CH:GI; orBrcos. ft::cos.a:CL 
Therefore, • ^.j^ cos. a cos. ft 

' R 

The triangles DFM, CBH, having their sides perpendicular 
each to each, are similar, and give the proportions 

CB : DF : : CH : DM ; or R r sin. b: : cos. a : DM. 

YT • •• -rw^r COS. a sin. b ' * . 

Hepce DM== — -^ . 

Also, CB:DF::BH:FM; orR:sin.6::sin.a:FM. 

tt' TAur sin. a sin.^ft 

Hence FM= — 



R 



But 
and 
'Also, 
and 



.FI+DM=:DK=sin, (a+d) ; 
CI-FM=:Ck=:cos. {a+b).. 
FI-PL =EG =sin, {a^b) { 
CI+EL ^CG zxcos: (a~^). 
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' • • • 

_-. . / . tx sin* ct COS. ft+cos. a sin. b - . . 
Hence sin. (a+o) = ^ ^ — ; (l) 

, . ,v COS. a COS. ft — sin. a sin. , . 

cos.(a+J>=-. ^ ; (2) 

, ,v. sin. acos.-ft — cos. a sin. 5 ^^^ 

sin. (a-ft)= ^ —:^ :; .(3) 

> ,. cos. a cos. ft+sin. a sin. b .^. 

cos.(a— o)= ^ : w (4) 

These four equations express important geometrical theorems. 
The last of them may be stated as follows : The proditct of racUtis 
and the cosine of the difference between two afca is egiud to the sum 
of the product of the sines and the product of the cosines of those 
arcs. : . ' 

81. Mcpresaionsfor the sine and cosine of a douNe arc. 

If, in the formulas of the precedii^g article, we make ft=a, the 
first and second .will become .\ ' 

2 sin. a COS. a 



sm. 2a=r 



COS. 2a = 



cos.2a— sin.2a 



R : 

Making radius equal to unity, and substituting the .values of 
8iu.a,cos. a, etc.,from Art. 14, we obtain •' 

sin. 2a=:— — -^, . . 
l+tang.'a 

' 1— tang.^a 

cos. 2a=:— =- — 2_^. 

1+tang.^a 

82t Mnpressions for the sine and cosine ofhaifapiven arc 

If we put ia for a in the preceding equations, we obtain 

2 sin. ia cos, ^a 



sin. a= 
cos. a= 



R ' 

cos.^-J^-*sin.2^a 



R • . 

We may also find the sine and cosine of ^ in terms of a. * 
Since the sum of the squared of the sine and cosine is equalta 
the square of radius, we have 

cos.^ia+ sin. 2^ia = R2. 
And, frojn the preceding equation, - 

Cos.2^— sin.2:J<3f=:R cos.a. 
If we subtract one of these from the other, we have 

• 2 sin.^ia=R2~R cos.<y. 
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Andy adding the same equations, we have 

2 cos.^a=.lR?+'R COS. a. 

Ilenco sin. |a= V|R^— ^R cos. a; 

COS. ^a= ^/^R^+^R COS. a. 

83. JSxpressionsfor the products of aifies ami cosines. 

By adding and subtracting the formulas of Art. 80, we obtain 

2 • 

sin. {a+b)+ wn. (a — ft) = =^ sin. a cos. J. 

2 
sin. (a+ft)— sin. (a— 5)=r^ cos. a sin. J/ 

2 
COS. (a + ft) + cos. (a— ft) = =5 cos. a cos. ft y 

cos. (a— .ft) —cos. (a+b) =:=j sin. a sin. ft. 

If, in these formulas, we make a4-ft=A, and a— ft=B ; that is, 
a=4{A+B), and ft=|(A— B), we shall* have 

2 ■ * 
' siof A+sin. B=:|^ sin. •J(A+B) cos. i(A— J3) ; (1) 

2 

. sin. A— sin.B==5Sin.4(A— B)cos.i(A+B); (2) 

2 ' 

cos. A+cos. B=;5Cos.i(A+B)cos.i(A— B); (3) 

cos. B-cos. A=^ sin. ^(A+B) sin. ^(A— B). (4) 

' These four equations express important geometrical theorems. 
The first of them may be stated as follows: The sum. of the sines 
of any two arcs is equal to twice the sine of half the sum ^fthe 
arcs multiplied by the cosine of half their difference^ radius being 
unity. 

84. Theorems relating to the sum and difference of two arcs. 
Dividing formula (1) by (2), Art. 83,. and considering that 

sin. a tanff. a /*. ^ , ,v ' , 

sin. A+sin. B_sin. |(A+B) cos. ^(A— B)_t ang. -^(A+B) 
8in.A-^sin.B sin. i(A— B).cos. i(A+B) tang. ^(A— B)* 

that is, 

The sum of the sines of two arcs or angles is to their difference 

as the tangent of half the sum of those arcs is fo the tangent of 

hdlf their difference. 

Since the sides of a plane triangle are as the sines of their op- 
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posite angles (Art. 63), it follows, from the preceding theorem, 
that the sum of any two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

This is the sanie as Theorem II., Art. 64, which is here demon- 
strated by a more general method. 

Dividing formula (3) by (4), and considering that £^=£2^ 
T> sm. li. 



(Art. 14), we have 



tang. 

co8.A-hco8. B _ cos.|(A+B) cos. |(A— B)_ cot ^(A-f-B) 
* cos. B— COS. A~".sin.. i(A-l-B) sin.;^(A— B) tang. i(A— B)' 
that is, 

Th^ sum,' of the cosines of two arcs is to their difference as the 
cotangent of half the sum of those arcs is to tfie tangent of half 
their difference. 

From the first formula of Art.. 82, by substituting A+B for a, 

we have ^^^ ^^^^^^^ 2 8in.-|(A+B)xco8.i(A+B) 

Dividing formula (1), Art. 83, by this, we obtain 

sin. A+sin. B j^ sin. ^(A4-B) cos. -^(A^B) _co8. -^(A— B) 

. sin. (A+B) "sin. i(A+B) cos. i(A+B)~cos. i(A-f B) ' 

that is, • \ 

■ The sum of the sines of two arcs is to the sine of their sum as 

the oosine of half the difference of those arcs is to the cosine of 

half their sum. 

If we divide equation (l),Aft. 80, by. equation (3), we shall 

have • / . T\ • » . • T 

sm. (a+o) _^ sm. a cos, o+sm. o cos, a 

sin. (a-— 6) ""sin. a cos. d^ sin. 6 cos. a* 

By dividing both numerator and denominator of the second 

member by cos. a cos. 5, and substituting ^^' for — ^,we obtain 

xi» cos. 

sin. (a4-^)_^tang.a+tang. ft ^ 

sin, (a— ft) tang, a— tang, ft'' 
that is, * . . ■ • . 

The sine of the mnk of two arcs is to the sine of their difference 
as the sum ofihe tangents of those arcs' is to the difference of the 
tangerUs, ' •.. , 

From equation (3), Art. 80, by. dividing each member by cos. a 
cos. ft, we obtain 
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BJn. (g— ft) _Bin. a cos. J— sin. h cos. a__tang. a— tang, h ^ 
COS. a COS. b'^ R cos. a cos. b R* " ' 

that is. 

The sine of the difference of two arcs is to the product of their 
cosines as the difference of their tangents is to the square of radius. 
86i Expressions for the tangents of arcs. 

If we take the expression tang, {a+b) = * ^ ,v ■ (Art. 14), 

COS. ya "7~ oj 

and substitute for sin. {a+b) and cos. (a +5) their yalaes given 

in Art 80, we shall find 

^ . ,. R (sin. a cos. 5+ sin. b cos. a) 

tang, (a+o) = — ^^ 1 — : ; — i— ^. 

° ^ ^ COS. a COS. ft— sm. a sm. ft 

T» ^ . COS. a tang, a , . , cos. ft tang, ft , . ^ , ^. 
But sin. a=. W"^ — > ^°^ ^^^' ^= r~^ — {A,Tt, 14), 

K we substitute these values in the preceding equation, and 
divide all the terms by cos. a cos. ft, we shall have 

tang, {a+b) - ^^_^^^ ^ ^^^^ ^ . 
In like manner we shall find 

° ^ ^ R2+ tang, a tang, ft 
Suppose ft=a, then 

2R2tanff. a 

tansr. 2a-=:^ — — . 

° R«-tang.2a 

Suppose ft=2a, then 

tanff. g^^ ^Mtaug.q+tang.gg) ^ 

°' R2— tang, a tang. 2a * 

In the same manner we find 

X / . z\ cot- « cot. ft— R* 

cot. (a+ft)= = ^ 

^ ' cot. ft+cot. a ' 

^ , -V cot. a cot. ft+R* 

cot. (a — ft) = — T r — • 

^ ' cot. ft— cot. a 

86i Formula for an angle of a triangle when the three sides are 
given. 

When the three sides of a triangle are given, the angles may 
be found by the formula 

. w ,.. /(S-ft) (S-c) 
sin.lA=RV^^ 33 ^. 

where S represents half the sum of the sides a, ft, and a 

O 
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Demonstration* 

Let ABC be any triangle; then (ffeow.,B.IV.,Pr. 12) 

C BC2= AB*+ AC2-2AB x AD. 

_ .^ AB^+AC^~BC^ 

Hence AD=z —^r^ . 

2AB 

But in the right-angled triangle ACD we 

B have 

R : AC :: cos. A : AD. 

„ . RxAD 

Hence cos. A= — ,v^ ; 

or, by substituting the value of AD, we have 

. ^ AB2+AC2-BC2 
cos.A=Rx 2ABxAC ' 

Let a, 5,0 represent the sides opposite the angles A, B,C; then 

cos.A=Rx ^^^-. 

This equation expresses the following theorem : In every plane 
triangle the cosine of either of the angle9 is equal to the sum of 
the squares of the a^acent sides^ diminished hy the square of the 
opposite sidey and divided by twice the product of the adjacent 
sickSf radius being unity. 

Thid formula is not well adapted to computation by logarithms, 
but may be rendered suitable by the following transformation : 

By Art. 82, we have 2 sin.2|A=R2— R cos. A. 

Substituting for cos. A its value given above, we obtain 

2 sm.HA=R3-R3 X ^^ =R^ X ^ , 

_ R^x(g+&— c) (a+C'-b) 
"■ 2bc 

Put S=i(a+ J+c), and we obtain, after reduction, 



»„.iA=Rv/SH^. 

In the same manner we find 



sm. _ 

ac 



that is, in every plane triangle the square of the cosine of half 
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either of the angles is eqital to the product of the excess of the 
semiperimeter over the two adjacent sides divided by the product 
of those sideSy radius being unity. 

Ex. 1. What are the angles of a plane triangle whose sides are 
432, 543, and 654 ? 
Here S=814.5; S-ft=382.5; 8-0=271.5. 

log. 382.5 2.582631 

log. 271.5 2.433770 

log. ft, 432 comp. 7.364516 

log. c, 543 comp . 7.265200 

2) 19.646117 
sin. iA, 410 42' 36f' . 9.823058. 

Angle A =83° 25' 13". 
In a similar manner we find the angle B=41°0' 39", and the 
angle C=55° 34' 8". 

Ex. 2. What are the angles of a plane triangle whose sides are 
245, 219, and 91? 

Ex. 3. What are the angles of a plane triangle whose sides are 
638, 475, and 647 ? ' 

87i On the computation of a table of sines^ cosines^ etc 
In computing a table of sines and cosines, we begin with find- 
ing the sine and cosine of one minute^ and thence deduce the 
sines and cosines of larger arcs. The sine of so small an angle 
as one minute is nearly equal to the corresponding arc. The ra- 
dius being taken as unity, the semi-circumference is known to be 
3.14159. This, being divided successively by 180 and 60, gives 
.0002908882 for the arc of one minute, which may be regarded 

as the sine of one minute. 

The cosine of 1'= ^/\ -sin.2=0.9999999577. 
The sines of very small angles are nearly proportional to the 
angles themselves. We might then obtain several other sines 
by direct proportion. This method will gite the sines correct to 
five decimal places, as far as two degrees. By the following 
method they may be obtained with greater accuracy for the en- 
tire quadrant. 
By Art. 83 we have, by transposition, 

sin. (a +5) =2 sin. a cos. ft— sin. (a— ft), 
COS. (a-f ft) =2 COS. a cos. ft —cos. (a— ft). 
If we make a=ft, 2ft, 3ft, etc., successively, we shall have 

sin. 2ft=2 sin. ft cos. ft/ 
sin. 3ft =2 sin. 2ft cos. ft— s\n. ft/ 
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Bin. 4&=2 sin. Bb cos. 6— sin. 25, 

etc, etc. 

COS. 2b=2 COS. b cos. 6—1 ; 
COS. Sb=z2 COS. 2ft COS. 5— cos. b ; 
COS. 4ft =2 COS. 3ft COS. ft— COS. 2ft, 
etc., etc. 

Whence, making ft = 1', we have 

sin. 2'=2 sin. 1' cos. 1' =.000582 ; 

sin. 3' =2 sin. 2' cos. 1'— sin. 1'=.000873; 
sin. 4'=2 sin. 3' cos. 1'— sin. 2'=.001164, 

etc., etc. 

COS. 2'=2 COS. 1' COS. 1'— 1=0.999999 ; 

COS. 3'=2 COS. 2' COS. 1'— COS. l'=0.999999 ; 

COS. 4'=2 COS. 3' COS. 1'— COS. 2'=0.999999, 

etc., etc. 

The table of tangents may be computed from the sines and co« 

sines by the formula tan<y. A= — '—^. The rule is, divide each 
^ ° COS. A • ' 

sine by the corresponding cosine. 
The secants are computed by the formula sec. A= ^; or, 

COS. xV 

the rule, divide unity by each cosine. 
The cotangents and cosecants are computed by the foimulas 

cot. = , and cosec. = 



tang.' sine 

The logarithmic tables are formed by taking the logarithms 
of the numbers in the tables computed as above, and adding 10 
to each index. 

88i FormuloB of verification. In so extended a work as the 
computation of the sines and cosines of all angles from 0^ to 90% 
it is necessary from time to time to verify the accuracy of the re- 
sults by independent computations. For this purpose we employ 
special formulaa for the values of the sines and cosines of certain 
angles. The sines and cosines of 30°, 45°, and 60° have been 
given in Arts. 73 and ^74. The sines and cosines of other angles 
may be found by means of the preceding formulas. By means 
of the Equations of Art. 82, from the cosine of any angle we can 
find the sine and cosine of its half; hence from the cosine* of 45^ 
we can find the sine and cosine of 22° 30'; and from these, the 
sine and cosine of 11° 15'* Also, from cos. 30°, we can find the 
sine and cosine of 15°, 7° 30', and 3° 45'. If the values of the 
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sines of these angles agree with the values obtained by the pro- 
cess of Art. 87, the whole work may be presumed to be correct. 

• 

EcampUafor Practice. 
Ptob. 1. Given the three sides of a tmngle, 627, 718.9, and 1140, 
to find the angles. 

Aiis. 29° 44' 2", 34° 39' 26", and 115° 36' 32". 
Proh. 2. Li the triangle ABC, the angle A is given 89° 45' 43", 
the side AB 654, and the side AG 460, to find the remaining parts. 
Ans. BG=798 ; the angle 3=35° 12' 1", and the angle 
G=55° 2' 16". 
Proh. 3. In the triangle ABC, the angle A is given 66° 12' 45", 
the side BC 2597.84, and the side AC 3084.33, to find the remain- 
ing parts. Ana. B=80° 39' 40", C=43° 7' 35", c=2136.8 ; 

or, B=99 20 20, G=24 26 55, c=1293.8. 
Prob. 4. In the triangle ABC, the angle A is given 44° 13' 24", 
the angle B 55° 59' 58", and the side AC 368, to find the remain- 
ing parts. 

Am. C=79° 46' 38", AB=436.844, and BG=309.595. 
Prob. 5. In a right-angled triangle, if the sum of the hypothe- 
nuse and base be 3409 feet, and the angle at the base 53° 12' 14", 
what is the perpendicular? Ana. 1707.2 feet. 

Prob. 6. In a right-angled triangle, if the difierence of the hy- 
pothenuse and base be 169.9 yards, and the angle at the base 
42° 36' 12", what is the length of the perpendicular? 

Ana. 435.732 yards. 
Prob. 7. In a right-angled triangle, if the sum of the base and 
perpendicular be 123.7 feet, and the angle at the base 68° 19' 32", 
what is the length of the hypothenuse? Ana. 89.889 feet. 

Prob. 8. In a right-angled, triangle, if the difference of the base 
and perpendicular be 12 yards, and the angle at the base 38^ 1' 8", 
what is the length of the hypothenuse? Ana. 69.81 yards. 

Prob. 9. A May-pole 50 feet 11 inches high, at a certain time 
will cast a shadow 98 feet 6 inches long; what, then, is the 
breadth of a .river which runs within 20 feet 6 inches of the foot 
of a steeple 300 feet 8 inches high, if the steeple at the same time 
throws its shadow 30 feet 9 inches beyond the stream? 

Ana. 530 feet 5 inches. 
Prob. 10. A ladder 40 feet long may be so placed thatit shall 
reach a window 33 feet from the ground on one side of the street, 
and by turning it over, without moving the foot out of its place, 
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it will do the same by a window 21 feet high on the other 8ide. 
Required the breadth of the street. Arts. 56.649 feet. 

^rob. 11. A May-pole, whose top was broken off by a blast of 
wind, struck the ground at the distance of 15 feet from the foot 
of the pole ; what was the height of the whole May-pole, suppos- 
ing the length of the broken piece to be 39 feet ? 

Ans. V5 feet. 

Prob, 12. How must three trees,A,B,C,be planted, so that the 
angle at A may be double the angle at B, the angle at B doable 
the angle at C, and a line of 400 yards may just go round them ? 

Sol Assume AB=1, and compute the corresponding values of 
AC and BC. 

Ans. AB=79.225, AC=:142.758, and BC=1.78.017 yards. 

JVo6. 13. The town B is half way between the towns A and C, 
and the towns B, C, and D are equidistant from each other. 
What is the ratio of the distance AB to AD ? 

Ans. As unity to \^S. 

JProh. 14. There are two coluilins left standing upright in the 
ruins of Persepolis; the one is 66 feet above the plain, and the oth- 
er 48. In a straight line between them stands an ancient statue, 
the head of which is 100 feet from the summit of the higher, and 
84 feet from the top of the lower column, the base of which meas- 
ures just 74 feet to the centre of the figure's base. Required the 
distance between the tops of the two columns. 

Ans. 156.68 feet 

Proh. 15. Prove that tang. (45^ -b) = "". °\ ' 

1. ~p tang, o 

Ptdb. 16. One angle of a triangle is 45°, and the perpendicular 
from this angle upon the opposite base divides the base into two 
parts, which are in the ratio of 2 to 3. What are the parts into 
which the vertical angle is divided by this perpendicular? 

iS()?. Let JB=the larger angle; then 

tang. (45^— a)=^tang. a= ,7x » 

® ^ 7 3 6 i+tang.a' 

which caa be solved as an equation of the second degree. 

Ans. 18° 26' 6'', and 26° 33' 54". 

Proh. 17. Prove that sin. 3J=3 sin. 5—4 8in.% 

Protf. 18. One side of a triangle is 25^ another is 22, and the an- 
gle contained by these two sides is one half of the angle opposite 
the side 25. What is the value of the included ansle? 

• S3 
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« - sin. 3a5 ^^ 3 sin. a;— 4 sin. ^a; 3— 4sin.2a; 3— 4sin.^a5 
Sol. = .88=- 



sin. 2x * 2 sin. x cos. x 2 cos. x 2 VT^-sSu^ 

wliich can be solved as an equation of the second degree. 

^rw. 39° 58' 61". 
IVob. 19. One side of a triangle is 26, another is 22, and the an- 
gle contained by these two sides is one half of the angle opposite 
the side 22. What is the value of the included angle? 

Sol. Like the preceding. Ans. 30° 46' 38". 

IVob, 20. Two sides of a triangle are in the ratio of 11 to 9, and 
the opposite angles have the ratio of 3 to 1. What are those an- 
gles? 

Sol. 3 sin. 05—4 sin.'a; : sin. jc : : 11 : 9, 
Ana. The sine of the smaller of the two angles is f, and of 
the greater If ; the angles are 41° 48' 37", and 125° 
25' 61". 
jRroJ. 21. One side of a triangle is 15, and the difTerence of the 
two other sides is 6 ; also, the angle included between the first 
side and the greater of the two others is 60°. What is the length 
of the side opposite to this angle ? Atis. 67. 

JVoJ. 22. One side of a triangle is 15, and the difference of the 
two other sides is 6 ; also, the angle opposite to the greater of 
the two latter sides is 60°. What is the length of said side ? 

Ans. 13. 
JVoJ. 23. One side of a triangle is 15, and the opposite angle is 
60° ; also, the difference of the two other sides is 6. What are 
the lengths of those sides? A?is. 11.0712, and 17.0712. 

I^'ob. 24. The perimeter of a triangle is 100 ; the perpendicular 
let fall from one of the angles upon the opposite base is 30, and 
the angle at one end of this base is 50*^. What is the length of 
the base ? Ana. 30.388. 



LOGARITHMS OF NUMBERS 

FBOM 1 TO 10,000. 



N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


1 


0.000000 


26 


1.414978 


61 


1.707570 


76 


1.880814 


2 


0.301030 


27 


1.431364 


62 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


63 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


64 


1.732394 


79 


1.897627 


5 


0.698970 


30 


1.477121 


65 


1.740363 


80 


1.903090 


6 


0.778151 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.8*45098 


32 


1.605150 


67 


1.756875 


82 


1.913814 


8 


0.903090 


33 


1.518514 


68 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.631479 


69 


1.770852 


84 


1.924279 


10 


1.000000 


85 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.79^392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


89 


1.591065 


64 


1.806180 


89 


1.949390 


16 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.612784 


66 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1.845098 


95 


1.977724 


21 


1.322219 


46 


1.662768 


71 


1.851268 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857332 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.996636 


25 


1.397940 


50 


1.698970 


75 


i: 875061 


■100 


2.000000 



N.B. — In the following table, commencing with page 322, the 
two leading figures in the first column of logarithms arc to be 
prefixed to all the numbers of the same horizontal line in the 
next nine columns ; but when a point (.) occurs, its place is to 
be supplied by a cipher, and the two leading figures are to be 
taken from the next lower line. 

The logarithms of the first 100 numbers are given with their 
characteristics ; but for all other numbers the decimal part only 
of the logarithm is given, and the characteristic is to be supplied 
by the usual rule. 

The last column of each page shows the difference between the 
successive logarithms on the same horizontal Jine; and on the 
lower portion of each page are given the Proportional Parts for 
a fifth figure in the natural number, 

02 



322 



LOGABITHMS OF NUMBERS. 



100 





1 


2 


3 


4 


6 


6 


7 


8 


1 9 


D. 


000000. 


0434 


0868 


1801 


1734 


2166 


2698 


8029 


3461 


3891 


432 


101 


4821 


4761 


5181 


5609 


6038 


6466 


6894 


7321 


7748 


8174 


428 


102 


8600 


9026 


9461 


9876 


.800 


.724 


1147 


1679 


1993 


2415 


424 


108 


012887 


3269 


8680 


4100 


4621 


4940 


5360 


5779 


6197 


6616 


419 


104 


7088 


7451 


7868 


8284 


8700 


9116 


9632 


9947 


.361 


.775 


416 


106 


021189 


1608 


2016 


2428 


2841 


8252 


3664 


4075 


4486 


4896 


412 


106 


5806 


5716 


6125 


6683 


6942 


7860 


7757 


8164 


8571 


8978 


408 


107 


9884 


9789 


.195 


.600 


1004 


1408 


1812 


2216 


2619 


8021 


404 


108 


033424 


3826 


4227 


4628 


6029 


5430 


5830 


6280 


6629 


7028 


400 


109 


7426 


7825 


8228 


8620 


9017 


9414 


9811 


.207 


.602 


.998 


896 


110 


041398 


1787 


2182 


2576 


2969 


3363 


3755 


4148 


4540 


4932 


893 


111 


5323 


5714 


6105 


6495 


6885 


7275 


7664 


^063 


8442 


8880 


889 


112 


9218 


9606 


9998 


.880 


.766 


1153 


1538 


1924 


2309 


2694 886 | 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 




r484 


r43 


87 


130 


174 


217 


260 


804 


847 


891 






483 


43 


87 


130 


178 


217 


260 


803 


846 


890 








482 


48 


86 


130 


173 


216 


259 


802 


846 


889 








431 


43 


86 


129 


172 


216 


259 


802 


845 


888 








480 


43 


86 


129 


172 


215 


268 


801 


344 


387. 








429 


43 


86 


129 


172 


215 


267 


300 


343 


886 




• 




428 


43 


86 


128 


171 


214 


257 


800 


842 


885 








427 


43 


§5 


128 


171 


214 


266 


299 


842 


884 








426 


43 


85 


128 


170 


213 


256 


298 


341 


383 








425 
424 


48 
42 


86 


128 


170 


213 


255 


298 


840 


383 




85 


127 


170 


212 


254 


297 


339 


382 






428 


42 


86 


127 


169 


212 


254 


296 


»W 


881 








422 


42 


84 


127 


169 


211 


263 


295 


as8 


880 








421 


42 


84 


126 


168 


211 


263 


295 


337 


379 








420 


42 


84 


126 


168 


210 


262 


294 


836 


878 








419 


42 


84 


126 


168 


210 


251 


293 


835 


877 








418 


42 


84 


125 


167 


209 


251 


298 


834 


876 








417 


42 


83 


125 


167 


209 


25C 


292 


834 


875 








416 


42 


83 


125 


166 


208 


260 


291 


333 


874 








415 


42 
f41 


83 


126 


166 


208 


249 


291 


832 


874 




414 


83 


124 


166 


207 


248 


290 


831 


373 




413 


83 


124 


165 


207 


248 


289 


330 


372 




1 


8 412 
§411 


g41 


82 


124 


165 


206 


247 


288 


330 


371 






78 41 


82 


128 


164 


206 


247 


288 


829 


870 






£410 


§41 


82 


123 


164 


205 


246 


287 


828 


869 






S409 


=g4l 


82 


123 


164 


206 


245 


286 


827 


868 






5408 


|ti 


82 


122 


163 


204 


246 


.286 


326 


867 








407 


81 


122 


163 


204 


244 


285 


826 


866 








406 


£41 


81 


122 


162 


203 


244 


284 


825 


365 




1 




405 
404 


41 
40 


81 


122 


162 


203 


243 


284 


824 


865 




81 


121 


162 


202 


242 


283 


823 


864 


1 
1 




408 


40 


81 


121 


161 


202 


242 


282 


822 


363 




1 
1 




402 


40 


80 


121 


161 


201 


241 


281 


822 


362 








401 


40 


80 


120 


160 


201 


241 


281 


821 


361 








400 


40 


80 


120 


160 


200 


240 


280 


820 


860 








899 


40 


80 


120 


160 


200 


239 


279 


319 


859 








898 


40 


80 


119 


169 


199 


239 


279 


318 


858 








397 


40 


79 


119 


159 


199 


238 


278 


818 


857 








396 


40 


79 


119 


158 


198 


238 


277 


817 


856 








895 
894 


40 
89 


79 
79 


119 


158 


198 


237 


277 
276 


316 


856 




118 


158 


197 


236 


315 


855 






893 


39 


79 


118 


157 


197 


236 


275 


314 


354 








892 


89 


78 


118 


167 


196 


235 


274 


«14 


853 




' 




391 


89 


78 


117 


156 


196 


235 


274 


313 


852 








890 


89 


78 


117 


166 


196 


234 


273 


812 


851 








889 


89 


78 


117 


156 


195 


233 


272 


311 


850 








888 


89* 


78 


116 


155 


194 


238 


272 


310 


849 








887 


39 


77 


116 


155 


194 


232 


271 


810 


848 






1886 1 


1 39 


77 


116 


154 


193 


2H2 


270 


309 


847 





LOGABITHMS OF NUMBEBS. 



829 



N. 
113 





1 


2 


3 


4 


6 


'6 


7 


8 


9 


D. 


058078 


3463 


3846 


4230 


4613 


4996 


5378 


6760 


6142 


6524 


382 


114 


6905 


7286 


7666 


8046 


8426 


8805 


9185 


9563 


9942 


.320 


879 


115 


060698 


1075 


1452 


1829 


2206 


2582 


2958 


an33 


3709 


4083 


876 


116 


4458 


4832 


5206 


5580 


5953 


6326 


6699 


7071 


7443 


7815 


372 


117 


8186 


8557 


8928 


9298 


9668 


..38 


.407 


.776 


1145 


1514 


869 


118 


071882 


2250 


2617 


2985 


3352 


3718 


4085 


4451 


4816 


5182 


866 


119 


5547 


5912 


6276 


6640 


7004 


7368 


7731 


8094 


8457 


8819 


868 


120 


9181 


9543 


9904 


.266 


.626 


.987 


1347 


1707 


2067 


2426 


860 


121 


082785 


3144 


8508 


8861 


4219 


4576 


4934 


6291 


5647 


6004 


857 


122 


6860 


6716 


7071 


7426 


7781 


8136 


8490 


8845 


9198 


9552 


855 


123 


- 9905 


.258 


.611 


.963 


1315 


1667 


2018 


2370 


2721 


3071 


851 


124 


093422 


3772 


4122 


4471 


4820 


5169 


5518 


5866 


6215 


6562 


349 


125 


6910 


7257 


7604 


7951 


8298 


8644 


8990 


9335 


9681 


..26 


846 


126, 


100371 


0715 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


3462 


343 


127 


8804 4146 


4487 


4828 


5169 


6510 


5861 1 6191 


6531 


6871 


840 


N. 





1 


2 


3 


i 


6 


6 


7 


8 


9 


D. 




r385 


r39. 


77 


116 


154 


193 


231 


270 


308 


347 






3^ 


38 


77 


115 


154 


192 


230 


269 


807 


346 








383 


38 


77 


'115 


153 


192 


-230 


268 


306 


845 








382 


38 


76 


116 


153 


191 


229 


267 


306 


844 








381 


38 


76 


114 


152 


191 


229 


267 


805 


843 








380 


38 


76 


114 


152 


190 


228 


266 


804 


842 




• 




379 


38 


76 


114 


152 


190 


227 


265 


803 


841 








378 


38 


76 


113 


151 


189 


227 


266 


302 


340 








377 


38 


75 


113 


151 


189 


226 


264 


302 


339 








376 
375 


38 
38 


75 


113 


150 


188 


226 


263 


801 


338 




75 


113 


150 


188 


225 


263 


300 


838 






374 


37 


75 


112 


160 


187 


224 


262 


299 


837 








373 


37 


76 


112 


149 


187 


224 


261 


298 


336 








372 


37 


74 


112 


149 


186 


223 


260 


298 


885 








371 


37 


74 


111 


148 


186 


223 


260 


297 


834 








370 


37 


74 


111 


148 


185 


222 


259 


296 


833 








369 


37 


74 


111 


148 


186 


221 


258 


295 


832 








368 


37 


74 


110 


147 


184 


221 


258 


294 


331 








367 


37 


73 


110 


147 


184 


220 


257 


294 


330 








366 
365 


|37 


73 


110 


146 


183 


220 


256 


293 


329 




73 


110 


146 


183 


219 


256 


292 


329 




S364 


P<36 


73 


109 


146 


182 


218 


265 


291 


328 






gd63 


'S36 


73 


109 


145 


182 


218 


254 


290 


827 






S362 


^36 


72 


109 


145 


181 


217 


253 


290 


826 






£861 


t,se 


72 


108 


144 


181 


217 


253 


289 


825 






p360 


g.36 


72 


108 


144 


180 


216 


252 


288 


824 








359 


£36 
fi36 


72 


108 


144 


180 


215 


261 


287 


323 








358 


72 


107 


143 


179 


216 


261 


286 


322 








857 
856 


36 
36 


71 


107 


143 
142 


179 


214 


260 


286 


821 




71 


107 


178 


214 


249 


285 


820 






355 


36 


71 


107 


142 


178 


213 


249 


284 


820 








354 


35 


71 


106 


142 


177 


212 


248 


283 


819 








853 


35 


71 


106 


141 


177 


212 


247 


282 


318 








352 


35 


70 


106 


141 


176 


211 


246 


282 


817 


• 






851 


35 


70 


106 


140 


176 


211 


246 


281 


816 








350 


35 


70 


105 


HO 


175 


210 


245 


280 


815 








349 


35 


70 


105 


140 


175 


209 


244 


279 


' 814 








348 
847 


35 
35 


70 


104 


139 


174 


209 


244 


278 


813 




69 


104 


189 


174 


208 


243 


278 


312 






346 


35 


69 


104 


138 


173 


208 


242 


277 


811 








845 


35 


• 69 


104 


138 


173 


207 


242 


276 


811 








344 


34 


69 


103 


138 


172 


206 


241 


275 


810 








348 


34 


69 


103 


137 


172 


.206 


240 


274 


809 








342 


34 


68 


103 


137 


171 


205 


239 


274 


308 








341 


34 


68 


102 


136 


171 


205 


239 


273 


807 








340 


34 


68 


102 


136 


170 


204 


238 


272 


306 








l389 


U4 


68 


102 


136 


170 


203 


237 


271 


806 I 



824 



LOGABTTHMS OF NUMBEBS. 



N. 

128 


1 


2 


3 


4 


» 


6 


7 


8 


9 


838 


107210 


7649 


7888 


8227 


8566 


8903 


9241 


9579 


9916 


.263 


129 


110590 


0926 


1263 


1599 


1934 


2270 


2605 


2940 


3276 


8609 


335 


130 


8943 


4277 


4611 


4944 


6278 


6611 


6943 


6276 


6608 


6940 


333 


131 


7271 


7603 


7934 


8265 


8695 


8926 


9266 


9586 


9915 


.246 


330 


132 


120574 


0903 


1231 


1560 


1888 


2216 


2644 


2871 


8198 


3526 


328 


183 


3852 


4178 


4604 


4830 


6156 


6481 


6806 


6181 


6456 


6781 


325 


384 


7105 


7429 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


..12 


323 


186 


130334 


0655 


0977 


1298 


1619 


1939 


2260 


2580 


2900 


3219 


821 


186 


8589 


8868 


4177 


4496 


4814 


6133 


6451 


6769 


6086 


6408 


818 


137 

138 


6721 


7037 


7864 


7671 


7987 


8803 


8618 


8934 


9249 


9564 


316 


9879 


.194 


.608 


.822 


1136 


1450 


1763 


2076 


2389 


2702 


814 


139 


143015 


8827 


8639 


3961 


4268 


4574 


4885 


5196 


6507 


5818 


311 


140 


6128 


6438 


6748 


7058 


7367 


7676 


7985 


8294 


8603 


8911 


809 


141 


9219 


9527 


9836 


.142 


.449 


.766 


1063 


1370 


1676 


1982 


307 


142 


152288 


2594 


2900 


3206 


8510 


8816 


4120 


4424 


4728 


5032 


305 


148 


5336 


6640 


6943 


6246 


6649 


6852 


7154 


7457 


7759 


8061 


303 


144 


8362 


8664 


8965 


9266 


9567 


9868 


.168 


.469 


.769 


1068 


301 


145 


161368 


1667 


1967 


2266 


2664 


2863 


3161 


8460 


3768 


4056 


299 


146 


4353 


4650 


4947 


6244 


6541 


5838 I 6184 


6430 


6726 


7022 


297. 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 




r339 


r34 


68 


102 


136 


170 


203 


237 


271 


805 






338 


84 


68 


101 


135 


169 


203 


237 


270 


804 








337 


84 


67 


101 


135 


169 


202 


236 


270 


303 


» 






336 


34 


67 


101 


134 


168 


202 


235 


269 


302 








335 


34 


67 


101 


134 


168 


201 


236 


268 


302 








334 


33 


67 


100 


134 


167 


200 


234 


267 


801 






• 


333 


33 


67 


100 


133 


167 


200 


233 


266 


800 








332 


38 


66 


100 


133 


166 


199 


232 


266 


299 








331 


33 


• 66 


99 


132 


166 


199 


232 


265 


298 








330 
329 


33 
33 


66 


99 


132 


166 


198 


231 


264 


297 




66 


99 


132 


165 


197 


230 


263 


296 






328 


33 


66 


98 


131 


164 


197 


230 


262 


295 








327 


33 


65 


98 


131 


164 


196 


229 


262 


294 








326 


33 


65 


98 


130 


163 


196 


228 


261 


293 








325 


38 


65 


98 


130 


1Q3 


195 


228 


260 


293 








324 


32 


65 


97 


130 


162 


194 


227 


259 


292 








323 


32 


65 


97 


129 


162 


194 


226 


258 


291 








322 


4 32 
"232 


64 


97 


129 


161 


193 


226 


258 


290 








321 


64 


96 


128 


161 


193 


226 


257* 


289 






S 320 


£32 


64 


96 


128 


160 


192 


224 


256 


288 






S319 
§318 


•a 32 

§32 


64 


96 


128 
127 


160 


191 


223 


255 


287 




64 


95 


159 


191 


223 


254 


286 




15 317 


^32 


63 


95 


127 


159 


190 


222 


264 


285 






P316 


§.32 


63 


95 


126 


158 


190 


221 


253 


284 








316 


2 32 


63 


95 


126 


158 


189 


221 


252 


284 








314 


<^31 


63 


94 


126 


157 


188 


220 


251 


283 








313 


81 


63 


94 


126 


157 


188 


219 


250 


282 








312 


31 


62 


94 


126 


156 


187 


218 


250 


281 








311 


31 


62 


93 


124 


156 


187 


218 


249 


280 








310 


31 


62 


93 


124 


155 


186 


217 


248 


279 








309 


31 


62 


93 


124 


156 


186 


216 


247 


278 








80^ 
307 


31 
31 


62 


92 


128 


154 


185 


216 


246 


277 




61 


92 


123 


154 


384 


216 


246 


276 






306 


31 


61 


92 


122 


158 


184 


214 


246 


276 








305 


31 


61 


92 


122 


153 


183 


214 


244 


275 








304 


30 


61 


91 


122 


152 


182 


213 


243 


274 




• 




303 


30 


60 


91 


121 


152 


182 


212 


242 


278 




■ 




.302 


80 


60 


91 


121 


151 


181 


211 


242 


272 








801 


30 


60 


90 


120 


151 


181 


211 


241 


271 








800 


30 


60 


90 


120 


150 


180 


210 


240 


270 








299 


30 


60 


90 


120 


150 


179 


209 


239 


269 








298 


30 


60 


89 


119 


149 


179 


209 


238 268 






I297I 


l80 


69 


89 


119 


149 


178 


208 


238 267 





LOGARITIIMS OP NUMBERS. 



325 



N. 
147 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 
295 


167317 


7613 


7908 


8203 


8497 


8792 


9086 


9380 


9674 


9968 


148 


170262 


0555 


0848 


1141 


1434 


1726 


2019 


2311 


2603 


2895 


293 


149 


3186 


.3478 


3769 


4060 


4351 


4641 


.4932 


5222 


5512 


5802 


291 


150 


6091 


6381 


6670 


6959 


7248 


7536 


7825 


8113' 


8401 


8689 


289 


151 


8977 


9264 


9552 


9839 


.126 


.413 


.699 


.986 


1272 


1558 


287 


152 


181844 


2129 


2415 


2700 


2985 


3270 


3555 


8839 


4123 


4407 


285 


153 


4691 


4975 


5259 


5542 


5825 


6108- 


6391 


6674 


6956 


7239 


28a 


154 


■ 7521 


7803 


8084 


8366 


8647 


8928 


9209 


9490 


9771 


..61 


281 


155 


190332 


0612 


0892 


1171 


1451 


1730 


2010 


2289 


2567 


2846 


279 


156 


8125 


3403 


3681 


3959 


4237 


4514 


4792 


5069 


5346 


5628 


278 


157 
158 


5900 


6176 


6453 


6729 


7005 


7281 


7556 


7832 


8107 


8382 


276 

274 


8657 


8932 


9206 


9481 


9755 


..29 


.803 


.677 


.850 


1124 


159 


201397 


1670 


1943 


2216 


2488 


2761 


3033 


3305 


3577 


3848 


272 


160 


4120 


4391 


4663 


4934 


5204 


5475 


6746 


6016 


6286 


6556 


271 


161 


6826 


7096 


7365 


7634 


7904 


8173 


8441 


8710 


8979 


9247 


269 


162 


9515 


9783 


..51 


.319 


.686 


.853 


1121 


1388 


1654 


1921 


267 


163 


212188 


2454 


2720 


2986 


3252 


3518 


3783 


4049 


4314 


4579 


266 


164 


4844 


5109 


5373 


6638 


5902 


6166 


6430 


6694 


6957 


7221 


264 


165 


7484 


7747 


8010 


8273 


8536 


8798 


9060 


9323 


9585 


9846 


262 


166 


220108 


0370 


0631 


0892 


1153 


1414 


1675 


1936 


2196 


2456 


261 


167 


2716 


2976 


3236 


3496 


3755 


4015 


4274 


4533 


4792 


5051 


259 


168 


5309 


5568 


5826 


6084 


6342 


6600 


6858 


7115 


7372 


7630 


258 


N. 





1 


^ 


3 


4 


5 


6 


7 8 


9 


D. 


r296 


r3o 


59 


89 


118 


148 


178 


207 


237 


266 






295 


30 


59 


89 


118 


148 


177 


207 


236 


266 








294 


29 


59 


88 


118 


147 


176 


206 


235 


265 








293 


29 


59 


88 


117 


147 


176 


205 


234 


264 








292 


29 


58 


88 


117 


146 


175 


204 


234 


263 








291 


29 


58 


87 


116 


146 


175 


204 


233 


262 








290 


29 


58 


87 


116 


145 


174 


203 


232 


261? 








289 


29 


68 


87 


116 


145 


173 


202 


231 


260 




. 




288 


29 


58 


86 


115 


144 


173 


202 


230 


259 








287 
286 


29 
29 


57 


86 


115 


144 


172 


201 


^30 


258 




57 


86 


114 


143 


172 


200 


229 


267 






285 


29 


57 


86 


114 


143 


171 


• 200 


228 


257 








284 


28 


57 


85 


114 


142 


170 


199 


227 


256 








^83 


28 


57 


85 


113 


142 


170 


198 


226 


255 








28a. 


28 


56 


85 


113 


141 


169 


197- 


226 


254 








281 


28 


56 


84 


112 


141 


169 


197 


225 


253 








280 


^28 


56 


84 


112 


140 


168 


196 


224 


252 








.279 


53 28 


56 


84 


112 


140 


167 


195 


223 


251 






S278 
§277 

|276 


f^28 


56 


83 


111 


139 


167 


•195 


222 


250 






|28 
5 28 


65 


83 


111 


139 


166 


■ 194 


222 


249 


• 


55 


83 


110 


138 


166 


193 


221 


248 




§275 


b28 


55 


83 


110 


138 


165 


193 


220 


248 






^274 


§"27 


55 


82 


110 


137 


164 


192 


219 


247 








273 


£27 


55 


82 


109 


137 


164 


191 


218 


246 








272 


^27 


64 


82 


109 


136 


163 


190 


218 


245 








271 


27 


54 


81 


108 


136 


163 


190 


217 


244 








270 


27 


54 


81 


108 


135 


162 


189 


216 


243 








269 


27 


54 


81 


108 


135 


161 


188 


215 


242 








268 


27 


54 


80 


107 


134 


161 


188 


214 


241 








267 
266 


27 
27 


53 


80 


107 


134 


160 


187 


214 


240 




53 


80 


106 


133 


160 


186 


213 


239 






265 


27 


53 


80 


106 


133 


159 


186 


212 


239 








264 


26 


53 


79 


106 


132 


168 


185 


211 


238 








263 


26 


53 


79 


105 


132 


168 


184 


210 


237 




, 




262 


26 


52 


79 


105 


131 


157 


183 


210 


236 








261 


26 


62 


78 


104 


131 


167 


183 


209 


235 








260 


26 


52 


78 


104 


130 


166 


182 


208 


234 








259 


26 


62 


78 


104 


130 


155 


181 


207 


233 








258 


26 


62 


77 


103 


129 


155 


181 


206 


282 






,257 


I 26 


61 


77 


103 


129 


154 


180 206 1 


231 



326 



LOGARITHMS OP NUMBERS. 



' N. 
169 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 
256 


227887 


8144 


8400 


8657 


8913 


9170 


9426 


9082 


9938 


.193 


170 


230449 


0704 


0960 


1215 


1470 


1724 


1979 


2234 


2488 


2742 


254 


171 


2996 


3250 


3504 


3757 


4011 


4264 


4517 


.4770 


5023 


5276 


253 


172 


5628 


5781 


6033 


6285 


6537 


6789 


7041 


7292 


7544 


7795 


252 


173 


8046 


8297 


8548 


8799 


9049 


9299 


9550 


9800 


..50 


.300 


250 


174 


240549 


0799 


1048 


1297 


1546 


1795 


2044 


2293 


2541 


2790 


249 


175 


3038 


3286 


3534 


8782 


4030 


4277 


4525 


4772 


5019 


5266 


248 


176 


5513 


5759 


6006 


6252 


6499 


6745 


6991 


7237 


7482 


7728 


246 


177 


7973 


8219 


8464 


8709 


8954 


9198 


9443 


9687 


9932 


.176 


245 
243 


178 


250420 


0664 


0908 


1151 


1395 


1638 


1^81 


2125 


2368 


2610 


179 


2853 


3096 


3338 


3580 


8822 


4064 


4306 


4548 


4790 


5031 


242 


180 


5273 


5514 


5755 


5996 


6237 


6477 


6718 


6958 


7198 


7439 


241 


181 


7679 


7918 


8158 


8398 


8637 


8877 


9116 


9355 


9594 


9833 


239 


182 


260071 


0310 


0548 


0787 


1025 


1263 


1501 


1739 


1976 


2214 


238 


183 


2451 


2688 


2925 


3162 


3399 


3636 


3873 


4109 


4346 


4582 


237 


184 


4818 


5054 


5290 


5525 


5761 


5996 


6232 


6467 


6702 


6937 


235 


185 


7172 


7406 


7641 


7875 


8110 


8344 


8578 


8812 


9046 


9279 


234 


186 
187 


9513 


9746 


9980 


.213 


.446 


.679 


.912 


1144 


1377 


1609 


233 
232 


271842 


2074 


2306 


2538 


2770 


3001 


3233 


3464 


3696 


3927 


188 


4158 


4389 


4620 


4850 


5081 


5311 


5542 


5772 


6002 


6232 


230 


189 


6462 


6692 


6921 


7151 


7380 


7609 


7838 


8067 


8296 


8525 


229 


190 


8754 


8982 


9211 


9439 


9667 


9895 


M23 


.351 


.578 


.806 


228 


191 


281033 


1261 


1488 


1715 


1942 


2169 


2396 


2622 


2849 


8075 


227 


192 


3301 


3527 


3753 


3979 


4205 


4431 


4656 


4882 


5107 


5332 


226 


193 


5557 


5782 


6007 


6232 


6456 


6681 


6905 


7130 


7354 


7578 


225 


194 


7802 


8026 


8249 


8473 


8696 


8920 


9143 


9366 


9589 


9812 


223 


195 


290035 


0257 


0480 


0702 


0925 


1147 


1369 


1591 


1813 


2034 


222 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 




f257 


r26 


51 


77 


103 


129 


154 


180 


206 


231 




« 


256 


26 


51 


77 


102 


128 


154 


179 


205 


230 








255 


26 


51 


77 


102 


128 


153 


179 


204. 


230 








254 


25 


51 


76 


102 


127 


152 


178 


203 


229 








253 


25 


51 


7« 


101 


127 


152 


177 


202 


228 








252 


25 


50 


76 


101 


126 


151 


176 


202 


227 








251 


25 


JBO 


75 


100 


126 


151 


176 


201 


226 








250 


25 


50 


75 


100 


125 


150 


175 


200 


225 




• 




249 
248 


25 
25 


50 


75 


100 


125 


149 


174 


199 


224 




50 


74 


99 


124 


149 


174 


198 


223 




■ 


247 


25 


49 


74 


99 


124 


148 


173 


198 


222 








246 


25 


49 


74 


98 


123 


148 


172 


197 


221 








245 


25 


49 


74 


98 


123 


147 


172 


196 


221 








244 


rf24 


49 


73 


98 


122 


146 


171 


195 


220 




• 




243 


?24 


49 


73 


97 


122 


146 


170 


194 


219 






£242 


£24 


48 


73 


97 


121 


145 


169 


194 


218 






8 241- 


"3 24 


48 


72 


96 


121 


145 


169 


193 


217 


« 




£240 
(g239 


§24 
•■g24 


48 


72 


96 


120 


144 


168 


19^ 


216 




48 


72 


96 


120 


143 


167 


191 


215 




P238 


a24 


48 


71 


95 


119 


143 


167 


190 


214 




• 




237 


2 24 


47 


71 


. 95 


119 


142 


166 


190 


213 








236 


^24 


47 


71 


94 


118 


142 


165 


180 


212 








235 


24 


47 


71 


94 


118 


141 


165 


188 


212 








234 


23 


47 


70 


94 


117 


140 


164 


187 


211 








233 


23 


47 


70 


93 


11? 


140 


163 


186 


210 








232 


23 


46 


70 


93 


116 


139 


162 


186 


209 








231 
230 


23' 
23 


46 


69 


92 


116 


139 


162 


185 


208 




46 


69 


92 


115 


138 


161 


• 184 


207 






229 


23 


46 


69 


92 


115 


137 


160 


183 


206 








228 


23 


46 


68 


91 


114 


137 


160 


182 


205 








227 


23 


45 


68 


91 


114 


136 


159 


182 


204 








226 


23 


45 


68 


90 


113 


136 


158 


181 


203 


1 






225 


23 


45 


68 


90 


113 


135 


158 


180 


203 






224 


22 


45 


67 


90 


112 


134 


157 


179 


202 






1 223 I 


1 22 


45 


67 


89 


112 


134 156 1 


178 


201 1 





LOGUtlTHMS OF NUMBERS. 



827 



N. 

196 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 
221 


292256 


2478 


2699 


2920 


3141 


3363 


3584 


3804 


4025 


4246 


197 


4466 


4687 


4907 


5127 


5347 


5567 


5787 


6007 


6226 


6446 


220 


198 


6665 


6884 


7104 


7323 


7542 


7761 


7979 


8198. 


8416 


8635 


219 


199 


8853 


9071 


9289 


9507 


9725 


9943 


.161 


.878 


.696 


.813 


218 


200 


301030 


1247 


1464 


1681 


1898 


2114 


2831 


2547 


2764 


2980 


217 


201 


3196 


3412 


8628 


3844 


4059 


4275 


4491 


4706 


4921 


5136 


216 


202 


5351 


5566 


5781 


5996 


6211 


6425 


6639 


6864 


7068 


7282 


216 


203 


7496 


7710 


7924 


8187 


8851 


8564 


8778 


8991 


9204 


9417 


218 


204 


9630 


9843 


..56 


.26^ 


.481 


.698 


.906 


1118 


1830 


1542 


212 


205 


311754 


1966 


2177 


2389 


2600 


2812 


3028 


8234 


8446 


3656 


211 
210 


206 


3867 


4078 


4289 


4499 


4710 


4920 


5130 


5340 


5651 


6760 


207 


5970 


6180 


68U0 


6599 


6809 


7018 


7227 


7436 


7646 


7864 


209 


208 


8063 


8272 


8481 


8689 


8898 


9106 


9814 


9522 


9730 


9938 


208 


209 


320146 


0354 


0562 


0769 


0977 


1184 


1891 


1598 


1806 


2012 


207 


210 


2219 


2426 


2638 


2889 


8046 


3252 


8468 


8665 


3871 


4077 


206 


211 


4282 


4488 


4694 


4899 


5105 


5310 


5516 


5721 


5926 


6181 


206 


212 


6836 


6541 


6745 


6950 


7155 


7869 


7563 


7767 


7972 


8176 


204 


218 


8380 


8583 


8787 


8991 


9194 


9398 


9601 


9805 


. . .0 


.211 


208 


214 


880414 


0617 


0819 


1022 


1225 


1427 


1630 


1882 


2034 


2236 


202 


215 
216 


2488 


2640 


2842 


3044 


3246 


8447 


36419 


8850 


4051 


4253 


202 
201 


4454 


4655 


4856 


6057 


5257 


5458 


5658 


6869 


6059 


6260 


217 


6460 


6660 


6860 


7060 


7260 


7459 


7659 


7858 


8058 


8257 


200 


218 


8456 


8656 


8855 


9054 


9253 


9451 


9660 


9849 


..47 


.246 


199 


219 


340444 


0642 


0841 


1039 


1237 


1485 


1632 


1830 


2028 


2225 


198 


220 


2423 


2620 


2817 


3014 


3212 


3409 


8606 


3802 


8999 


4196 


197 


221 


4392 


4589 


4785 


4981 


5178 


5374 


6570 


5766 


6962 


6167 


196 


222 


6353 


6549 


6744 


6989 


7135 


7330 


7525 


7720 


7915 


8110 


195 


223 


8305 


8500 


8694 


8889 


9088 


9278 


9472 


9666 


9860 


..54 


194 


224 


350248 


0442 


0636 


0829 


1028 


1216 


1410 


1603 


1796 


1989 


193 


225 


2183 


2375 


2668 


2761 


2954 


8147 


8389 


3682 


8724 


3916 


193 


226 


4108 


4301 


4498 


4685 


4876 


6068 


5260 


5452 


5643 


6834 


192 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 




r222 


r22 


44 


67 


89 


111 


138 


156 


178 


200 






221 




22 


44 


•66 


•88 


111 


133 


165 


177 


199 








220 




22 


44 


66 


88 


110 


132 


154 


176 


198 




. 




219 




22 


44 


66 


88 


110 


131 


153 


175 


197 








218 




22 


44 


65 


87 


109 


131 


163 


174 


196 








217 




22 


43 


65 


87 


109 


180 


152 


174 


195 








216 




22 


43 


65 


86 


108 


130 


161 


173 


194 








215 




22 


48 


65 


86 


108 


129 


151 


172 


194 








214 




21 


48 


64 


86 


107 


128 


150 


171 


193 








213 
212. 




21 
21 


481 


64 


85 
85 


107 


128 


149 
14S 


170 


192 




42 


64 


106 


127 


170 


191 






211 


^21 
^21 


42 


GS 


84 


106 


127 


148 


169 


190 








210 


42 


68 


84 


105 


126 


147 


168 


189 






&209 


£21 


42 


63 


84 


105 


126 


146 


167 


188 






|208 


•5 21 


42 


62 


88 


104 


125 


146 


1C6 


187 






g207 


§21 


41 


62 


88 


104 


124 


145 


166 


186 






£206 


I2I 


41 


62 


82 


108 


124 


144 


165 


185 






S205 


g.21 
£20 
(V,20 


41 


62 


82 


103 


123 


144 


164 


185 








204 


41 


61 


82 


102 


122 


148 


163 


184 








203 
202 


41 


61 


81 


102 


12^ 


142 


162 
162 


188 






20 


40 


61 


81 


101 


121 


141 


182 






201 




20 


40 


60 


80 


101 


121 


141 


161 


181 








200 




20 


40 


60 


80 


100 


120 


140 


160 


180 








199 




20 


40 


60 


80 


WO 


119 


139 


169 


179 








198 




20 


40 


59 


79 


99 


119 


189 


158 


178 








19T 




20 


89 


59 


79 


99 


118 


138 


158 


177 








196 




20 


39 


59 


78 


98 


118 


137 


157 


176 








195 




20 


89 


59 


78 


98 


117 


187 


156 


176 








194 




19 


89 


68 


78 


97 


116 


136 


155 


175 






• 


193 




19 


39 


68 


77 


f)7 


116 


135 


154 


174 




• 




Ll92 




119 


38 


68 


77 1 


96 


115 


134 


154 173 1 J 



328 



LOGAfilTHMS OF NUMBEKS. 



N. 

227 
228 
229 
230 
231 
232 
233 
234 
235 

)236 
237 
238 
239 
240 
241 
242 
243 
244 





1 


2 


3 


4 


6 





7 


8 


9 


D. 

191 
190 
189 
188 
188 
187 
186 
185 
184 


356026 
7935 
9835 

361728 
8612 
5488 
7356 
9216 

371068 


6217 
8125 
..25 
1917 
8800 
5676 
7542 
9401 
1258 


6408 
8316 
.215 
2105 
3988 
5862 
7729 
9587 
1437 


6599 
8506 
.404 
2294 
4176 
6049 
7915 
9772 
1622 


6790 
8696 
.593 
2482 
4363 
6236 
8101 
9958 
1806 


6981 
8886 
.783 
2671 
4551 
6423 
8287 
.143 
1991 


7172 
9076 
.972 
2859 
4739 
6610 
8473 
.828 
2175 


7363 
9266 
1161 
3048 
4926 
6796 
8659 
.513 
2360 


7554 
9456 
1350 
3236 
5113 
6983 
8845 
.698 
2544 


7744 
9646 
1539 
3424 
5301 
7169 
9030 
.883 
2728 


2912 
4748 
6577 
8398 
380211 
2017 
8815 
5606 
7390 


3096 
4932 
6759 
8580 
0392 
2197 
3995 
5785 
7568 


3280 
5115 
6942 
8761 
0573 
2377 
4174 
5964 
7746 


3464 
5298 
7124 
8943 
0754 
2557 
4363 
6142 
7928 


3647 

6481 

7306 

9124 

0934 

2737 

4533 

6321 < 

8101 


3831 
5664 
7488 
9306 
1115 
2917 
4712 
6499 
8279 


4015 
5846 
7670 
9487 
1296 
3097 
4891 
6677 
8456 


4198 
6029 
7852 
9668 
1476 
3277 
5070 
6856 
8634 


4382 
6212 
8034 
9849 
1656 
3456 
5249 
7034 
8811 


4565 
6394 
8216 
..30 
1837 
3636 
5428 
7212 
8989 


184 
183 
182 
181 
181 
180 
170 
178 
178 


245 
246 
247 
248 
249 
250 
251 
252 
253 

254 
255 
256 
257 
258 
259 
260 
261 


9166 
390935 
2697 
4452 
6199 
7940 
9674 
401401 
3121 


9343 
1112 
2873 
4627 
6374 
8114 
9847 
1573 
3292 


9520 
1288 
3048 
4802 
6548 
8287 
..20 
1745 
3464 


9698 
1464 
3224 
4977 
6722 
8461 
,192 
1917 
3636 


9875 
1641 
3400 
5152 
6896 
8634 
.365 
2089 
8807 


..51 
1817 
3575 
5326 
7071 
8808 
.538 
2261 
3978 


.228 
1993 
8751 
5501 
7245 
8981 
.711 
2433 
4149 


.405 
2169 
3926 
5676 
7419 
9154 
.883 
2605 
4320 


.582 
2345 
4101 
5850 
7592 
9328 
1056 
2777 
4492 


.759 
2521 
4277 
6025 
7766 
9501 
1228 
2949 
4663 


177 
176 
176 
176 
174 
173 
173 
172 
171 

171 
170 
169 
169 
168 
167 
167 
166 


4834 
6540 
8240 
9933 
411620 
3300 
4973 
6641 


5005 
6710 
8410 
.102 
1788 
3467 
5140 
6807 


5176 
6881 
8579 
.271 
1956 
8635 
5307 
6973 


5346 
7051 
8749 
.440 
2124 
3803 
5474 
7139 


5517 
7221 
8918 
.609 
2293 
3970 
5641 
7306 


5688 
7391 
9087 
.777 
2461 
4137 
5808 
7472 


5858 
7561 
9257 
.946 
2629 
4305 
5974 
7638 


6029 
7731 
9426 
1114 
2796 
4472 
6141 
7804 


6199 
7901 
9595 
1283 
2964 
4639 
6308 
7970 


6370 
8070 
9764 
1451 
8132 
4806 
6474 
8185 


N. 





1 


2 


3 


4 


5 


6 


7 


8 9 


D. 


1 
1 

i 


ri92 

191 
190 
189 
188 
187 
186 
185 
184 

183 

.182 

1181 

U80 

3 179 

178 

177 

176 

175 

174 
173 
172 
171 
170 
169 
168 
167 
U66 


a 

t 

a 

% 

1 


ri9 

19 
19 
19 
19 
19 
19 
19 
18 

J 18 
18 

:i8 

18 

18 

|18 

518 
as 

17 
17 
17 
17 
17 
17 
17 
17 
1 17 


38 
38 
88 
38 
88 
37 
37 
87 
37 


58 
57 
57 
57 
56 
•56 
56 
56 
55 


77 
76 
76 
76 
75 
75 
74 
74 
74 


96 
96 
95 
95 
94 
94 
93 
93 
92 


115 
115 
114 
113 
113 
112 
112 
111 
110 


134 
134 
133 
132 
132 
131 
130 
130 
129 


154 
153 
152 
151 
150 
150 
149 
148 
147 


173 
172 

171 
170 
169 
168 
167 
167 
166 


37 

36 

36 

86 

86 

36 

35- 

35 

85 


55 
55 
54 
54 
54 
53 
53 
•53 
53 


73 
73 
72 
72 
72 
71 
71 
70 
70 


. 92 
91 
91 
90 
90 
89 
89 
88 
88 


110 
109 
109 
108 
107 
107 
106 
106 
105 


128 
127 
127 
126 
125 
125 
124 
123 
123 


146 
146 
145 
144 
143 
142 
142 
141 
140 


165 
164 
163 
162 
161 
160 
159 
158 
158 


35 
85 
34 
34 
84 
34 
34 
83 
83 


52 
52 
52 
51 
51 
51 
50 
50 
50 


70 
69 
69 
68 
68 
68 
67 
67 
66 


87 
87 
86 
86 
85 
85 
84 
84 
83 


104 
104 
103 
103 
102 
101 
101 
100 
100 


122 
121 
120 
120 
119 
118 
118 
117 
116 


139 

138 

138 

13^ 

136 

135 

134 

134 

133 


157 
156 
155 
154 
153 
152 
151 
150 
149 



LOGARITHMS OF NUMBERS. 
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N. 

262 
263 
264 
265 
266 
267 
268 
269 
270 
271 

272 
273 

274 
275 
276 
277 
278 
279 
280 
281 

282 
283 
284 
285 
286 
287 
288 
289 
290 
291 

292 
293 
294 
295 
296 
297 
298 
299 
300 
301 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 
166 

164 

163 
162 

161 

160 
159 

158 

157 

156 
155 

154 


418301 
9966 

421604 
3246 
4882 
6611 
8135 
9752 

431364 
2969 


8467 
.121 
1768 
3410 
5045 
6674 
8297 
9914 
1525 
3130 


8633 
.286 
1933 
3674 
6208 
6836 
8459 
..75 
1685 
3290 


8798 
.451 
2097 
3737 
5371 
6999 
8621 
.236 
1846 
3450 


8964 
.616 
2261 
3901 
5534 
7161 
8783 
.398 
2007 
3610 


9129 
.781 
2426 
4065 
5697 
7324 
8944 
.569 
2167 
3770 


9295 
.945 
2590 
4228 
5860 
7486 
9106 
.720 
2328 
3930 


9460 
1110 
2764 
4392 
6023 
7648 
9268 
.881 
2488 
4090 


9625 
1275 
2918 
4555 
6186 
7811 
9429 
1042 
2649 
4249 


9791 
1439 
3082 
4718 
6349 
7973 
9691 
1203 
2809 
4409 


4569 
6163 
7751 
9333 
440909 
2480 
4045 
6604 
7158 
8706 


4729 
6322 
7909 
9491 
1066 
2637 
4201 
5760 
7313 
8861 

0403 
1940 
3471 
4997 
6518 
8033 
9543 
1048 
2548 
4042 


4888 
6481 
8067 
9648 
1224 
2793 
4357 
5915 
7468 
9015 


5048 
6640 
8226 
9806 
1381 
2950 
4513 
6071 
7623 
9170 


5207 
6799 
8384 
9964 
1538 
3106 
4669 
6226 
7778 
9324 


5367 
6957 
8542 
.122 
1695 
3263 
4825 
6382 
7933 
9478 


5526 
7116 
8701 
.279 
1852 
3419 
4981 
6537 
8088 
9633 


5686 
7275 
8869 
.437 
2009 
3576 
5137 
6692 
8242 
9787 


5844 
7433 
9017 
.694 
2166 
3732 
5293 
6848 
8397 
9941 


.6004 
7692 
9175 
.752 
2323 
3889 
6449 
7003 
8562 
..96 


450249 
1786 
3318 
4845 
6366 
7882 
9392 

460898 
2398 
3893 


0557 
2093 
3624 
5160 
6670 
8184 
9694 
1198 
2697 
4191 


0711 
2247 
3777 
6302 
6821 
8336 
9845 
1348 
2847 
4340 


0865 
2400 
3930 
5454 
6973 
8487 
9995 
1499 
2997 
4490 


1018 
2553 
4082 
5606 
7126 
863^ 
.146 
1649 
3146 
4639 


1172 
2706 
4235 
5768 
7276 
8789 
.296 
1799 
3296 
4788 


1326 
2869 
4387 
6910 
7428 
8940 
.447 
1948 
3445 
4936 


1479 
3012 
4640 
6062 
7579 
9091 
.597 
2098 
3694 
5086 


1633 
3165 
4692 
6214 
7731 
9242 
.748 
2248 
3744 
5234 


153 
152 
151 
150 
149 

148 
147 
146 
145 
144 


6383 
6868 
8347 
9622 
471292 
2756 
4216 
6671 
7121 
8566 


6532 
7016 
8495 
9969 
1438 
2903 
4362 
5816 
7266 
8711 


5680 
7164 
8643 
.116 
1686 
3049 
4508 
6962 
7411 
8865 


6829 
7312 
8790 
.263 
1732 
3195 
4653 
6107 
7565 
8999 


6977 
7460 
8938 
.410 
1878 
8841 
4799 
6252 
7700 
9143 


6126 
7608 
9085 
.667 
2026 
3487 
4944 
6397 
7844 
9287 


6274 
7766 
9233 
.704 
2171 
3633 
6090 
6542 
7989 
9431 


6423 
7904 
9380 
.851 
2318 
3779 
5236 
6687 
8133 
9575 


6671 
8062 
9627 
.998 
2464 
3926 
5381 
6832 
8278 
9719 


6719 
8200 
9675 
1145 
2610 
4071 
5526 
6976 
8422 
9863 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


< 

1 


ri65 

164 

163 

162 

161 

160 

159 

158 

.167 

5156 

3155 

J 154 

I US 

'152 

151 

160 

149 

148 

147 

146 

145 

Ll44 


a 

« 

P 

fl 

C 

c 

» 

c 


17 

16 

16 

16 

16 

16 

16 

gl6 

Sl6 

h16 

3 16 

il6 
316 
^15 

:i6 

15 
15 
15 
15 
15 
15 
114 


33 
83 
83 
32 
82 
32 
82 
32 
31 
31 
31 


50 
^9 
49 
49 
48 
48 
48 
47 
47 
47 
47 


66 
66 
65 
65 
64 
64 
64 
63 
63 
62 
62 


83 
82 
82 
81 
81 
80 
80 
79 
79 
78 
78 

77 
77 
76 
76 
76 
75 
74 
74 
73 
73 
72 


99 
98 
98 
97 
97 
96 
96 
95 
94 
94 
93 


116 
116 
114 
113 
113 
112 
111 
111 
110 
109 
109 


132 
131 
130 
130 
129 
128 
127 
126 
126 
126 
124 


149 
148 
147 
146 
146 
144 
143 
142 
141 
140 
140 


■ 31 
31 
30 
30 
30 
30 
80 
29 
29 
29 
29 


46 
46 
46 
46 
45 
45 
44 
44 
44 
44 
48 


62 
61 
•61 
CO 

60 
€0 
59 
59 
68 
68 
58 


92 
92 
91 
91 
90 
89 
89 
88 
88 
87 
86 


108 
107 
106 
106 
105 
104 
104 
103 
102 
102 
101 


123 
122 
122 
121 
120 
119 
118 
118 
117 
116 
115 


139 
138 
137 
136 
135 
134 
133 
132 
131 
131 
130 



830 



LOGABITHMB OF NirMBEB& 



N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 


302 


480007 


0151 


0294 


0438 


0582 


0725 


0869 


1012 


1156 


1299 




303 


1443 


1586 


1729 


1872 


2016 


2159 


2302 


2446 


2588 


2731 


143 


304 


2874 


3016 


3159 


3302 


8445 


8687 


8780 


3872 


4015 


4157 




305 


4300 


4442 


4585 


4727 


4869 


6011 


5158 


5295 


M37 


6579 


142 


306 


. 5721 


5863 


6005 


6147 


6289 


6430 


6572 


6714 


6855 


6997 




307 


7138 


7280 


7421 


7563 


7704 


7845 


7986 


8127 


8269 


8410 


141 


308 


8551 


8692 


8833 


8974 


9114 


9255 


9396 


9537 


9677 


9818 




309 


9958 


..99 


.239 


.380 


.520 


.661 


.801 


.941 


1081 


1222 


140 


310 


491362 


1502 


1642 


1782 


1922 


2062 


2201 


2341 


2481 


2621 




311 


2760 


2900 


3040 


8179 


3319 


8458 


3597 


8737 


8876 


4016 


139 


312 


4155 


4294 


4433 


4572 


4711 


4850 


4989 


5128 


62^7 


5406 




313 


5544 


6683 


6822 


6960 


6099 


6238 


6376 


6515 


6653 


6791 




314 


6930 


7068 


7206 


7344 


7483 


7621 


7759 


7897 


8035 


8173 


138 


815 


8311 


8448 


8586 


8724 


8862 


8999 


9137 


9275 


9412 


9550 




316 


9687 


9824 


9962 


..99 


.236 


.374 


.611 


.648 


.785 


.922 


137 


317 


501059 


1196 


1333 


1470 


1607 


1744 


1880 


2017 


2164 


2291 


• 


318 


2427 


2564 


2700 


2837 


2973 


8109 


8246 


3382 


8518 


3655 


136 


819 


8791 


3927 


4063 


4190 


4335 


4471 


4607 


4743 


4878 


6014 




320 


6150 


5286 


5421 


5557 


5693 


5828 


6964 


6099 


6234 


6370 




321 


6505 


6640 


6776 


6911 


7046 


7181 


7316 


7451 


7686 


7721 


135 


322 
823 


7856 


7991 


8126 


8260 


8395 


8530 


8664 


8799 


8934 


9068 


134 


9203 


9337 


9471 


9606 


9740 


9874 


• • • %y 


.143 


.277 


.411 


324 


510545 


0679 


0813 


0947 


1081 


1215 


1349 


1482 


1616 


1750 




325 


1883 


2017 


2151 


2284 


2418 


2551 


2684 


2818 


2951 


3084 


133 


326 


8218 


3351 


3484 


3617 


3750 


3883 


4016 


4149 


4282 


4415 




827 


4548 


4681 


4813 


4946 


5079 


6211 


5844 


6476 


6609 


5741 




328 


5874 


6006 


6139 


6271 


6403 


6535 


6668 


6800 


6932 


7064 


132 


329 


7196 


7328 


7460 


7592 


7724 


7855 


7987 


8119 


8261 


8382 




m) 


8514 


8646 


8777 


8909 


9040 


9171 


9303 


9434 


9566 


9697 


131 


331 


9828 


9969 


..90 


.221 


.353 


.484 


.616 


.745 


.876 


1007 




332 


521138 


1269 


1400 


1580 


1661 


1792 


1922 


2053 


2183 


2314 




333 


2444 


2575 


2705 


2835 


2966 


3096 


3226 


3356 


8486 


3616 


130 


334 


8746 


8876 


4006 


4136 


426G 


4396 


4526 


4656 


4785 


4915 


335 


5045 


5174 


5304 


5434 


6563 


5693 


6822 


6961 


6081 


6210 


129 


336 


6339 


6469 


6598 


6727 


6856 


8985 


7114 


7243 


7372 


7501 




337 


7630 


7759 


7888 


8016 


8145 


8274 


8402 


8531 


8660 


8788 




338 


8917 


9045 


9174 


9302 


9430 


9659 


9687 


9815 


9943 


..72 


128 


339 


630200 


0328 


0456 


0584 


0712 


0840 


0968 


1096 


1223 


.1851 




340 


1479 


1607 


1734 


1862 


1990 


2117 


2245 


2372 


2500 


2627 




341 


2754 


2882 


8009 


3136 


3264 


3391 


8518 


3645 


87V2 


3899 


127 


342 


4026 


4153 


4280 


4407 


4534 


4661 


4787 


4914 


6041 


6167 




343 


6294 


5421 


5547 


5674 


5800 


6927 


6053 


6180 


6306 


6432 


126 


344 


6558 


6685 


6811 


6937 


7063 


7189 


7316 


7441 


7567 


7693. 




N. 





1 


2 


3 


4 


5 


6 


7- 


8 


9 


D. 




ri44 




ri4 


29 


43 


58 


72 


86 


101 


115 


130 






143 




14 


29 


43 


67 


72 


86 


100 


114 


129 








142 




14 


28 


43 


57 


71 


85 


99 


114 


128 








141 




14 


28 


42 


66 


71 


85 


99 


113 


127 








140 




14 


28 


42 


56 


70 


84 


98 


112 


126 








139 


Sl4 


28 


42 


66 


70 


83 


97 


111 


125 








138 


28 


41 


65 


69 


83 


97 


110 


124 






gl37 


£14 


27 


41 


65 


69 


82 


96 


110 


123 






§136 


•a 14 


27 


41 


64 


68 


82 


95 


109 


122 






gl35 
£134 


§14 
^13 


27 


41 


64 


68 


81 


95 


108 


122 




27 


40 


64 


67 


80 


94 


107 


121 




5133 


ftl3 


27 


40 


63 


67 


80 


98 


106 


120 








132 


213 


26 


40 


63 


66 


79 


92 


106 


119 








131 


P^13 


26 


89 


62 


66 


79 


92 


105 


118 








130 




13 


26 


39 


62 


65 


78 


91 


104 


117 








129 




13 


26 


39 


62 


65 


77 


90 


103 


116 








128 




13 


26 


38 


61 


64 


77 


90 


102 


115 








127 




13 


25 


38 


61 


64 


76 


89 


102 


114 




1 


1 126 1 


1 13 


25 


88 


60 


63 


76 


88 


101 


118 





I.0OAR1THMS OF KUMBEBS. 
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V. 
845 





1 


2 


3 


4 


5 


6 


7 1 8 


9 


D. 
126 


587819 


7945 


8071 


8197 


8322 


8448 


8574 


8699 


8825 


8961 


846 


9076 


9202 


9827 


9452 


9578 


9703 


9829 


9954 


..79 


.204 


125 


847 


540829 


0455 


0580 


0705 


0880 


0955 


1080 


1205 


1330 


1454 




848 


1579 


1704 


1829 


1958 


2078 


2203 


2327 


2452 


2576 


2701 




849 


2825 


2950 


8074 


8199 


8828 


3447 


8571 


8696 


3820 


8944 


124 


850 


4068 


4192 


4816 


4440 


4564 


4688 


4812 


4936 


6060 


6188 




861 


5307 


6431 


6656 


6678 


6802 


6925 


6049 


6172 


6296 


6419 




852 


6543 


6666 


6789 


6918 


7036 


7159 


7282 


7405 


7529 


7662 


123 


853 


7776 


7898 


8021 


8144 


8267 


8389 


mv?, 


8635 


8758 


8881 




354 


9003 


9126 


9249 


9871 


9494 


9616 


9739 


9861 


9984 


.106 


122 


355 


550228 


0351 


0478 


0595 


0717 


0840 


0962 


1084 


1206 


1328 


356 


1450 


1672 


1694 


1816 


1938 


2060 


2181 


2303 


2425 


2547 




357 


2G68 


2790 


2911 


8033 


3155 


8276 


3398 


8519 


3640 


3762 


121 


358 


3883 


4004 


4126 


4247 


4868 


4489 


4610 


4781 


4852 


4973 




859^ 


6094 


6215 


6836 


6457 


6578 


6699 


6820 


6940 


6061 


6182 




3G0 


6303 


6423 


6544 


6664 


6785 


6905 


7026 


7146 


7267 


7387 


120 


861 


7507 


7627 


7748 


7868 


7988 


8108 


8228 


8849 


8469 


8589 




862 


8709 


KH29 


8948 


9068 


9188 


9808 


9428 


9648 


9667 


9787 




863 


9907 


..26 


.146 


.265 


.885 


.504 


.624 


.748 


.863 


.982 




864 
865 


561101 


1221 


1340 


1459 


1578 


1698 


1817 


1986 


2055 


2174 


119 


2293 


2412 


2631 


2650 


2769 


2887 


8006 


8125 


8244 


3362 


866 


8481 


8600 


8718 


8837 


8955 


4074 


4192 


4811 


4429 


4648 




867 


4666 


4784 


4903 


6021 


6139 


5257 


6376 


6494 


5612 


5730 


118 


868 


5848 


6966 


6084 


6202 


6320 


6437 


6555 


6673 


6791 


6909 




869 


7026 


7144 


7262 


7879 


7497 


7614 


7782 


7849 


7967 


8084 




870 


8202 


8819 


8486 


8664 


8671 


8788 


8906 


9023 


9140 


9257 


117 


371 


9874 


9491 


9608 


9725 


9842 


9969 


..76 


.193 


.309 


.426 




872 


670543 


0660 


0776 


0893 


1010 


1126 


1243 


1869 


1476 


1592 




378 
874 


1709 


1825 


1942 


.2058 


2174 


2291 


2407 


2528 


2689 


2755 


116 


2872 


2988 


3104 


3220 


3336 


3452 


8568 


3684 


8800 


3915 


375 


4031 


4147 


4263 


4379 


4494 


4610 


4726 


4841 


4957 


5072 




876 


6188 


5803 


5419 


5534 


6650 


5766 


6880 


6996 


6111 


6226 


116 


377 


6341 


6467 


6572 


6687 


6802 


6917 


7032 


7147 


7262 


7877 




378 


7492 


7607 


7722 


7836 


7951 


8066 


8181 


8295 


8410 


8625 




879 


8639 


8764 


8868 


8983 


9097 


9212 


9326 


9441 


9555 


9669 


114 


380 


9784 


9898 


..12 


.126 


.241 


.356 


.469 


.583 


.697 


.811 




881 


680925 


1089 


1153 


3267 


1381 


1495 


1608 


1722 


1836 


1950 




382 
383 


2063 


2177 


2291 


2404 


2518 


2631 


2745 


2858 


2972 


3085 


113 


8199 


3312 


3426 


3539 


3652 


3765 


8879 


8992 


4105 


4218 


884 


4331 


4444 


4557 


4670 


4783 


4896 


5009 


5122 


5235 


6348 




385 


6461 


5574 


6686 


6799 


5912 


6024 


6137 


6250 


6362 


6475 




886 


6587 


6700 


6812 


6925 


7037 


7149 


7262 


7874 


7486 


7699 


112 


887 


7711 


7823 


7935 


8047 


8160 


8272 


8884 


8496 


8608 


8720 




888 


8832 


89-14 


9056 


9167 


9279 


9391 


9503 


9615 


9726 


9838 




389 


9950 


..61 


.178 


.284 


.396 


.507 


.619 


.730 


.842 


.953 




390 


691065 


1176 


1287 


1399 


1510 


1621 


1732 


1843 


1956 


2066 


111 


391 
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2621 
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111 
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24 


85 
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23 
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59 


70 


82 


94 
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8.12 


23 


35 


46 


58 


70 


81 


93 


104 








115 


212 
fill 


23 


85 


46 


58 


69 


81 


92 


104 








114 


23 


84 


46 


57 


C8 


80 


91 


303 








113 


11 


23 


' 84 


45 


57 


68 


79 


90 


102 








112 


11 
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45 


56 


67 
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LOGARITHMS OF NUMBERS. 



N. 

S92 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1 IX 


593286 


3397 


8508 


3618 


8729 


8840 


8950 


4061 


4171 


4282 


111 


393 


4393 


4503 


4614 


4724 


4834 


4945 


6065 


6165 


6276 


5386 


110 


394 


5496 


5606 


6717 


6827 


6937 


6047 


6157 


6267 


€377 


6487 




395 


6597 


6707 


6817 


6927 


7037 


7146 


7256 


7366 


7476 


7686 




896 


7696 


7805 


7914 


8024 


8134 


8243 


8853 


8462 


8672 


8681 




397 


8791 


8900 


9009 


9119 


9228 


9337 


9446 


9656 


9666 


9774 


109 


398 


9883 


9992 


.101 


.210 


.319 


.428 


.637 


.646 


.765 


.864 




899 


a0097d 


1082 


1191 


1299 


1408 


1617 


1626 


1734 


1843 


1951 




400 


2060 


2169 


2277 


2886 


2494 


2603 


2711 


2819 


2928 


3036 


108 


401 


3144 


3253 


8861 


8469 


3577 


3686 


8794 


8902 


4010 


4118 


- 


402 


4226 


4334 


4442 


4550 


4658 


4766 


4874 


4982 


6089 


6197 


403 


6305 


5413 


6521 


6628 


6736 


6844 


6951 


6059 


6166 


6274 




404 


6381 


6489 


6596 


6704 


6811 


6919 


7026 


7133 


7241 


7848 


107 


405 


7455 


7562 


7669 


7777 


7884 


7991 


8098 


8205 


8312 


8419 




406 


8526 


8633 


8740 


8847 


8964 


9061 


9167 


9274 


9381 


9488 




407 


9594 


9701 


9808 


9914 


..21 


.128 


.234 


.841 


.447 


.654 




408 


610660- 


0767 


0873 


0979 


1086 


1192 


1298 


1405 


1511 


1617 


106 


409 


1723 


1829 


1936 


2042 


2148 


2254 


2360 


2466 


2572 


2678 




410 


2784 


2890 


2996 


3102 


3207 


3313 


8419 


8625 


8630 


8736 




411 
412 


3842 


3947 


4053 


4159 


4264 


4370 


4476 


4581 


4686 


4792 


ia5 


4897 


5003 


5108 


6213 


5319 


6424 


6629 


6634 


5740 


6846 


413 


5950 


6055 


6160 


6266 


6370 


6476 


6581 


6686 


6790 


6895 




414 


7000 


7105 


7210 


7315 


7420 


7526 


7629 


7734 


7839 


7948 




415 


8048 


8153 


8257 


8362 


8466 


8671 


8676 


8780 


8884 


8989 




416 


9093 


9198 


9302 


9406 


9511 


9616 


9719 


9824 


9928 


..32 


104 


417 


620136 


0240 


0344 


0448 


0652 


0656 


0760 


0864 


0968 


1072 




418 


1176 


1280 


1384 


1488 


1692 


1696 


1799 


1903 


2007 


2110 




419 


2214 


2318 


2421 


2525 


2628 


2732 


2836 


2939 


-3042 


8146 




420 


3249 


3353 


3456 


3559 


3663 


3766 


3869 


8973 


4076 


4179 


103 


421 
422 


4282 


4385 


4488 


4591 


4695 


4798 


4901 


6004 


6107 


6210 




5312 


5415 


6518 


5621 


5724 


5827 


5929 6032 


6135 


6238 


423 


6340 


6443 


6546 


6648 


6751 


6853 


6956 


7058 


7161 


7263 




424 


7366 


7468 


7671 


7673 


7775 


7878 


7980 


8082 


8186 


8287 


102 


425 


8389 


8491 


8593 


8695 


8797 


8900 


9002 


9104 


9206 


9808 




426 


9410 


9512 


9613 


9715 


9817 


9919 


..21 


.123 


.224 


.826 




427 


630428 


0530 


0631 


0733 


0835 


0936 


1038 


1139 


1241 


1842 




428 


1444 


1545 


1647 


1748 


1849 


1951 


2052 


2153 


2256 


2356 


101 


429 


2457 


'2559 


2660 


2761 


2862 


2963 


8064 


3165 


8266 


3367 


" 


430 


3468 


3569 


3670 


3771 


3872 


3973 


4074 


4175 


4276 


4376 




431 
432 


4477 


4578 


4679 


4779 


4880 


4981 


6081 


6182 


6283 


6383 


100 


5484 


5584 


5685 


5785 


5886 


6986 


6087 


6187 


6287 


6388 


433 


6488 


6588 


6688 


6789 


6889 


6989 


7089 


7189 


7290 


7890 




434 


7490 


7690 


7690 


7790 


7890 


7990 


8090 


8190 


8290 


8389 




435 


8489 


8589 


8689 


8789 


8888 


8988 


9088 


9188 


9287 


9387 


99 


436 


9486 


9586 


9686 


9785 


9885 


9984 


..84 


.183 


.283 


.382 




437 


640481 


0581 


0680 


0779 


0879 


0978 


1077 


1177 


1276 


1375 




438 


1474 


1573 


1672 


1771 


1871 


1970 


2069 


2168 


2267 


2866 




439 


2465 


2563 


2662 


2761 


2860 


2959 


8058 


3166 


3255 


8364 




440 


3453 


3551 


3650 


3749 


3847 


3946 


4044 


4143 


4242 


4340 
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22 
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32 
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64 


65 


76 


86 
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21 
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64 
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21 


32 
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63 


64 


74 


85 
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2105 
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21 
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63 


63 


74 


84 


95 






^104 
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21 


31 
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62 


62 


73 


88 


94 






S103 


§.10 


21 


31 


41 


62 


62 


72 


82 


93 
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20 


31 


41 


61 


61 


71 


82 


92 








101 


cuio 


20 


30 


40 


61 


61 


71 


81 


91 
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20 


80 
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60 


60 


70 


80 
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20 


80 
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60 


69 


69 


79 
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LOGABITHMS OF NUMBERS. 
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N. 
441 





1 


2 


3 


4 


5 

• 


6 


7 


8 


9 


D. 
98 


644439 


4637 


4636 


4734 


4832 


4931 


5029 


6127 


6226 


5324 


442 


5422 


5521 


5619 


6717 


6815 


5913 


6011 


6110 


6208 


6306 




443 


6404 


6502 


6600 


6698 


6796 


6894 


6992 


7089 


7187 


7285 




444 


7383 


7481 


7579 


7676 


7774 


7872 


7969 


8067 


8165 


8262 




445 


8360 


8458 


8655 


8663 


8750 


8848 


8946 


904a 


9140 


9287 


97 


446 


9335 


9432 


9530 


9627 


9724 


9821 


9919 


..16 


.113 


.210 




447 


650308 


0405 


0502 


0699 


0696 


0793 


0890 


0987 


1084 


1181 




448 


1278 


1875 


1472 


1669 


1666 


1762 


1869 


1966 


2063 


2160 




449 


2246 


2843 


2440 


2536 


2633 


2730 


2826 


2923 


3019 


3116 




450 
451 


8213 


3309 


3405 


3502 


3598 


3696 


3791 


3888 


3984 


4080 


96 


4177 


4273 


4369 


4465 


4662 


4668 


4754 


4860 


4946 


6042 


452 


5138 


5235 


5831 


5427 


6623 


5619 


6715 


6810 


6906 


6002 




453 


6098 


6194 


6290 


6386 


6482 


6677 


6673 


6769 


6864 


6960 
7916 




454 


7056 


7152 


7247 


7343 


7438 


7534 


7629 


7725 


7820 




455 


8011 


8107 


8202 


8298 


8393 


8488 


8684 


8679 


8774 


8870 


^5 


456 


8965 


9060 


9155 


9250 


9346 


9441 


9636 


9631 


9726 


9821 




457 


9916 


..11 


.106 


.201 


.296 


.891 


.486 


.681 


.676 


.771 




458 


660865 


0960 


1055 


1150 


1246 


1339 


1434 


1629 


1623 


1718 




459 


1813 


1907 


2002 


2096 


2191 


2286 


2880 


2475 


2669 


2663 




460 


2758 


2852 


2947 


8041 


8136 


3230 


3324 


3418 


3512 


3607 


94 


461 


3701 


3795 


3889 


8983 


4078 


4172 


4266 


4860 


4454 


4548 


462 


4642 


4736 


4830 


4924 


6018 


5112 


6206 


6299 


6393 


5487 




463 


5581 


5675 


5769 


6862 


6966 


6050 


6143 


6237 


6331 


6424 




464 


6518 


6612 


6705 


6799 


6892 


6986 


7079 


7173 


7266 


7360 




465 


7453 


7546 


7640 


7733 


7826 


7920 


8013 


8106 


8199 


8293 


93 


466 


8386 


8479 


8672 


8666 


8769 


8862 


8946 


9088 


9131 


9224 




467 


9317 


9410 


9503 


9696 


9689 


9782 


9875 


9967 


..60 


.163 




468 


670246 


0839 


0431 


0524 


0617 


0710 


0802 


0895 


0988 


1080 




469 


1173 


1265 


1358 


1461 


1643 


1636 


1728 


1821 


1913 


2006 




470 


2098 


2190 


2283 


2376 


2467 


2560 


2652 


2744 


2836 


2929 


92 


471 


3021 


3113 


3205 


3297 


3390 


3482 


3574 


3666 


3758 


3850 


472 


8942 


4034 


4126 


4218 


4810 


44P2 


4494 


4586 


4677 


4769 




473 


4861 


4953 


5045 


6137 


6228 


5320 


6412 


6603 


6596 


5687 




474 


5778 


6870 


5962 


6063 


6145 


6236 


6328 


6419 


6611 


6602 




475 


. 6694 


6785 


6876 


6968 


7069 


7161 


7242 


7383 


7424 


7516 


91 


476 


7607 


7698 


7789 


7881 


7972 


8063 


8154 


8246 


8336 


8427 




477 


8518 


8609 


8700 


8791 


8882 


8973 


9064 


9156 


9246 


9337 




478 


9428 


9519 


9610 


9700 


9791 


9882 


9978 


..63 


.154 


.245 




479 


680336 


0426 


0517 


0607 


0698 


0789 


0879 


0970 


1060 


1151 




480 
481 


1241 


1332 


1422 


1613 


1603 


1693 


1784 


1874 


1964 


2055 


90 


2145 


2285 


2326 


2416 


2506 


2696 


2686 


2777 


i!867 


2967 


482 


3047 


3137 


3227 


3317 


8407 


3497 


3587 


3677 


3767 


3867 




483 


8947 


4087 


4127 


4217 


4307 


4396 


4486 


4676 


4666 


4766 




484 


4845 


4936 


5026 


5114 


5204 


5294 


6383 


5473 


6563 


6652 


•. 


485 


6742 


6831 


5921 


6010 


6100 


6189 


6279 


6368 


6458 


6547 


89 


486 


6636 


6726 


6815 


6904 


6994 


7083 


7172 


7261 


7351 


7440 




487 


7529 


7618 


7707 


^796 


7886 


7976 


8064 


8163 


8242 


8331 




488 


8420 


8509 


8598 


«687 


8776 


8865 


8953 


9042 


9131 


9220 




489 


9809 


9398 


9486 


9576 


9664 


9763 


9841 


9930 


..19 


.107 




490 


690196 


0285 


0373 


0462 


0560 


0639 


0728 


0816 


0906 


0993 
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1081 


1170 


1258 


1347 


1436 
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79 





334 



LOGABITHMS OF NUMBEBS. 



N. 
492 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 
88 


691965 


2053 


2142 


2230 


2318 


2406 


2494 


2583 


2G71 


2759 


493 


2847 


2935 


3023 


3111 


3199 


8287 


3376 


3463 


3551 


3639 




494 


8727 


8815 


3903 


8991 


4078 


4166 


4254 


4342 


4430 


4517 




495 


4605 


4693 


4781 


4868 


4956 


5044 


5131 


5219 


6307 


5394 




496 


5482 


6569 


6657 


5744 


5832 


5919 


6007 


6094 


6182 


6269 


87 


497 


6356 


6444 


6531 


6618 


6706 


6793 


6880 


6968 


7055 


7142 




498 


7229 


7ai7 


7404 


7491 


7678 


7665 


7752 


7839 


7926 


8014 




499 


8101 


8188 


8275 


8362 


8449 


8536 


8622 


8709 


8796 


8883 




500 
501 


8970 


9057 


9144 


9231 


9317 


9404 


9491 


9578 


9664 


9761 




9838 


9924 


..11 


..98 


.184 


.271 


.358 


.444 


.531 


.617 


502 


700704 


0790 


0877 


0963 


1050 


1136 


1222 


1309 


1895 


1482 


86 


503 


1568 


1654 


1741 


1827 


1913 


1999 


2086 


2172 


2258 


2344 




504 


2431 


2517 


2603 


2689 


2776 


2861 


2947 


8033 


3119 


3205 


■ 


505 


8291 


3377 


3463 


3649 


8635 


3721 


3807 


8898 


3979 


4066 




506 


4151 


4236 


4322 


4408 


4494 


4579 


4665 


4761 


4837 


4922 




507 


5008 


5094 


6179 


5265 


6360 


6436 


6522 


6607 


5693 


5778 




508 


5864 


6949 


6036 


6120 


6206 


6291 


6376 


6462 


6547 


6632 


85 


509 
510 


6718 


6803 


6888 


6974 


7069 


7144 


7229 


7316 


7400 


7485 




7570 


7655 


7740 


7826 


7911 


7996 


8081 


8166 


8251 


8336 


511 


8421 


8506 


8591 


8676 


8761 


8846 


8931 


9015 


9100 


9185 




512 


9270 


9355 


9440 


9524 


9609 


9694 


9779 


9863 


9948 


..33 




513 


710117 


0202 


0287 


0871 


0456 


0540 


0626 


0710 


0794 


0879 




514 


0963 


1018 


1132 


1217 


1301 


1386 


1470 


1564 


1639 


1723 


84 


616 


1807 


1892 


1976 


2060 


2144 


2229 


2313 


2397 


2481 


2566 




516 


2650 


2734 


2818 


2902 


2986 


3070 


8154 


8238 


8323 


3407 




517 


3491 


3576 


3659 


3742 


3826 


3910 


3994 


4078 


4162 


4246 




518 
519 


4330 


4414 


4497 


4581 


4665 


4749 


4833 


4916 


5000 


5084 




5167 


5251 


5335 


5418 


5502 


5586 


6669 


5753 


5836 


5920 


520 


6003 


6087 


6170 


6264 


6337 


6421 


6504 


6588 


6671 


6764 


83 


521 


6838 


6921 


7004 


7088 


7171 


7254 


7338 


7421 


7504 


7587 




522 


7671 


7754 


7837 


7920 


8003 


8086 


8169 


8263 


8836 


8419 




523 


8502 


8586 


8668 


8761 


8834 


8917 


9000 


9083 


9165 


9248 




524 


9331 


9414 


9497 


9580 


9663 


9745 


9828 


9911 


9994 


..77 




525 


720159 


0242 


0325 


0407 


0490 


0673 


0665 


0738 


0821 


0903 




526 


0986 


1068 


1151 


1233 


1316 


1398 


1481 


1563 


1646 


1728 


82 


627 


1811 


1893 


1975 


2058 


2140 


2222 


2305 


2387 


2469 


2552 




528 


2634 


2716 


2798 


2881 


2963 


3045 


3127 


3209 


3291 


8374 


629 


3456 


3638 


3620 


3702 


3784 


3866 


3948 


4030 


4112 


4194 




530 


4276 


4368 


4440 


4522 


4604 


4685 


4767 


4849 


4931 


50.13 


1 


531 


6095 


6176 


5258 


5340 


6422 


5503 


5685 


6667 


5748 


5830 




532 


6912 


5993 


6075 


6156 


6238 


6320 


6401 


6483 


6564 


6646 




533 


6727 


6809 


6890 


6972 


7063 


7184 


7216 


7297 


7379 


7460 


81 


534 


7641 


7623 


7704 


7785 


7866 


7948 


8029 


8110 


8191 


8273 




535 


8354 


8435 


8516 


8597 


8678 


8769 


8841 


8922 


9003 


9084 




536 
537 


9165 


9246 


9327 


9408 


9489 


9570 


9651 


9732 


9813 


9893 




9974 


..55 


.136 


.217 


.298 


.378 


.469 


.540 


.621 


.702 


538 


730782 


0863 


0944 


1024 


1105 


1186 


1266 


1347 


1428 


1508 




539 


1589 


1669 


1750 


1830 


1911 


1991 


2072 


2162 


2283 


2313 




540 


2394 


2474 


2555 


2635 


2716 


2796 


2876 


2966 


3037 


3117 


80 


541 


. 3197 


3278 


3358 


3438 


3518 


3598 


3679 


8769 


3839 


3919 




542 


3999 


4079 


4160 


4240 


4320 


4400 


4480 


4660 


4640 


4720 




543 


4800 


4880 


4960 


6040 


6120 


5200 


6279 


5359 


5439 


5519' 




644 


5599 


6679 


576a 1 


^ 6838 


6918 


6998 


6078 6157 


6237 6317 1 | 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


•D. 


r88 

187 


§9 


18 


26 


35 


44 


63 


62 


70 


79 




17 


26 


85 


44 


62 


61 


70 


78 






§86 
§85 


17 


26 


34 


43 


52 


60 


69 


77 




■ 


g9 


17 


26 


34 


43 


51 


60 


68 


77 






§84 


^s 


17 


25 


84 


42 


50 


59 


67 


76 






^83 


as 


17 


25 


33 


42 


60 


68 


66 


75 






S82 


28 


16 


25 


83 


41 


49 


67 


6G 


74 






81 

I 80 


Pi8 


16 


24 


32 


41 


49 


67. 


65 


73 






[s 


16 


24 


32 


40 


48 


66 


64 


72 





LOGAfilTHMS OF NUMBEBS. 



335 



N. 
545 





1 


2 


3 


4 


5 


6 


7 


8 • 


9 


D. 

80 


786397 


6476 


6556 


6635 


6715 


6795 


6874 


6954 


7034 


7118 


546 


7193 


7272 


7362 


7431 


7511 


7690 


7670. 


7749 


7829 


7908 


79 


547 


7987 


8067 


8146 


8225 


8305 


8884 


8463 


8643 


8622 


8701 




648 


8781 


8860 


8939 


9018 


9097 


9177 


9256 


9385 


9414 


9493 




549 


9572 


9661 


9731 


9810 


9889 


9968 


..47 


.126 


.206 


.284 




650 


740363 


0442 


0521 


0600 


0678 


0757 


0836 


0915 


0994 


1073 




551 


1152 


1230 


1309 


1388 


1467 


1546 


1624 


1703 


1782 


1860 




552 


1939 


2018 


2096 


2175 


2254 


2382 


2411 


2489 


2568 


2647 




553 


- 2725 


2804 


2882 


2961 


3039 


8118 


8196 


3275 


3358 


3431 


78 


654 
555 


3510 


3588 


3667 


3745 


3823 


8902 


8980 


4058 


4186 


4215 




4293 


4371 


4449 


4528 


4606 


4684 


4762 


4840 


4919 


4997 


556 


5075 


5153 


6231 


6309 


5387 


5465 


6543 


6621 


6699 


5777 




667 


5855 


5933 


6011 


6089 


6167 


6246 


6823 


6401 


6479 


6556 




558 


6634 


6712 


6790 


6868 


6945 


7028 


7101 


7179 


7256 


7834 




559 


7412 


7489 


7567 


7645 


7722 


7800 


7878 


7955 


8083 


8110 




660 


8188 


8266 


8343 


8421 


8498 


8576 


8663 


8731 


8808 


8886 


77 


661 


8963 


9040 


9118 


9195 


9272 


9850 


9427 


9604 


9582 


9669 


1 


562 


9736 


9814 


9891 


9968 


..45 


.123 


.200 


.277 


.364 


.431 




663 


750508 


0586 


0663 


0740 


0817 


0894 


0971 


1048 


1126 


1202 




664 


1279 


1356 


1433 


1510 


1587 


1664 


1741 


1818 


1896 


1972 




565 
666 


2048 


2125 


2202 


2279 


2356 


2433 


2509 
8277 


2586 


2663 


2740 




. 2816 


2893 


2970 


3047 


3123 


8200 


8868 


8480 


3506 


567 


3583 


3660 


3736 


3813 


8889 


8966 


4042 


4119 


4196 


4272 




$68 


4348 


4425 


4501 


4578 


4654 


4780 


4807 


4883 


4960 


5086 


76 


669 


6112 


6189 


6265 


6341 


6417 


6494 


6670 


6646 


6722 


5799 




670 


6875 


6951 


6027 


6103 


6180 


6266 


6832 


6408 


6484 


6560 


• 


571 


6636 


6712 


6788 


6864 


6940 


7016 


7092 


7168 


7244 


7820 




572 


7396 


7472 


7548 


7624 


7700 


7776 


7851 


7927 


8003 


8079 




673 


8155 


8230 


8306 


8382 


8458 


8588 


8609 


8686 


8761 


8886 




674 


8912 


8988 


9063 


9139 


9214 


9290 


9366 


9441 


9617 


9692 




576 


9668 


9743 


9819 


9894 


9970 


..45 


.121 


.196 


.272 


.847 


76 


676 
677 


760422 


0498 


0573 


0649 


0724 


0799 


0875 


0950 


1025 


1101 




1176 


1251 


1326 


1402 


1477 


1562 


1627 


1702 


1778 


1863 


678 


1928 


2003 


2078 


2153 


2228 


2803 


2378 


2453 


2529 


2604 




679 


2679 


2764 


2829 


2904 


2978 


8063 


8128 


8203 


8278 


8858 




680 


3428 


3503 


8578 


8653 


8727 


8802 


8877 


8952 


4027 


4101 




681 


4176 


4251 


4326 


4400 


4475 


4550 


4624 


4699 


4774 


4848 




582 


4923 


4998 


5072 


5147 


5221 


6296 


6370 


6446 


6620 


5594 




683 


6669 


5743 


5818 


5892 


5966 


6041 


6115 


6190 


6264 


6888 


74 


684 


6413 


6487 


6562 


6636 


6710 


6786 


6859 


6938 


7007 


7082 




685 


7156 


7230 


7304 


7379 


7453 


7527 


7601 


7675 


7749 


7823 




6^6 


7898 


7972 


8046 


8120 


8194 


8268 


«842 


8416 


8490 


8664 




687 
588 


8638 


8712 


8786 


8860 


8934 


9008 


9082 


9156 


9280 


9308 




9377 


9461 


9525 


9599 


9673 


9746 


9820 


9894 


9968 


..42 


689 


770115 


0189 


0263 


0336 


0410 


0484 


0557 


0631 


0706 


07V8 




690 


0852 


0926 


0999 


1073 


1146 


1220 


1298 


1867 


1440 


1514 




591 


1687 


1661 


1734 


1808 


1881 


1955 


2028 


2102 


2175 


2248 


78 


692 


2322 


2395 


2468 


2543^ 


2615 


2688 


2762 


2836 


2908 


2981 




593 


8055 


3128 


3201 


3274 


8348 


8421 


8494 


8667 


3640 


8713 




594 


8786 


3860 


3933 


4006 


4079 


4152 


4235 


4298 


4371 


4444 




595 


4517 


4590 


4663 


4736 


4809 


4882 


4956 


6028 


6100 


5173 




696 


6246 


6319 


5392 


5466 


6538 


5610 


6683 


6756 


6829 


5902 




697 


6974 


6047 


6120 


6193 


6265 


6388 


6411 


6483 


6556 


6629 




598 


6701 


6774 


6846 


6919 


6992 


7064 7137 


7209 


7282 7364 




N. 





1 


2 


3 r4 


6 


6 


7 


8 


9 


D. 


r79 

-5 78 


fS 


16 


24 


82 


40 


47 


65 


63 


71 




• BS 


16 


23 


81 


89 


47 


65 


62 


70 






§77 


>8 


15 


23 


81 


39 


46 


64 


62 


69 






§76 


^8 


15 


23 


80 


88 


46 


53 


61 


68 






§75 


fi8 


15 


23 


80 


88 


. 45 


53 


60 


68 






§74 
S73 


§•7 


15 


22 


80 


37 


44 


62 


69 


67 






(f;7 


15 


22 


29 


37 


44 


61 


58 


66 






1 72 


A 7 


14 


22 


29 


36 


• 43 


50 


68 


65 


. 



886 



LOGAKITBMS OF NUIIBERS. 



N. 





1 


2 


3 


.4 


5 


• 6 


7 


8 


9 


D.{ 


699 


777427 


7499 


7572 


7644 


7717 


7789 


7862 


7934 


8006 


8079 


72 


600 


8151 


8224 


8296 


8368 


8441 


8513 


8585 


8668 


8730 


8802 




601 


8874 


8947 


9019 


9091 


9163 


9286 


9308 


9380 


9452 


9624 




602 


9596 


9669 


9741 


9813 


9885 


9957 


..29 


.101 


.173 


.245 




603 


780317 


0889 


0461 


0533 


0605 


0677 


0749 


0821 


0893 


0966 




604 


1037 


1109 


1181 


1253 


1324 


1396 


1468 


1640 


1612 


1684 




605 


1755 


1827 


1899 


1971 


2042 


2114 


2186 


2258 


2329 


2401 




606 


2473 


2544 


2616 


2688 


2769 


2831 


2902 


2974 


£046 


3117 




607 


8189 


3260 


3332 


3403 


3475 


3546 


3618 


8689 


3761 


8832 


71 


608 


8904 


3975 


4046 


4118 


4189 


4261 


4332 


4403 


4475 


4546 




609 


4617 


4689 


4760 


4831 


4902 


4974 


5045 


5116 


5187 


6259 


610 


5330 


5401 


5472 


5543 


5615 


5686 


5757 


5828 


5899 


5970 




611 


6041 


6112 


6183 


6254 


6325 


6396 


6467 


6538 


6609 


6680 




612 


6751 


6822 


6893 


6964 


7035 


7106 


7177 


7248 


7319 


7390 




613 


7460 


7531 


7602 


7673 


7744 


7815 


7885 


7966 


8027 


8098 




614 


8168 


8239 


8310 


8381 


8451 


8522 


8593 


8668 


8734 


8804 




615 


8875 


8946 


9016 


9087 


9167 


9228 


9299 


9369 


9440 


9510 




616 


9581 


9651 


9722 


9792 


9863 


9933 


...4 


..74 


.144 


.215 


70 


617 


790285 


0356 


0426 


0496 


0567 


0637 


0707 


0778 


0848 


0918 




618 


0988 


1059 


1129 


1199 


1269 


1340 


1410 


1480 


1560 


1620 




619 


1691 


1761 


1831 


1901 


1971 


2041 


2111 


2181 


2262 


2322 


620 


2392 


2462 


2532 


2602 


2672 


2742 


2812 


2882 


2952 


3022 


. 


621 


8092 


3162 


3231 


3301 


3371 


3441 


3511 


3581 


3651 


3721 




622 


8790 


3860 


3930 


4000 


4070 


4139 


4209 


4279 


4349 


4418 




623 


4488 


4558 


4627 


4697 


4767 


4836 


4906 


4976 


5045 


5115 




iu 


5185 


5254 


5324 


5393 


5463 


6532 


5602 


5672 


5741 


5811 




625 


5880 


5949 


6019 


6088 


6158 


6227 


6297 


6366 


6436 


6505 


69 


626 


6574 


6644 


6713 


6782 


6852 


6921 


6990 


7060 


7129 


7198 




627 


7268 


7837 


7406 


7475 


7645 


7614 


7683 


7752 


7821 


7890 




628 


7960 


8029 


8098 


8167 


8286 


8305 


8374 


8443 


8513 


8682 


629 


8651 


8720 


8789 


8858 


8927 


8996 


9065 


9134 


9203 


9272 




630 


9341 


9409 


9478 


9647 


9616 


9685 


9754 


9823 9892 


9961 




631 


800029 


0098 


0167 


0236 


0305 


0373 


0442 


0511 


0580 


0648 




632 


0717 


0786 


0854 


0923 


0992 


1061 


1129 


1198 


1266 


1335 




633 


1404 


1472 


1641 


1609 


1678 


1747 


1816 


1884 


1952 


2021 




634 


2089 


2158 


2226 


2295 


2363 


2432 


2500 


2568- 


2637 


2705 




635 


2774 


2842 


2910 


2979 


3047 


3116 


3184 


3252 


3321 


3389 


68 


636 


3457 


3525 


3594 


3662 


3730 


3798 


3867 


.3935 


4003 


4071 




637 


4139 


4208 


4276 


4344 


4412 


4480 


4648 


4616 


4685 


4753 


638 


4821 


4889 


4957 


5025 


5093 


6161 


5229 


5297 


5365 


5438 




639 


5501 


5569 


5637 


5705 


5773 


5841 


5908 


5976 


6044 


6112 




640 


6180 


6248 


6316 


6384 


6451 


6619 


6587 


6655 


6723 


6790 




641 


6858 


6926 


6994 


7061 


7129 


7197 


7264 


7332 


7400 


7467 




642 


7535 


7603 


7670 


7738 


7806 


7873 


7941 


8008 


8076 


8143 


• 


643 


8211 


8279 


8346 


8414 


8481 


8549 


8616 


8684 


8751 


8818 


• 67 


644 


8886 


8953 


9021 


9088 


9156 


9223 


9290 


9358 


9425 


9492 




645 
646 


9560 


9627 


9694 


9762 


9829 


9896 


9964 


..31 


..98 


.165 




810233 


0300 


0367 


0434 


0501 


0569 


0636 


0703 


0770 


0837 


647 


0904 


0971 


1039 


1106 


1173 


1240 


1307 


1374 


1441 


1508 




648 


1575 


1642 


1709 


1776 


1843 


1910 


1977 


2044 


2111 


2178 




649 


2245 


2312 


2379 


2445 


2512 


2579 


2646 


2713 


2780 


2847 




650 


2913 


2980 


8047 


8114 


3181 


3247 


3314 


8381 


3448 


3514 




651 


8581 


3648 


3714 


3781 


3848 


3914 


3981 


4048 


4114 


4181 




652 


4248 


4314 


4381 


4447 


4514 


4581 


4647 


4714 


4780 


4847 




653 


4913 


4980 


5046 


5113 


5179 


5246 


5312 


5378 


5445 


6511 


66 


654 


5678 


5644 


5711 


5777 


5843 


5910 


5976 


6042 


6109 


6175 




N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 


r72 

j.71 


11 


14 


22 


29 


36 


43 


50 


58 


65 




14 


21 


28 


86 


43 


50 


57 


64 






|70 


S7 


14 


21 


28 


35 


42 


49 


56 


63 






§69 


^7 


14 


21 


28 


85 


41 


AS 


55 


62 






•?68 
167 


fi7 


14 


20 


27 


34 


41 


48 


54 


61 






17 


13 


20 


27 


34 


40 


47 


54 


60 











LOGARITHMS OF NUMBERS. 






8 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 
66 


655 


816241 


6308 


6374 


6440 


6506 


6573 


6639 


6706 


6771 


6888 


656 


6904 


6970 


7036 


7102 


7169 


7236 


7301 


7367 


7433 


7499 




657 


7566 


7631 


7698 


7764 


7830 


7896 


7962 


8028 


8094 


8160 




658 


8226 


8292 


8358 


8424 


8490 


8566 


8622 


8688 


8754 


8820 




659 


8885 


8951 


9017 


9083 


9149 


9216 


9281 


9846 


9412 


9478 




1 660 


9544 


9610 


9676 


9741 


9807 


9873 


9939 


...4 


..70 


.136 




661 


820201 


0267 


0333 


0399 


0464 


0530 


0595 


0661 


0727 


0792 




662 


0858 


0924 


0989 


1055 


1120 


1186 


1251 


1317 


1382 


1448 




* 668 


1514 


1579 


1646 


1710 


1775 


1841 


1906 


1972 


2087 


2108 


66 


664 


2168 


2233 

2887 


2299 


2364 


2430 


2495 


2560 


2626 


2691 


2756 




665 


2822 


2952 


3018 


3083 


3148 


8213 


8279 


3344 


8409 


666 


3474 


3539 


3606 


3670 


3736 


3800 


3865 


8980 


8996 


4061 




667 


4126 


4191 


4256 


4321 


4386 


4451 


4516 


4681 


4646 


4711 




668 


4776 


4841 


4906 


4971 


5086 


5101 


6166 


6281 


6296 


6861 




669 


5426 


6491 


6656 


6621 


6686 


6751 


6816 


6880 


6945 


6010 




670 


6075 


6140 


6204 


6269 


6384 


6399 


6464 


6628 


6693 


6658 




671 


6723 


6787 


6852 


6917 


6981 


7046 


7111 


7176 


7240 


7305 


672 


7369 


7434 


.7499 


7563 


7628 


7692 


7V67 


7821 


7886 


7961 




673 


8Q15 


8080 


8144 


8209 


8273 


8338 


8402 


8467 


8581 


8696 


64 


674 
675 


8660 


8724 


8789 


8853 


8918 
9561 


8982 


9046 


9111 


9175 


9289 




9304 


9368 


9432 


9497 


9625 


9690 


9754 


9818 


9882 


676 


9947 


..11 


..75 


.139 


.204 


.268 


.832 


.896 


.460 


.525 




677 


830589 


0653 


0717 


0781 


0845 


0909 


0973 


1037 


1102 


1166 




678 


1230 


1294 


1358 


1422 


I486 


1550 


1614 


1678 


1742 


1806 




679 


1870 


1934 


1998 


2062 


2126 


2189 


2263 


2317 


2381 


2445 




680 


250gr 


2573 


2637 


2700 


2764 


2828 


2892 


2966 


8020 


8088 




681 


. 3147 


3211 


3275 


3338 


8402 


3466 


8580 


8593 


8657 


8721 




682 


3784 


3848 


3912 


3975 


4039 


4103 


4166 


4280 


4294 


4867 




683 


4421 


4484 


4548 


4611 


4675 


4739 


4802 


4866 


4929 


4993 


68 


684 


5056 


5120 


6183 


5247 


5810 


5373 


5437 


5500 


5564 


5627 


665 


5961 


5754 


5817 


6881 


6944 


6007 


6071 


6134 


6197 


6261 




686 


6324 


6387 


6451 


6514 


6677 


6641 


6704 


6767 


6830 


6894 




687 


6957 


7020 


7083 


7146 


7210 


7273 


7836 


7899 


7462 


7626 




688 


7588 


7652 


7715 


7778 


7841 


7904 


7967 


8080 


8098 


8156 




689 


8219 


8282 


8345 


8408 


8471 


8584 


8597 


8660 


8723 


8786 




690 


8849 


8912 


8975 


9038 


9101 


9164 


9227 


9289 


9852 


9415 




691 


9478 


9541 


9604 


9667 


9729 


979^ 


9855 


9918 


9981 


..43 




692 


840106 


0169 


0232 


0294 


0357 


0420 


0482 


0545 


0608 


0671 




693 


0733 


0796 


0859 


0921 


0984 


1046 


1109 


1172 


1234 


1297 


694 


1359 


1422 


1485 


1547 


1610 


1672 


1736 


1797 


1860 


1922 




695 


1985 


2047 


2110 


2172 


2235 


2297 


2360 


2422 


2484 


2647 


62 


696 


2609 


2672 


2734 


2796 


2859 


2921 


2983" 


8046 


8108 


3170 




697 


3233 


8296 


3357 


3420 


8482 


8544 


8606 


8669 


8781 


8798 




698 


3855 


8918 


3980 


4042 


4104 


4166 


4229 


4291 


4363 


4416 




699 


4477 


4539 


4601 


4664 


4726 


4788 


4860 


4912 


4974 


5086 


• 


700 


5098 


6160 


5222 


5284 


6346 


5408 


6470 


5532 


6594 


5656 




701 


6718 


6780 


6842 


5904 


5966 


6028 


6090 


6151 


6218 


6275 




702 


6337 


6399 


6461 


6523 


6685 


6646 


6708 


6770 


6832 


6894 


703 


6955 


7017 


7079 


7141 


7202 


7264 


7326 


7888 


7449 


7511 




704 


7573 


7634 


7696 


7758 


.7819 


7881 


7943 


8004 


8066 


8128 




705 


8189 


8251 


8312 


8374 


8435 


8497 


8659 


8620 


8682 


8743 




706 


8806 


8866 


8928 


8r89 


9051 


9112 


9174 


9236 


9297 


9358 


61 


707 


9419 


9481 


9642 


9604 


9665 


9726 


9788 


9849 


9911 


9972 




708 


850033 


0095 


0166 


0217 


0279 


0340 


0401 


0462 


0524 


0685 




709 


0646 


0707 


0769 


0830 


0891 


0952 


1014 


1076 


1186 


1197 




710 


1258 


1320 


.1381 


1442 


1503 


1564 


1625 


1686 


1747 


1809 




N. 





1 


2 


3 


4 


5 


6 


7 


8 1 9 1 


D. 


r66 


i? 


13 


20 


26 


33 


40 


46 


63 


69 




'•.65 


13 


20 


26 


83 


89 


46 


52 


69 






£64 
§63 


^6 


13 


19 


26 


82 


88 


45 


51 


68 






fH6 


13 


19 


$5 


82 


38 


44 


50 


67 






^62 
I 61 


£6 


12 


19 


25 


81 


37 


43 


60 


66 






1:6 


12 


18 


24 


81 


87 


43 


49 


65 





838 



LOGARITHMS OF NUMBERS. 



N. 

711 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 
61 


861870 


1931 


1992 


2063 


2114 


2176 


2236 


2297 


2358 


2419 


712 


2480 


2641 


2602 


2663 


2724 


2786 


2846 


2907 


2968 


3029 




713 


8090 


8160 


8211 


3272 


3333 


3394 


3466 


3516 


3677 


3637 




714 


8698 


3759 


8820 


8881 


3941 


4002 


4063 


4124 


4186 


4245 




715 


4306 


4367 


4428 


4488 


4649 


4610 


4670 


4731 


4792 


4So2 


. 


716 


4913 


4974 


6034 


6096 


6166 


6216 


6277 


6337 


6398 


6459 




717 


6519 


6680 


6640 


6701 


6761 


6822 


6882 


6943 


6003 


6064 


. 


718 


6124 


6186 


6246 


6306 


6366 


6427 


6487 


6548 


6608 


6668 


60 


719 


6729 


6789 


6860 


6910 


6970 


7031 


7091 


7162 


7212 


7272 




720 
721 


7332 


7893 


7463 
8056 


7513 


7674 


7634 


7694 


7755 


7816 


7875 




7936 


7996 


8116 


8176 


8236 


8297 


8357 


8417 


8477 


722 


8637 


8697 


8657 


8718 


8778 


8838 


8898 


8958 


9018 


9078 




723 


9138 


9198 


9268 


9318 


9379 


9439 


9499 


9559 


9619 


9679 




724 


9739 


9799 


9869 


9918 


9978 


..38 


..98 


.168 


.218 


.278 




725 


860338 


0398 


0458 


0518 


0578 


0637 


0697 


0767 


0817 


0877 




726 


0937 


0996 


1066 


1116 


1176 


1236 


1296 


1356 


1415 


1476 




727 


1634 


1694 


1664 


1714 


1773 


1833 


1893 


1952 


2012 


2072 




728 


2131 


2191 


2261 


2310 


2370 


2430 


2489 


2649 


2608 


2668 




729 


2728 


2787 


2847 


2906 


2966 


3026 


8086 


8144 


3204 


3263 




730 
731 


3323 


3382 


3442 


3601 


3561 


3620 


3680 


8739 


3799 


3868 
4462 


69 


3917 


3977 


4036 


4096 


4155 


4214 


4274 


4333 


4392 


732 


4511 


4570 


4630 


4689 


4748 


4808 


4867 


4926 


4986 


6046 




733 


5104 


6163 


6222 


6282 


6341 


6400 


6459 


6519 


6678 


6637 




734 


6696 


6756 


6814 


6874 


6933 


6992 


6051 


6110 


6169 


6228 




735 


6287 


6346 


6406 


6466 


6624 


6583 


6642 


6701 


6760 


6819 




736 


6878 


6937 


6996 


7055 


7114 


7173 


7232 


7291 


7350 


7409 




737 


7467 


7626 


7686 


7644 


7703 


7762 


7821 


7880 


7939 


7998 




738 


8056 


8116 


8174 


8233 


8292 


8350 


8409 


8468 


8527 


8586 




739 
740 


8644 


8703 


8762 


8821 


8879 


8938 


8997 


9056 


9114 


9173 




9232 


9290 


9349 


9408 


9466 


9525 


9584 


9642 


9701 


9760 


741 


9818 


9877 


9935 


9994 


..53 


.111 


.170 


.228 


.287 


.345 




742 


870404 


0462 


0621 


0579 


0638 


0696 


0765 


0813 


0872 


0930 


68 


743 


0989 


1047 


1106 


1161 


1223 


1281 


1339 


1398 


1456 


1515 




744 


1673 


1631 


1690 


1748 


1806 


1865 


1923 


1981 


2040 


2098 




745 


2156 


2216 


2273 


2331 


2389 


2448 


2606 


2564 


2622 


2681 




74Cy 


2739 


2797 


2856 


2913 


2972 


3030 


8088 


3146 


3204 


3262 




747 


8321 


8379 


3437 


3496 


3663 


3611 


3669 


3727 


8785 


3844 




748 
749 


3902 


8960 


4018 


4076 


4134 


4192 


4260 


4308 


4366 


4424 




4482 


4640 


4598 


4656 


4714 


4772 


4830 


4888 


4946 


6003 


750 


6061 


6119 


6177 


6236 


6293 


6351 


6409 


6466 


6624 


6682 




751 


6640 


6698 


6766 


6813 


6871 


6929 


6987 


6046 


6102 


6160 




752 


6218 


6276 


6333 


6391 


6449 


6607 


6664 


6622 


6680 


6737 




753 


6795 


6853 


6910 


6968 


7026 


7083 


7141 


7199 


7256 


7314 




754 


7371 


7429 


7487 


7644 


7602 


7659 


7717 


7V74 


7832 


7889 




755 


7947 


8004 


8062 


8119 


8177 


8234 


8292 


8349 


8407 


8464 


57 


756 


8522 


8579 


8637 


8694 


8752 


8809 


8866 


8924 


8981 


9039 




757 
758 


9096 


9153 


9211 


9268 


9325 


9383 


9440 


9497 


9565 


9612 




9669 


9726 


9784 


9841 


9898 


9966 


..13 


..70 


.127 


.185 


759 


880242 


0299 


0356 


0413 


0471 


0628 


0586 


0642 


0699 


0766 




760 


0814 


0871 


0928 


0985 


1042 


1099 


1166 


1213 


1271 


1328 




761 


• 1386 


1442 


1499 


1656 


1613 


1670 


1727 


1784 


1841 


1898 


• 


762 


1956 


2012 


2069 


2126 


2183 


2240 


2297 


2354 


2411 


2468 




763 


2525 


2681 


2638 


2695 


2752 


2809 


2866 


2923 


2980 


3037 




764 


3093 


3150 


3207 


3264 


3321 


3377 


3434 


3491 


8648 


3605 




765 


8661 


3718 


3775 


3832 


3888 


3946 


4002 


4059 


4115 


4172 




766 


4229 


4286 


4342 


4399 


4455 


4612 


4669 


4625 


4682 


4739 




N. 





1 


2 


3 


4 


5 


6 


7 


8. 1 9 


D. 


(-61 
I 60 


i6 


12 


18 


24 


31 


37 


43 


49 


55 




12 


18 


24 


30 


86 


42 


48 


64 






|59 

§58 


^^ 


12 


18 


24 


30 


35 


41 


47 


63 






f^.6 


12 


17 


23 


29 


36 


41 


46 


62 






9 57 fi6 
1 56 16 


11 


17 


23 


29 


84 


40 


46 


61 






11 


17 


22 


28 


34 


89 


45 


60 





LOGARITHMS OF NUMBERS. 



339 



N. 
767 





1 


2 


3 


4 


6 


6 7 


8 


9 


D. 
67 


884796 


4852 


4909 


4966 


6022 


6078 


5136 


6192 


6248 


6806 


768 


6361 


6418 


6474 


5631 


6587 


5644 


6700 


6767 


6813 


6870 




769 


6926 


6983 


6039 


6096 


6162 


6209 


6266 


6321 


6378 


6434 


56 


770 


6491 


6547 


6604 


6660 


6716 


6773 


6829 


6886 


6942 


6998 




771 


7054 


7111 


7167 


7223 


7280 


7336 


7392 


7449 


7606 


7661 




772 


7617 


7674 


7730 


7786 


7842 


7898 


7956 


8011 


8067 


8123 


• 


773 


8179 


8236 


8292 


8348 


8404 


8460 


8516' 


8573 


8629 


8686 




774 


8741 


8797 


8853 


8909 


8966 


9021 


9077 


9134 


9190 


9246 




776 


9302 


9368 


9414 


9470 


9626 


9682 


9638 


9694 


9760 


9806! I 


776 
777 


9862 


9918 


9974 


..30 


..86 


.141 


.197 


.263 


.309 


.365 




890421 


0477 


0533 


0589 


0646 


0700 


0756 


0812 


0868 


0924 




778 


0980 


1035 


1091 


1147 


1203 


1269 


1314 


1370 


1426 


1482 




779 


1637 


1593 


1649 


1705 


1760 


1816 


1872 


1928 


1983 


2059 




780 


2096 


2150 


2206 


2262 


2317 


2373 


2429 


2484 


2540 


2596 




781 


2651 


2707 


2762 


2818 


2873 


2929 


2986 


3.040 


3096 


3151 




782 


3207 


3262 


3318 


3373 


3429 


3484 


3540 


8596 


3651 


3706 




783 


8762 


3817 


3873 


3928 


3984 


4039 


4094 


4160 


4206 


4261 


66 


784 


4316 


4371 


4427 


4482 


4538 


4593 


4648 


4704 


4759 


4814 




786 


4870 


4925 


4980 


5036 


6091 


6146 


6201 


6257 


5312 


6367 




786 
787 


6423 


6478 


6533 


6588 


6644 


6699 


6764 


5809 


5864 


6920 


• 


6976 


6030 


6085 


6140 


6195 


6251 


6306 


6361 


^16 


6471 


788 


6626 


6581 


6636 


6692 


6747 


6802 


6867 


6912 


6967 


7022 




789 


7077 


7132 


7187 


7242 


7297 


7352 


7407 


7462 


7517 


7672 




790 


7627 


7682 


7737 


7792 


7847 


7902 


7957 


8012 


8067 


8122 




791 


8176 


8231 


8286 


8341 


8396 


8451 


8506 


8561 


8616 


8670 




792 


8725 


8780 


8836 


8890 


8944 


8999 


9054 


9109 


9164 


9218 




793 


9273 


9328 


9383 


9437 


9492 


9547 


9602 


9656 


9711 


9766 


* 


794 


9821 


9875 


9930 


9985 


..39 


..94 


.149 


.203 


.258 


.312 




795 


900367 


0422 


0476 


0531 


0586 


0640 


0696 


0749 


0804 


0869' 




796 
797 


• 0913 


0968 


1022 


1077 


1131 


1186 


1240 


1295 


1349 


1404 


54 


1458 


1513 


1667 


1622 


1676 


1731 


1785 


1840 


1894 


1948 


798 


2003 


2067 


2112 


2166 


2221 


2276 


2329 


2384 


2438 


2492 




799 


2547 


2601 


2655 


2710 


2764 


2818 


-287« 


2927 


2981 


3036 




800 


3090 


3144 


3199 


3253 


3307 


3361 


3416 


3470 


3524 


3678 


. 


801 


8633 


3687 


3741 


3795 


3849 


3904 


3968 


4012 


4066 


4120 




802 


4174 


4229 


4283 


4337 


4391 


4446 


4499 


4663 


4607 


4661 




803 


4716 


4770 


4824 


4878 


4932 


4986 


6040 


6094 


6148 


^02 




804 


6256 


6310 


6364 


5418 


6472 


6526 


6680 


6634 


6688 


6742 




805 


6796 


6860 


6904 


6958 


6012 


6066 


6119 


6173 


6227 


6281 




806 
807 


6335 
6874 


6389 


6443 


6497 


6661 


6604 


6668 


6712 


6766 


6820 




6927 


6981 


7035 


7089 


7143 


7196 


7250 


7304 


7368 


808 


7411 


7465 


7619 


7673 


7626 


7680 


7734 


7787 


7841 


7895 




809 


7949 


8002 


8066 


8110 


8163 


8217 


8270 


8324 


8378 


8431 




•810 


8486 


8639 


8592 


8646 


8699 


8763 


8807 


8860 


8914 


8967 




811 


9021 


9074 


9128 


9181 


9235 


9289 


9342 


9396 


94^9 


9503 




812 


9566 


9610 


9663 


9716 


9770 


9823 


9877 


9930 


9984 


..37 


63 


813 


910091 


0144 


0197" 


0251 


0304 


0358 


0411 


0464 


0518 


0571 




814 


0624 


0678 


0731 


0784 


0838 


0891 


0944 


0998 


1051 


1104 




815 
816 


1158 


1211 


1264 


1317 


1371 


1424 


1477 
2009 


1630 


1584 


1637 


- 


1690 


1743 


1797 


1850 


1903 


1956 


2063 


2116 


2169 


817 


2222 


2275 


2328 


2381 


2436 


2488 


2541 


2594 


2647 


2700 




818 


2763 


2806 


2859 


2913 


2966 


3019 


3072 


3125 


3178 


3231 




819 


8284 


3337 


3390 


3443 


3496 


3549 


3602 


3655 


3708 


3761 




820 


8814 


8867 


3920 


3973 


4026 


4079 


4132 


4184 


4237 


4290 




821 


4343 


4396 


4449 


4502 


4565 


4608 


4660 


4713 


4766 


4819 




822 


4872 


4926 


4977 


5030 


6083 


6136 


6189 


6241 


6294 


6347 




823 


6400 


6453 


6606 


6558 


6611 


6664 


6716 


.6769 


5822 


6875 




824 


6927 


5980. 


6033 


6085 


6138 


6191 


6243 6296 


6349 


6401 




N. . 





1 


2 


3 


4 


5 


6 
33 


7 


8 


9 


D. 


r55 


re 


11 


17 


22 


28 


39 


44 


60 




«3 64 


p;5 


11 


1« 


22 


27 


S2 


F8 


. 43 


49 


. 




5 53 


CL 5 


11 


16 


21 


27 


82 


37 


42 


48 




■ 


\.52 


V5 


10 


10 


2X 


26 


31 


36 


42 


47 





340 



LOGAKITHMS OF NUMBERS. 



N. 





1 


a 


3 


4 


5 


6 


'7 


8 


9 


D. 
63 


825 


916454 


6507 


6559 


6612 


6664 


6717 


6770 


6822 


6875 


6927 


826 


6980 


7033 


7086 


7138 


7190 


7243 


7296 


7348 


7400 


7453 




827 


7506 


7558 


7611 


7663 


7716 


7768 


7820 


7878 


7925 


7978 


62 


828 


8030 


8083 


8135 


8188 


8240 


8293 


8345 


8897 


8450 


8502 




829 


8555 


8607 


8659 


8712 


8764 


8816 


8869 


8921 


8973 


9026 




830. 


9078 


9130 


9183 


9235 


9287 


9340 


9392 


9444 


9496 


9649 




831 


9601 


9653 


9706 


9758 


9810 


9862 


9914 


9967 


..19 


..71 




832 


920123 


0176 


0228 


0280 


0332 


0384 


0136 


0489 


0541 


0593 




833 


0645 


0697 


0749 


0801 


0853 


0906 


0958 


1010 


1062 


1114 




834 
835 


1166 
1686 


1218 


1270 


1322 


1374 


1426 


1478 


1580 


1582 


1684 




1738 


1790 


1842 


1894 


1946 


1998 


2060 


2102 


2154 


836 


2206 


2258 


2310 


2362 


2414 


2466 


2518 


2570 


2622 


2674 




837 


2725 


2777 


2829 


2881 


2933 


2985 


8037 


8089 


3140 


8192 




838 


3244 


8296 


3348 


3399 


3451 


3503 


3656 


3607 


8658 


8710 




889 


8762 


8814 


3865 


3917 


8969 


4021 


4072 


41?4 


4176 


4228 


. 


840 


4279 


4331 


4383 


4434 


4486 


4538 


4689 


4641 


4693 


4744 




841 


4796 


4848 


4899 


4951 


6003 


6064 


6106 


6167 


6209 


5261 




842 


5312 


5364 


5415 


6467 


6618 


5570 


5621 


6673 


6725 


6776 




843 


5828 


5879 


5931 


5982 


6034 


6085 


6137 


6188 


6240 


6291 


61 


844 
845 


6342 
6857 


6394 


6445 


6497 


6648 


6600 


6651 


6702 


6754 


6806 




6d08 


6959 


7011 


7062 


7114 


7165 


7216 


7268 


7319 


846 


7370 


7422 


7473 


7624 


7676 


7627 


7678 


7730 


7781 


7832 




847 


7883 


7935 


7986 


8037 


8088 


8140 


8191 


8242 


8293 


8346 




848 


8396 


8447 


8498 


8549 


8601 


8652 


8703 


8754 


8805 


8867 




849 


8908 


8959 


9010 


9061 


9112 


9163 


9215 


9266 


9317 


9368 




850 


9419 


9470 


9521 


9572 


9623 


9674 


9725 


9776 


9827 


9879 




851 


9930 


9981 


..32 


..83 


.134 


.185 


.236 


.287 


.338 


.889 




852 


930440 


0491 


0542 


0592 


0643 


0694 


0746 


0796 


0847 


0898 




853 


0949 


1000 


1051 


1102 


1153 


1204 


1254 


1805 


1356 


1407 




854 
855 


1458 


1509 


1560 


1610 


1661 


1712 


1763 


1814 


1865 


1915 




1966 


2017 


2068 


2118 


2169 


2220 


2271 


2322 


2372 


2423 


856 


2474 


2524 


2575 


2626 


2677 


2727 


2778 


2829 


2879 


2930 




857 


2981 


8031 


3082 


3133 


3183 


3234 


8285 


8335 


3386 


3437 




858 


8487 


3538 


3689 


8639 


3690 


3740 


3791 


8841 


3892 


3943 




859 


8993 


4044 


4094 


4145' 


4195 


4246 


4296 


4347 


4397 


4448 




860 


44^ 


4549 


4599 


4650 


4700 


4751 


4801 


4862 


4902 


4953 


60 


861 


5003 


5054 


5104 


5154 


6205 


5255 


5306 


6356 


540Q 


5457 




862 


5507 


•6558 


5608 


5658 


5709 


5759 


5809 


6860 


6910 


6960 




863 


6011 


6061 


6111 


6162 


6212 


6262 


6313 


6363 


6413 


6463 




864 
"865 


6514 
7016 


6564 


6614 


6665 


6715 


6765 


6815 


6865 


6916 


6966 




7066 


7117 


7167 


7217 


7267 


7317 


7367 


7418 


7468 


866 


7518 


7568 


7618 


7668 


7718 


7769 


7819 


7869 


7919 


7969 




867 


8019 


8069 


8119 


8169 


8219 


8269 


8320 


8370 


8420 


8470 




868 


8520 


8570 


8620 


8670 


8720 


8770 


8820 


8870 


8920 


8970 




869 


9020 


9070 


9120 


9170 


9220 


9270 


9320 


9369 


9419 


9469 




870 


9519 


9569 


9619 


9669 


9719 


9769 


9819 


9869 


9918 


9968 




871 


940018 


0068 


0118 


0168 


0218 


0267 


0317 


0367 


0417 


0467 




872 


0516 


0566 


0616 


0666 


0716 


0765 


0815 


0865 


0915 


0964 




873 
874 


1014 
1511 


1064 
1561 


1114 
1611 


1163 
1660 


1213 


1263 


1313 


1362 


1412 


1462 




1710 


1760 


1809 


1869 


1909 


1958 


875 


2008 


2058 


2107 


2157 


2207 


2256 


2306 


2355 


2405 


2455 




876 


2f>04 


2554 


2603 


2658 


2702 


2752 


2801 


2851 


2901 


2950 




877 


3000 


3049 


3099 


8148 


3198 


3247 


8297 


3346 


3396 


3446 


49 


878 


8495 


ao44 


8593 


3643 


8692 


3742 


3791 


3841 


3890 


3939 




879 


3989 


4038 


4088 


4137 


4186 


4236 


4285 


4335 


4384 


4438 




880 


4483 


4532 


4581 


4631 


4680 


4729 


4779 


4828 


4877 


4927 




881 


4976 


6025 


5074 


5124 


5173 


5222 


5272 


5321 


5370 


5419 




882 


5469 


5518 


5567 


5616 


5665 


5715 


5764 


5813 


5862 


5912 




N. 


jO 


1 


2 


3 


4. 
21 


5 


6 


7 


8 


9 


D. 


ro2 


r5 


10 


16 


26 


81 


3G 


42 


47 




Is 51 


a;5 


10 


15 


20 


26 


31 


86 


41 


46 






p50 


0:5 


10 


15 


20 


25 


30 


35 


40 


45 






149 1 ^,5 


10 


15 


20 


25 


29 


34 1 


39 


44 





LOGARITHMS OF NUMBEBS. 



341 



N. 
883 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 

49 


945961 


6010 


6059 


6108 


6157 


6207 


6266 


6305 


6364 


6408 


884 


6452 


6601 


6551 


6600 


6649 


6698 


6747 


6796 


6845 


6894 




885 


6943 


6992 


7041 


7090 


7140 


7189 


7238 


7287 


7336 


7385 




886< 


7434 


7483 


7532 


7581 


7630 


7679 


7728 


7777 


7826 


7875 




887 


7924 


7973 


8022 


8070 


8119 


8168 


8217 


8266 


8315 


8364 




888 


8413 


8462 


8511 


8560 


8609 


8657 


8706 


8755 


8804 


8858 




889 


8902 


8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 




890 


9390 


9439 


9488 


9536 


9585 


9634 


9683 


9731 


9780 


9829 




891 


9878 


9926 


9975 


..24 


..73 


.121 


.170 


.219 


.267 


.316 




892 
893 


950365 


0414 


0462 


0511 


0560 


0608 


0657 


0706 


0754 


0803 




0851 


0900 


0949 


0997 


1046 


1095 


1143 


1192 


1240 


1289 


894 


1838 


1386 


1435 


1483 


1532 


1580 


1629 


1677 


1726 


1775 




895 


1823 


1872 


1920 


1969 


2017 


2066 


2114 


2163 


2211 


2260 


48 


896 


2308 


2356 


2405 


2453 


2502 


2550 


2599 


2647 


2696 


2744 




897 


2792 


2841 


2889 


2938 


2986 


3034 


3083 


3131 


3180 


3228 




898 


3276 


3325 


3373 


8421 


3470 


8518 


3566 


3615 


3663 


8711 




899 


8760 


8808 


3856 


8905 


3953 


4001 


4049 


4098 


4146 


4194 




900 


4243 


4291 


4339 


4387 


4435 


4484 


4532 


4580 


4628 


4677 




901 


4725 


4773 


4821 


4869 


4918 


4966 


6014 


6062 


6110 


6168 




902 
9&d 


6207 


5255 


5303 


6351 


5399 


6447 


5495 


6543 


5592 


6640 
6120 




5688 


5736 


5784 


6832 


6880 


5928 


6976 


6024 


6072 


904 


6168 


6216 


6265 


6313 


6361 


6409 


6457 


6505 


6553 


6601 




905 


6649 


6697 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7080 




906 


7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7512 


7569 




907 


7607 


7655 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


8038 




908 


8086 


8134 


8181 


8229 


8277 


8325 


8373 


8421 


8468 


8616 




909 


8564 


8612 


8659 


8707 


8755 


8803 


8850 


8898 


8946 


8994 




910 


9041 


9089 


9137 


9185 


9232 


9280 


9328 


9375 


9423 


9471 




911 


9518 


9566 


9614 


9661 


9709 


9757 


9804 


9852 


9900 


9947 




912 
913 


9995 


..42 


..90 


.138 


.185 


.233 


.280 


.328 


.376 


.423 




960471 


0518 0566 


0613 


0661 


0709 


0756 


0804 


0851 


0899 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


47 


915 


1421 


1469 


1516 


1563 


1611 


1658 


1706 


1753 


1801 


1848 




916 


1895 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


2322 


, 


917 


2369 


2417 


2464 


2511 


2559 


2606 


2653 


2701 


2748 


2796 




918 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


8174 


3221 


3268 




919 


8316 


8363 


8410 


8457 


3504 


3552 


3599 


8646 


8693 


8741 




920 


8788 


3835 


8882 


3929 


8977 


4024 


4071 


4118 


4165 


4212 




921 


4260 


4307 


4354 


4401 


4448 


4495 


4542 


4690 


4637 


4684 




922 
923 


4731 


4778 


4825 


4872 


4919 


4966 


6013 


6061 


5108 


6155 




5202 


6^9 


5296 


5343 


5390 


6437 


5484 


6531 


5578 


5625 


924 


5672 


5719 


6766 


6813 


5860 


5907 


6954 


6001 


6048 


6095 




925 


6142 


6189 


6236 


6283 


6329 


6376 


6423 


6470 


6517 


6564 




926 


6611 


.6658 


6705 


6752 


6799 


6845 


6892 


6939 


6986 


7033 




927 


7080 


7127 


7173 


7220 


7267 


7314 


7361 


7408 


7454 


7501 




928 


7548 


7595 


7642 


7688 


7735 


7782 


7829 


7876 


7922 


7909 




929 


8016 


8062 


8109 


8156 


8203 


8249 


8296 


8343 


8390 


8436 




930 


8483 


8530 


8576 


8623 


8670 


8716 


8763 


8810 


8856 


8903 




931 


8950 


81)96 


9043 


9090 


9136 


9183 


9229 


9276 


9323 


9369 




932 
933 


9416 


9463 


9509 


9556 


9602 


9649 


9695 


9742 


9789 


9835 


• 


9882 


9928 


9975 


..21 


..68 


.114 


.161 


.207 


.254 


.300 


934 


970847 


0393 


0440 


0486 


0533 


0579 


0626 


0672 


0719 


0765 


46 


935 


0812 


0858 


0904 


0951 


0997 


1044 


1090 


1137 


1183 


1229 




936 


1276 


1322 


1369 


1415 


1461 


1508 


1554 


1601 


1647 


1693 




937 


1740 


1786 


1832 


1879 


1925 


1971 


2018 


2064 


2110 


2157 




/938 


2203 


2249 


2295 


2342 


2388 


2434 


2481 


2627 


2673 


2619 




939 


2666 


2712 


2758 


2804 


2851 


2897 


2943 


2989 


8035 


3082 




940 


8128 


8174 


3220 


3266 


3313 


3359 


3405 


3451 


3497 


3543 




941 


3590 


8636 


3682 


8728 


3774 


3820 


3866 


8913 


3959 I 4005 




N. 





1 


2 


3 . 


4 


5 


6 


7 


8 


9 


D. 


f48 


(5 


10 


14 


. 19 


24 


29 


34 


38 
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^46 


S:^ 


9 


14 


19 


24 


28 


83 


38 


42 






^5 


9 


14 


18 


23 


28 


32 


87 


41 
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LOOABITHMS OF NUMBERS. 



t ^' 

9:12 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 
46 


974051 


4097 


4143 


4189 


4235 


4281 


4327 


4374 


4420 


4466 


943 


4512 


4558 


4604 


4650 


4696 


4742 


4788 


4834 


4880 


4926 




944 


4972 


5018 


5064 


5110 


5156 


5202 


5248 


6294 


5340 


6386 




945 


5432 


5478 


6524 


6570 


5616 


6662 


6707 


6753 


6799 


5845 




946 


5891 


6937 


6983 


6029 


6075 


6121 


6167 


6212 


6258 


6304 




947 


♦6350 


6396 


6442 


6488 


6533 


6579 


6625 


6671 


6717 


6763 




948 


6808 


6854 


6900 


6946 


6992 


7037 


7083 


7129 


7175 


7220 




949 


7266 


7312 


7358 


7403 


7449 


7495 


7541 


7586 


7632 


7678 




950 


7724 


7769 


7815 


7861 


7906 


7952 


7998 


8043 


8089 


8135 




951 
952 


8181 


8226 


8272 


8317 


8363 


8409 


8454 


8500 


8546 
9002 


8691 




8637 


8683 


8728 


8774 


8819 


8865 


8911 


8956 


9047 


953 


d093 


9138 


9184 


9230 


9275 


9321 


9366 


9412 


9457 


9503 




954 


9548 


9594 


9639 


9685 


9730 


9776 


9821 


9867 


9912 


9958 




955 


980003 


0049 


0094 


0140 


0185 


0231 


0276 


0322 


0367 


0412 


45 


956 


0458 


0503 


0549 


0594 


0640 


0685 


0730 


0776 


0821 


0867 




967 


0912 


0957 


1003 


1048 


1093 


1139 


1184 


1229 


1275 


1820 




958 


1366 


1411 


1456 


1601 


1547 


1592 


1637 


1683 


1728 


1773 




959 


1819 


1864 


1909 


1954 


2000 


2045 


2090 


2135 


2181 


2226 




960 


2271 


2316 


2362 


2407 


2452 


2497 


2543 


2588 


2633 


2678 




961 
962 


2723 


2769 


2814 


2859 


2904 


2949 


2994 


3040 


3085 


3130 




3175 


3220 


3265 


3310 


3356 


8401 


8446 


3491 


3536 


3581 


963 


3626 


3671 


3716 


3762 


8807 


8852 


3897 


3942 


3987 


4032 


. 


964 


4077 


4122 


4167 


4212 


4257 


4302 


4347 


4392 


4437 


4482 




965 


4527 


4572 


4617 


4662 


4707 


4752 


4797 


4842 


4887 


4932 




966 


4977 


6022 


5067 


5112 


5157 


5202 


5247 


6292 


5337 


5382 




967 


5426 


5471 


5516 


5561 


5606 


5651 


6696 


6741 


6786 


5830 




968 


6875 


5920 


5965 


6010 


6055 


6100 


6144 


6189 


6234 


6279 




969 


6324 


6369 


6413 


6458 


6503 


6548 


6593 


6637 


6682 


6727 




970 


6772 


6817 


6861 


6906 


6951 


6996 


7040- 


7085 


7130 


7175 


• 


971 
972 


7219 


7264 


7309 


7353 


7398 


7443 


7488 


7632 


7577 


7622 




. 766tJ 


7711 


7756 


7800 


7845 


7890 


7934 


7979 


8024 


8068 


973 


8113 


8157 


8202 


8247 


8291 


8336 


8381 


8425 


8470 


8614 




974 


8559 


8604 


8648 


8693 


8737 


8782 


8826 


8871 


8916 


8960 




975 


9005 


9049 


9094 


9138 


9183 


9227 


9272 


9316 


9361 


9405 




976 


9450 


9494 


9539 


9583 


9628 


9672 


9717 


9761 


9806 


9P50 


44 


977 


9895 


9939 


9983 


..28 


..72 


.117 


.161 


.206 


.250 


.294 




978 


990339 


0383 


0428 


0472 


0516 


0561 


0605 


0660 


0694 


0738 




979 


0783 


0827 


0871 


0916 


0960 


1004 


1049 


1093 


1137 


1182 




980 


1226 


1270 


1315 


1359 


1403 


1448 


1492 


1536 


1580 


1625 




981 
982 


1669 


1713 


1758 


1802 


1846 
2288 


1890 
2333 


1935 


1979 


2023 


2067 




2111 


2156 


2200 


2244 


2377 


2421 


2466 


2509 


983 


2554 


2598 


2642 


2686 


"2730 


2774 


2819 


2863 


2907 


2951 




984 


2995 


3039 


3083 


3127 


3172 


3216 


3260 


3304 


3348 


3392 




985 


3436 


3480 


3524 


3568 


3613 


3657 


8701 


3745 


3789 


3833 




986 


8877 


3921 


3965 


4009 


4053 


4097 


4141 


4185 


4229 


4273 




987 


4317 


4361 


4405 


4449 


4493 


4537 


4581 


4625 


4669 


4713 




988 


4757 


4801 


4845 


4889 


4933 


4977 


5021 


6065 


5108 


5152 




989 


5196 


5240 


5284 


5328 


5372 


5416 


6460 


6504 


5647 


5691 




990 
991 


6635 


5679 


5723 


5767 


5811 


5854 


5898 


5942 


5986 


6030 




6074 


6117 


6161 


6205 


6249 


6293 


6337 


6380 


6424 


6468 


992 


6512 


6555 


6599 


6643 


6687 


6731 


6774 


6818 


6862 


6906 




993 


6949 


6993 


7037 


7080 


7124 


7168 


7212 


7255 


7299 


7343 




994 


7386 


7430 


7474 


7517 


7561 


7605 


7648 


7692 


7736 


7779 




995 


7823 


7867 


7910 


7954 


7998 


8041 


8085 


8129 


8172 


8216 




996 


8259 


8303 


8347 


8390 


8434 


8477 


8621 


8564 


8608 


8652 




997 


8695 


8739 


8782 


8826 


8869 


8913 


8956 


9000 


9043 


9087 




998 


9131 


9174 


9218 


9261 


9305 


9348 


9392 


9435 


9479 


9522 




999 


9565 


9609 


9652 


9696 9739 


9783 


9826 


9870 


9918 


9957 


43 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


r46 


rb 


9 


14 


18 


23 


28 


32 


87 


41 




id 45 


tub 


9 


U 


18 


23 


27 


82 


36 


41 






5 44 


fi:4 


9 


13 


18 


22 


26 


31 


35 


40 






L43 


• ^4 


9 


13 


17 


22 


26 


SO 


34 


39 








V 



V 






LOGARITHMIC 



SINES AND'TANGENTS 



FOB EVERY DEGREE AND MINUTE OP THE QUADRANT. 



N.B. — The minutes in the left-hand column of each page, in* 
creasing downward, belong to the degrees at the top ; and those 
in the right-hand column, increasing upward, belong to the de- 
grees below. 



14 




(0 Degree.) 


LOGARITHMIC 


4 




M^ 


Blue. 1 D.100".J 


CobIuc. D. 


Tang. 1 D.KJO^'.L^taug. | 





1 
2 
8 
4 
5 
« 
7 
8 
9 
10 


—Infinite 
6.463726 
764756 
940847 
7.065786 
162696 
241877 
308824 
366816 
417968 
463726 


601717 

293485 

208231 

161517 

131968 

111578 

96653 

85254 

76263 

68988 


10.000000 
000000 
000000 
000000 
000000 
000000 
9.999999 
999999 
999999 
999999 
999998 

9.999998 
999997 
999997 
999996 
999996 
999995 
999995 
999994 
999993 
999993 


00 
00 
00 
00 
00 
01 
01 
01 
01 
01 


—Infinite 
6.463726 
764756 
940847 
7.065786 
162696 
241878 
308826 
866817 
417970 
463727 

7.505120 
542909 
677672 
609857 
639820 
667849 
694179 
719003 
742484 
764761 


1 

501717 

2934r^ 

208261 

161517 

131969 

111578 

99658 

85254 

76268 

68988 


, Infinite. 

13.536274 
235244 
059153 

12.984214 
837804 
768122 
691176 
638183 
582030 
686273 


60 

69 
68 
67 
66 
66 
54 
53 
52 
51 
60 


11 
12 
13 
14 
15 
IJ 
17 
18 
19 
20 


7.505118 
542906 
677668 
609853 
639816 
667845 
694173 
718997 
742478 
764754 


12.494880 
467091 
422828 
890143 
360180 
332151 
305821 
280997 
257516 
235239 


49 
'48 
47 
46 
45 
44 
43 
42 
4i 
40 


62981 
57936 
53641 
49938 
46714 
43881 
41372 
39135 
87127 
35315 


01 
01 
01 
01 
01 
01 
01 
01 
01 
01 


62S81 
67937 
63642 
49939 
46715 
48882 
41373 
89136 
87128 
85186 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


7.785943 
806146 
825451 
843934 
861662 
878695 
895085 
910879 
926119 
940842 


83672 
32175 
30805 
29547 
28388 
27317 
26323 
25399 
24538 
23733 

22980 
22273 
21608 
20981 
20390 
19831 
19302 
13801 
18325 
17872 

17441 
17031 
16639 
16265 
15908 
15566 
15238 
14924 
14622 
14333 


9.999992 
999991 
999990 
999989 
999989 
999988 
999987 
999986 
999985 
999983 

9.999382 
999981 
999980 
999979 
999977 
999976 
999976 
999973 
999972 
999971 


01 
01 
01 
02 
02 
02 
02 
02 
02 
02 


7.785951 
806156 
826460 
843944 
861674 
878708 
895099 
910894 
926134 
940858 


83673 
82176 
30806 
29549 
28390 
27318 
26325 
25401 
24540 
23785 


12.214049 
193846 
174540 
156056 
138326 
121292 
104901 
089106 
078866 
059142 


39 
88 
87 
86 
86 
84 
83 
82 
81 
80 


31 
32 
33 
34 

35 
36 
37 
38 
39 
40 


7.955082 
968870 
982233 
995198 

8.007787 
020021 
031919 
043501 
054781 • 
065776 


7.955100 
968889 
982253 
995219 

8.007809 
020044 
031945 
043527 
054809 
065806 


12.044900 
031111 
017747 
004781 

11.992191 
979956 
968055 
956473 
945191 
934194 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


• 02 
02 
02 
02 
02 
02 
02 
02 
02 
02 


22981 
22275 
21610 
20983 
20892 
19833 
19305 
18803 
18327 
17874 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


8.076500 
086965 
097183 
107167 
116926 
126471 
135810 
144953 
153907 
162681 


9.999969 
999968 
999966 
^99964 
999963 
999961 
999959 
999958 
. 999956 
999954 


02 
02 
02 
03 
03 
03 
03 
03 
03 
03 


8.076531 
086997 
097217 
107203 
116963 
126510 
135851 
144996 
153952 
162727 

8.171328 
179763 
188036 
196156 
204126 
211953 
219641 
227195 
234621 
241921 


17444 
17034 
16642 
16268 
15910 
15568 
15241 
14927 
14625 
14336 

14057 
13790 
13532 
13284 
13044 
12814 
12590 
12,376 
12168 
11967 


11.923469 
. 913003 
S02783 
892797 
{^83037 
873490 
864149 
855004 
846048 
837278 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


8.171280 
179713 
187986 
196102 
204070 
211896 
219581 
227134 
234567 
241855 


9.999952 
999950 
999948 
999946 
999944 
999942 
999940 
999938 
999936 
999934 


11.828672 
820237 
811964 
803844 
795874 
788047 
780359 
772805 
765379 
758079 


9 

8 
7 
6 
6 
4 
8 
2 
1 



14054 
13786 
13529 
13280 
13041 
12810 
12587 
12372 
12164 
11963 


03 
03 
03 
03 
03 
04 
04 
04 
04 
04 


1 Corine. | Sine. Cotang. | | Tang. | M. 1 



89 Degrees. 



SINES AND TANGENTS, (l Degree.) 



345 



-^ M. 1 Slue. 1 D,1«0". 1 Coaine. | D. | Taner. | D.lOO". Cotniig, 





1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


8.241855 
249033 
256094 
263042 
269881 
276614 
283243 
289773 
296207 
302546 
308794 


11963 
11768 
11580 
11398 
11221 
11050 
10883 
10722 
10565 
10413 
10266 


9.999934 
999932 
999929 
999927 
999925 
999922 
999920 
999918 
999915 
999913 
999910 


04 
04 
04 
04 
04 
04 
04 
04 
04 

o4 

04 


8.241921 
249102 
256165 
263115 
209956 
276691 
283323 
289856 
296292 
302634 
308884 


11967 
11772 
11584 
11402 
11225 
11054 
10887 
10726 
10570 
10418 
10270 


11.768079 
750898 
743835 
736885 
730044 
723309 
716677 
710144 
703708 
697366 
691116 


60 
59 
68 
57 
66 
55 
64 
63 
62 
51 
60 


11 
12 
13 
14 
16 
16 
17 
18 
19 
20 


8.314954 
321027 
327016 
332924 
838753 
844504 
350181 
356783 
861315 
366777 


9.999907 
999905 
999902 
999899 
999897 
.999894 
999891 
999888 
999885 
999882 


8.315046 
321122 
327114 
333025 
338856 
344610 
350289 
355895 
361430 
366895 


11.684954 
678878 
672886 
666975 
661144 
655390 
649711 
644105 
638670 
633105 


49 

^ 
47 
43 
45 
44 
43 
42 
41 
40 


10122 
9982 
9847 
9714 
9586 
9460 
9338 
9219 
9103 
8990 

8880 
8772 
8667 
8564 
8464 
8366 
8271 
8177 
8086 
7996 


04 
04 
04 
05 
05 
05 
05 
05 
05 
05 

05 
05 
05 
05 
05 
05 
05 
05 
05 
06 


10126 
9987 
9851 
9719 
9590 
9465 
9343 
9224 
9108 
8995 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


8.372171 
377499 
382762 
387962 
893101 
398179 
403199 
408161 
413068 
417919 


9.999879 
999876 
999873 
999870 
999867 
999864 
999861 
999858 
999854 
999851 


8.372292 
-377622 
382889 
388092 
393234 
398315 
403338 
408304 
413213 
418068 


11.627708 
622378 
617111 
611908 
606766 
601685 
696662 
691696 
586787 
681932; 


39 
38 
37 
36 
35 
34 
33 
32 
31 
30 


8885 
8777 
8672 
8570 
8470 
8371 
8276 
8182 
8091 
8002 


31 
32 
33 

.H 

35 
36 
37 
38 
39 
40 


8.422717 
427462 
432156 
436800 
441394 
445941 
450440 
454893 
459301 
463665 


9.999848 
999844 
999841 
999838 
999834 
999831 
999827 
999824 
999820 
999816 


8.422869 
427618 
432315 
436962 
441560 
446110 
450613 
455070 
459481 
463849 


11.577131 
672382 
567685 
663038 
658440 
653890 
649387 
644930 
640519 
536151 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


7909 
7823 
7740 
7657 
7577 
749'9 
7422 
7346 
7273 
7200 


06 
06 
06 
06 
06 
06 
06 
06 
06 
06 


7914 
7829 
7745 
7663 
. 7583 
7505 
7428 
7352 
7279 
7206 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


8.467985 
472263 
476498 
480693 
484848 
488963 
493040 
497078 

. 501080 
605045 


9.999813 
999809 
999805 
999801 
999797 
999794 
999790 
999786 
. 999782 
999778 


8.468172 
472454 
476693 
480892 
485050 
489170 
493250 
497293 
601298 
605267 


11.531828 
62754C 
623307 
619108 
614950 
610830 
606750 
502707 
498702 
494733 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


7129 
7060 
6991 
6924 
6859 
6794 
6731 
6669 
6608 
6548 

6489 
6431 
6875 
6319 
6264 
6211 
6158 
6106 
6055 
6004 


06 
06 
06 
06 
06 
07 
07 
07 
07 
07 


7135 
7066 
6998 
6931 
6865 
6801 
6738 
6676 
6615 
6555 


51 
62 
53 
54 
55 
66 
57 
68 
69 
60 


8.508974 
612867 
516726 
520551 
524343 
628102 
631828 
635523 
639186 
542819 


9.999774 
- 999769 
99D765 
999761 
999767 
999753 
999748 
999744 
* r99740- 
999735 


8.509200 
513098 
516961 
620790 
524586 
628349 
632080 
535779 
680447 
548084 


11.490800 
486902 
483039 
479210 
475414 
471651 
467920 
464221 
460553 
456916 


9 
8 
• 7 
6 
5 
4 
3 
2 
1 



07 
07 
07 
07 
07 
07 
07 
07 
07 
07 


6496 
6439 
6382 
6326 
6272 
6218 
6165 
6113 
6062 
6012 


Oofilnc. 


1 8iue. 1 


Cotang. 1 1 Tang, r 11. ] 



SB Degrees, 
P2 



S46 



(2 Degrees.) logabithmio 



M. 1 Sine. D.lOO". | Cosine. 


D. 1 Tanpr. I D.lOO". | Cotansr. I ^ 



1 
2 
8 

4 
5 
6 
7 
6 
9 
, 10 

11 

•12, 
13 
14 
15 
16 

n 

18 
19 
20 


8.642819 
646422 
549995 
563539 
557054 
560540 
663999 
667431 
670836 
674214 
677566 


6004 
5955 
6906 
6858 
6811 
6765 
6719 
6674 
6630 
6587 
6544 


9.999735 
999731 
999726 
999722 
999717 
999713 
999708 
999704 
999699 
999694 
999689 


07 
07 

od 

08 
08 
08 
08 
08 
08 
08 
08 


8:543084 
546691 
550268 
653817 
557336 
560828 
664291 
667727 
671137 
674520 
677877 


6012 
6962 
6914 
6866 
6819 
6773 
6727 
6682 
6638 
6595 
6552 


11.456916 
45330S 
449732 
446183 
442664 
439172 
435709 
432273 
428863. 
425480 
422123 


60 

69 

58 

67 

56 

65 

64 

63 

62 

5U 

50 


8.580892 
684193 
687469 
690721 
693948 
697152 
600332 
603489 
606623 
609734 


9.999686 
999680 
999675 
999670 
999665 
999660 
999655 
999650 
999645 
999640 


8.681208 
684514 
687795 
691051 
694283 
697492 
600677 
603839 
606978 
610094 




11.418792 
415486 
412206 
408949 
405717 
402508 
899323 
896161 
893022 
889906 


49 
48 
47 
46 
45 
44 
43 
42 
4t 
40 


6502 
6460 
6419 
6379 
6339 
' 6300 
6261 
6223 
6186 
5149 


08 
08 
08 
08 
08 
08 
08 
08 
09 
09 


5510 
5468 
6427 
6387 
6347 
6308 
6270 
6232 
6194 
6158 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


8.612823 
615891 
618937 

. 621962 
624965 
627948 
630911 
633854 
636776 
639680 


9.999635 
999629 
999624 
999619 
999614 
999608 
999603 
999597 
999592 
999586 


8.618189 
616262 
619313 
622343 
625352 
628340 
631308 

■ 634256 
637184 
610093 


11.886811 
883738 
880687 
377657 
874648 
371660 
868692 
865744 
862816 
859907 


89 
3S 
37 
36 
35 
34 
38 
32 
31 
30 


6112 
6077 
6041 
60Q6 
4972 
4938 
4904 
4871 
4839 
4806 


09 
09 
09 
09 
09 
09 
09 
09 
09 
09 


6121 
6085 
6050 
6016 
4981 
4947 
4913 
4880 
4848 
4816 


31 
32 
33 
34 
35 
56 
37 
38 
39 
40 


8.642563 
645428 
648274 
651102 
€53911 
656702 
659475 
662230 
664968 
667689 


9.999581 
999575 
999570 
999564 
999558 
■ 999553 
999547 
999541 
999535 
999529 


8.642982 
645853 
648704 
651537 
654352 
657149 
659928 
662689 
665433 
668160. 


11.357018 
854147 
851296 
848463 

. 845648 
842851 
340072 
337311 
834567- 
831840 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


4775 
4743 
4712 
4682 
4652 
4622 
4592 
4563 
4535 
4506 

4479 
4451 
4424 
• 4397 
4370 
4344 
4318 
4292 
4267 
4242 


09 
09 
09 
09 
10 
10 
10 
10 
10 
10 


4784 
4753 
4722 
4691 
4661 
4631 
4602 
4673 
4544 
4516 

4488 
4461 
4434 
4407 
4380 
4354 
. 4328 
4303 
: 4277 
4252 

4228 
4203 
4179 
4155 
4132 
4108 
•*4Q85 
4062 
4040 
4017 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


8.670393 
673080 
675751 
678405 
681043 
683665 
686272 
688863 

. 691438 
693998 


9.999524 
999518 
999512 
999506 
999500 
999493 
999487 
999481 
999475 
999469 


8.670870 
673563 
676239 
678900 
681544 
684172 

. 686784 
689381 
691963 
694529 


11.329130- 
826437 
823761 
821100 
318456 
815828 
813216 
810619 
808037 
805471 


19 
18 
17 
16 
15 
14 
13 
12 
11 
30 

9 
8 
7 
6 
6 
4 
3 
2 
1 



10 
10 
10 
10 
10 
10 
10 
10 
10 
10 

11 
11 
11 
11 
11 
11 
11 
11 
11 
11 


ui 

52 

63 ' 

04 

55 

56 

57 

58 

59 

60 


8.696543 
699073 
701589 
704090 
706577 
709049 
711507 
713952 
716383 
718800 


9.999463 
999456 
999450 
999443 
999437 
999431 
999424 
999418 
999411 
999404 

• 


8.697081 
699617 
702139 
704646 
707140 
709618 
712083 
714534, 
716972 
719396 


11.802919 
800383 
297861 
295354 
292860* 
290382 
287917 
286466 
283028 
280604 


4217 
4193. 
4168 
4144 
4121 
4097 
4074 
4051 
4029 
4006 


1 Cosine. 


^1 Sine. 1 0>iang. | | Tang. . 


M. 



87 Pegrees. 



SINES AND TANGENTS. (3 Degrees.) 



347 



M. 1 Sine. 1 D.lfiO". | 


OoelDe. 


D. 1 Tang. | D.lOO". | Cotang. | 1 



1 
2 
8 

4 

•5 

6 

■ 7 

- 8 

9 

10 


8.718800 
721204 
723595 
726972 
728337 
780688 
733027 
735354 
737667 
789969 
742259 


4006 
8984 
8962 
8941 
8919 
8898 
8877 
8867 
8836 
8816 
8796 


9.999404 
999398 
999891 
999384 
999378 
999871 
999364 
999857 
999860 
999843 
999386 


11 
11 
11 

n 

11 
11 
11 
11 
12 
12 
12 


8.719396 
721806 
724204 
726588 
728959 
781817 
788668 
786996 
788317 
740626 
742922 


4017 
8995 
8974 
8952 
8981 
8910 
8889 
8868 
8848 
8827 
8807 


11.280604 
278194 
275796 
278412 
271041 
268683 
266887 
264004 
261688 
259874 
257078 


60 
59 
68 
57 
56 
55 
54 
68 
52 
61 
60 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 


11 
12 
18 
14 
15 
16 
17 
18 
19 
20 


8.744536 
746802 
749055 
751297 
763528 
765747 
757955 
760151 
762337 
764511 


9.999829 
999322 
999315 
999808 
999301 
999294 
999287 
999279 
999272 
999265 


8.746207 
747479 
749740 
761989 
754227 
756463 
758668 
760872 
763066 
766246 


11.264798 
252521 
250260 
S48011 
245773 
248547 
241832 
289128 
286985 
284764 


8776 
8756 
8737 
8717 
8698 
8680 
8661 
8642 
8624 
'8606 


12 
12 
12 
12 
12 
12 
12 
12 
12 
12 


8788 
8768 
8749 
8729 
8710 
8692 
8678 
8665 
8636 
8618 


21 
22 
23 
24 
25 
26 
27 
£8 
29 
80 


8.766675 
768828 
Vy0970 
773101 
776223 
777833 
779434 
781624 
783605 
785676 


8688 
8570 
8553 
8535 
8518 
8501 
8484 
8467 
8451 
8434 


9.999257 
999250 
999242 
999235 
999227 
999220 
999212 
999205 
999197 
999189 


12 
12 
• 12 
13 
^3 
13 
13 
13 
18 
13 


8.767417 
769578 
771727 
778866 
776995 
778114 
780222 
782320 
784408 
786486 


8600 
8583 
8565 
8648 
8681 
8614 
8497 
8480 
8464 
8447 


11.232683 
230422 
228273 
226134 
224006 
221886 
219778 
217680 
216592 
213514 


^9 
88 
87 
86 
85 
84 
83 
82 
81 
80 


31 
32 
83 
84 
85 
86 
87 
88 
89 
40 


8.787736 
789787 
791828 
793859 
796881 
797894 
799897 
801892 
803876 
805852 


9.999181 
999174 
999166 
999158 
999150 
999142 
999134 
999126 
999118 
999110 


8.788554 
790613 
792662 
794701 
796731 
798752 
800768 
802765 
804758 
806742 


11.211446 
209387 
207388 
206299 
208269 
201248 
199237 
197235 
195242 
193258 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 

19' 

18 

17 

16 

15 

14 

18 

12 

11 

10 


3418 
8402 
8386 
8370 
8354 
8339 
8323 
8808 
8293 
8278 


13 
18 
13 
13 
13 
13 
18 
18 
18 
14 


8431 
8415 
8399 
8383 
8868 
8852 
8837 
8822 
8307 
8292 


41 
42 
43 

44 
45 
46 
47 
48 
49 
53 


8.807819 
809777 
811726 
813667 
815599 
817522 
819436 
821343 
823240 
825130 


9.999102 
999094 
999086 
999077 
999069 
999061 
999053 
999044 
999036 
999027 

9.999019 
999010 
999002 
998993 
998984 
998976 
998967 
998958 
998950 
998941 


8.808717 
810683 
812641 
814589 
816529 
818461 
820384 
822298 
824205 
826103 


11.191288 
189317 
187359 
186411 
188471 
181539 
179616 
177702 
175795 
173897 


8263 
3249 
8234 
8219 
8205 
8191 
8177 
8163 
8149 
.8135 


14 
14 
14 
14 

14 
14 
14 
14 
14 


8277 
8262 
8248 
8283 
8219 
8205 
8191 
8177 
8168 
8160 


51 
52 
53 
54 
55 
56 
67 
68 
69 
GO 


8.827011 
-828884 
830749 
882607 
834466 
836297 
838180 
889956 
841774 
843585 

• 


8.827992 
829874 
831748 
833613 
835471 
887321 
839163 
840998 
842825 
844644 


11.172008 
170126 
168262 
166387 
1^629 
162679 
160837 
159002 
167175 
166866 


9 
8 
7 
6 
6 
4 
8 
2 
1 



8122 
8108 
8095 
8082 
8069 
8056 
8043 
8030 
8017 
8005 


14 
14 
14 
14 
14 
15 
15 
16 
16 
15 


8136 
8123 
8109 
8096 
8083 
8070 
8057 
8045 
8032 
8019 


1 Cofline. i 


Sine. 


Cotanp. 1 


Tang. 


M. 



86 Degrees 



848 



(4 Degrees.) logarithmic 



M. 


Sine. 1 D.lOO". Cosine. | 1). | Tang. | U. UK*". Cotang. ] 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


8.843585 
846887 
847183 
848971 
860751 
852625 
864291 
866049 
867801 
1^9646 
861288 


8005 
2992 
2980 
2968 
2955 
2948 
2931 
2919 
2908 
2896 
2884 


9.998941 
998982 
998923 
998914 
998905 
998896 
998887 
998878 
998869 
998860 
998861 


15 
16 
15 
15 
16 
16 
16 
16 
15 
16 
16 


8.844644 
846455 
848260 
860057 
851846 
853628 
855403 
867171 
868932 
860686 
862433 


3019 
8007 
2996 
§983 
2970 
2958 
2946 
2985 
2923 
2911 
2900 


11.166365 
16S545 
161740 
149943 
148154 
146872 
144597 
142829 
141068 
189314 
137667 


60 
69 
68 
67 
66 
66 
64 
63 
62 
61 
60 


11 
12 
18 
14 
15 
16 
17 
18 
19 
20 


8.863014 
864788 
866466 
866165 
869868 
871565 
878265 
874988 
876616 
878285 


2873 
2861 
2850 
2839 
2828 
2817 
2806 
2795 
2784 
2773 


9.998841 
998832 
998823 
998813 
998804 
998796 
998786 
998776 
998766 
998767 


15 
16 
16 
16 
16 
16 
16 
16 
16 
16 


8.864173 
865906 
867632 
869361 
871064 
872770 
874469 
876162 
877849 
879529 


2888 
2877 
2866 
2864 
2843 
2832 
2821 
2811 
2800 
2789 


11.135827 
134094 
132368 
130649 
128936 
127230 
126631 
123838 
122161 
120471 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
.25 
26 
27 
28 
29 
80 


8.879949 
881607 
883258 
B84903 
886642 
888174 
889801 
891421 
893035 
894643 


2763 
2752 
2742 
2731 
2721 
2711 
2700 
2690 
2680 
2670 


9.998747 
998738 
998728 
998718 
998708 
998699 
998689 
998679 
998669 
998659 


16 

16 

16- 

16 

16 

16 

16 

16 

17 

17 


8.881202 
882869 
884530 
886186 
887833 
889476 
891112 
892742 
894366 
895984 


2779 
2768 
2758 
2747 
2787 
2727 
2717 
2707 
2697 
2687 


11.118798 
117131 
115470 
118816 
112167 
110624 
108888 
107268 
106634 
104016 


89 
88 
87 
36 
86 
34 
33 
32 
81 
^0 


81 
32 
33 
84 
85 
86 
87 
38 
89 
40 


8.896246 
897842 
899432 
901017 
902696 
904169 
905736 
907297 
908853 
910404 

8.911949 
913488 
915022 
916550 
918073 
919591 
921103 
922610 
924112 
925609 


2660 
2661 
2641 
2631 
2622 
2612 
2603 
2693 
2684 
2575 


9.998649 
998639 
998629 
998619 
998609 
998699 
998589 
998578 
998668 
998658 


17 
17 
• 17 
17 
17 
17 
17 
17 
17 
37 


». 897696 
899203 
900803 
902398 
903987 
906670 
£07147 
£08719 
910285 
911846 


2677 
2667 
2658 
2648 
2639 
2629 
2620 
2610 
2601 
2592 


11.102404 
100797 
099197 
097602 
096013 
094430 
092863- 
091281 
C89716 
088164 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.998548 
998537 
99862? 
998616 
998506 
998495 
998485 
998474 
998464 
998453 


8.913401 
914951 
916495 
918034 
919568 
921096. 
922619 
924136 
926649 
927166 


il. 086699 
086049 
083506 
081966 
080432 
078904 
077381 
075864 
074361 
072844 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


2566 
2556 
2547 
2538 
2529 
2521 
2512 
2503 
2494 
2486 


17 
17 
17 
17 
18 
18 
18 
18 
18 
18 


2583 
2574 
2665 
2656 
2647 
2638 
2529 
2621 
2512 
2604 

2496 
2487 
2478 
2470 
2462 
2453 
2446 
2437 
2429 
2421 


51 
52 
53 
54 
65 
66 
67 
68 
69 
60 


8.927100 
928587 
930068 
931544 
938015 
934481 
935942 
937398 
938850 
940296 


9.998442 
998431 
998421 
998410 
998399 
998388 
998377 
998366 
998355 
9.8344 


8.928658 
930155 
931647 
933134 
934616 
936093 
937565 
939032 
940494 
941962 


11.071342 
069845 
068363 
066866 
066884 
068907 
062486 
060968 
059606 
068048 


9 
8 
7 
6 
5 
4 
8 
2 
1 



2477 
2469 
24f^0 
2452 
2443 
2435 
2427 
2419 
2411 
2403 


18 
18 
18 
18 
18 
18 
18 
18 
18 
18 


Copine. Sine. Cotang. 1 


Tang. 


"u i 



85 Deg^rees. 



SINES AKD TANGENTS. (5 Degrees.) 



349 



M. Sine. 


D.lOO'-'. 


Coalne. D. | Tang. | D.lOO". | Coihug. \ ] 



1 
2 
3 
4 
5 
6 
• 7 
8 
9 
10 


8.940296 
941738 
943174 
944606 
946034 
947456 
948874 
950287 
951696 
953100 
954499 


2403 
2394 
2387 
2379 
2371 
2363 
2355 
2348 
2340 
2332 
2325 

2317 
2310 
2302 
2295 
2288 
2280 
2273 
2266 
2259 
2252 


9.998344 
998333 
998322 
998311 

' 998300 
998289 
998277 
998266 
998255 
998243 
998232 


18 
19 
19 
19 
19 
19 
19 
19 
19 
.19 
19 


8.941952 
943404 
944852 
946295 
947734 
949168 
950597 
952021 
953441 
954856 
956267 


2421 
2413 
2405 
2397 
2390 
2382 
2374 
2367 
2359 
2351 
2344 


11.058048 
056696 
055148 
053705 
052266 
050832 
049403 
047979 
046559 
045144* 
043733 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 


11 
12 
13 
14 
15 
16 
17 
•18 
19 
20 


8.955894 
957284 
958670 
960052 
961429 
962801 
964170 
965534 
966893 
968249 


9.998220 
998209 
998197 
998186 
998174 
998163 
998151 
998139 
998128 
998116 


8.957674; 
969075 
960473 
961866 
963255 
964639 
966019 
967394 
968766 
970133 


11.042326 
040925 
039527 
038134 
036745 
035361 
033981 
032606 
031234 
■029867 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


19 
19 
19 
19 
19 
19 
19 
20 
20 
20 


2336 

2329 

2322 

2314 

2307. 

2300 

2293 

2286 

2279 

2271 

2265 

2257 

2251 

2244' 

2237 

2230 

2224 

2217 

2210 

2204 

2197 
2191 
2184 
2178 
21,71 
.2165 
2159 
2162 
2146 
2140 


21 

22 
23 
24 
25 
26 
27 
28 
29 
30 


8.969600 
970947 
972289 
973628 
974962 
976293 
977619 
978941 

. 980259 
981573 


9.998104 
998092 
998080 
998068 
998056 
998044 
998032 
998020 
998008 
997996 


8.971496 
972856 
974209 
975560 
976906 
978248 
979586 
980921 
982261 
983577 

8.984899 
986217 
987532 
988842 
990149 
991451 
992750 
994045 
995337 
996624 


11.028504 
027146 
025791 
024440" 
023094 
021762 
020414 
019079 
017749 
016423 

11.015101 
013783 
012468 
011158 
.009851 
008549 
007250 
006956 
004663 
003376 


39 

38 

37 

36 

35 

84 

33 

82 

31. 

80 


2245 
2238 
2281 
2224 
2217 
2210 
2203 
2197 
2190 
2183 

2177 
2170 
2164 
2157 
2151 
2144 
2138 
2131 
2125 
2119 

2113 

2106 

2100 

2094 1 

2088 

2082 

2076 

2070 

2064 

2058 

2052 
2046 
2040 
2035 
2029 
2023 
2017 
2012 
2006 
2001 


20 
20 
20 
20 
20 
20 
20 
20 
20 
20 


31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


8.982883 
984189 
985491 
986789 

' 988083 
989374 
990660 
991943 
993222 
994497 


9.997984 
997972 
997959 
997947 
997935 
997922 
997910 
997897 
997885 
997872 


29 
28 
27 
26 
26 
24 
23 
22 
21 
20 


20 
20 
20 
21 
21 
21 
21 
21 
21 
21 


41 

42 

43 

44 

45 

46 

47 • 

48 

49 

50 


8.995768 
. 997036 
998299 
999560 
9.000316 
002069 
003318 
004563 
005805 
007044 


9.997860 
997847 
997835 
997822 
997809 
997797 
997784 
997771 
997758 
997745 


8.997908 
999188 

9.000465 
001738 
003007 
004272 
005534 
006792 
008047 
009298 


11.002092 
000812 

10.999535 
998262 
996993 
995728 

• 994466 

993208 

^ 991953 

990702 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 



21 
21 
21 
21 
21 
21 
21 
21 
21 
21 


2134 
2127 
2121 
2115 
2109 
2103 
2097 
2091 
2085 
2080 


51 
52 
53 
54 
55 
56 
67 
58 
59 
60 


9.008278 
00951^ 
010787 
011962 
013182 
014400 
015613 
016824 
018031 
019235 


. 9.997732 
997719 
997706 
997693 
997680 
997667 
997654 
997641 
997628 
997614 


9.010546 
011790 
013031 
014268 
015502 
016732 
017959 
019183 
020403 
021620 


10.989454 
988210 
986969 
986732 
984498 
983268 
982041 
980817 
979597 
.978380 


22 
22 
22 
22 
22 
22 
22 
22 
22 
22 


2074 

2068 

2062" 

2056 

2051 

2045 

2039 

2034 

2028 

2023 


Cosine. 


Siue. 1 1 Cotang. | 


Tang. 1 M. J 



84 Degrees. 



350 



(6 Degrees.) logarithmic 



M. 1 Sine. . \ D.lOO". | Cosine. | D. I Tanp. | D.lOO". 


Cdtang. 1 1 



1 
2 
3 

4 
. 5 
6 
7 
8 
9 
10 


9.019235 
020435 
021632 
022825 
024016 
025^03 
026386 
027567 
028744 
029918 
031089 

9.032257 
033421 
034582 
035741 
036896 
038048 
089197 
040342 
041485 
042625 


2001 
1995 
1990 
1984 
1979 
1973 
1968 
1962 
1967 
1962 
1947 


9.997614 
997601 
997588 
997574 
997561 
997647 
997634 
997620 
997507 
997493 
997480 


22 

22. 

22 

22 

22 

22 

23 

23 

23 

23- 

23 

23 
23 
23 
23 
23 
23 
23 
23 
23 
23 


9.021620 
022834 
024044 
026251 
026456 
027666 
028852 
030046 
031237 
032425 
033609 


2028 
2018 
2012 
2007 
2001 
1996 
1990 
1986 
1980 
1974 
1969 


10.978380 
977166 
975956 
974749 
973545 
972345 
971148 
969964 
968763 
967575 
966391 


60 
69 
58 
67 
66 
55 
64 
53 
52 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


1941 
1936 
1931 
1926 
1920 
1916 
1910 
1905 
1900 
1896 


9.997466 
997462 
997439 
997425 
997411 
997397 
997883 
. 997869 
997355 
997341 


9.034791 
035969 
037144 
038316 
039485 
040651 
041813 
042973 
044130 
046284 


1964 
1959 
1954 
1949 
1943 
1938 
1933 
1928 
1923 
1918 

1913 
1908 
1904 
1899 
1894 
1889 
1884 
1879 
1876 
1870 

1865 
1861 
1856 
1851 
1847 
1842 
1838' 
1833 
1829 
1824 


10.965209 
964031 

. 962856 
961684 
960616 
959349 
958187 
957027 
965870 
954716 


49 
48 
47 
.46 
45 
44 
43 
42 
41 
40 

89 
38 
87 
36 
35 
84 
33 
32 
31 
30 


21 
22 
28 

24 
25 
26 
27 
28 
29 
80 


9.043762 
044895 
046026 
047164 
048279 
049400 
050519 
051635 
052749 
053859 


9.997327 
997313 
997299 
997285 
997271 
997257 
997242 
997228 
997214 
997199 


9.046434 
. 047682 
048727 
049869 
051008 
062144 
053277 
054407 
056536 
056659 


10.968566 
962418 
951273 
960131 
948992 
947866 
946723 
945593 
944465 
943341 


1890 
1885 
1880 
1875 
1870 
1865 
1860 
1856 
1851 
1846 

1841 
1836 
1832 
1827 
1822 
1818 
1813 
1809 
1804 
1799 

1795 
1790 
1786 
1781 
1777 
1773 
1768 
1764 
1760 
1756 

1751 
1747 
1742 
1738 
1734 
1730 
1725 
. 1721 
1717 
1713 


23 
24 
24 
24 
24 
24 
24 
24 
24 
24 


31 
32 
. 83 
84 
35 
86 
37 
88 
39 
40 


9.054966 
056071 
057172 
058271 
05&367 
060460 
061561 
062639 
063724 
064806 


9.997185 
997170 
997156 
997141 
997127 
997112 
997098 
997083 
997068 
997053 

9.997039 
997024 
997009 
996994 
996979 
996964 
996949 
996934 
996919 
996904 


9.057781 
058900 
060016 
061130 
062240 
063348 
064453 
066556 
066656 
067762 


10.942219 
941100 
939984 
938870 
93V760 
936652 

' 936547 

934444 

933345 

• 932248 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


24 
24 
24 
24 
24 
24 
24 
25 
55 
25 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.065886 
066962 
068036 
069107 
070176 
071242 
072306 
073366 
074424 
075480 

9.076533 
077583 
078631 
079676 
080719 
081759 
082797 
083832 
084864 
085894 


9.068846 
069938 
071027 
072113 
073197 
074278 
075366 
076432 
077605 
078676 


10.981154 
930062 
928973 
927887 
926803 
925722 
924644 
923568 
922495 
921424 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


25 
25 
25 
25 
•25 
25 
25 
25 
25 
.25 


1820 
1816 
1811 
1806 
1802 
1798 
1793 
1789 
1785 
1780 

1776 
1772 
1768 
1764 
1759 
1755 
1751 
1747 
1743 
1739 


51 
62 
53 
54 
55 
56 
57 
68 
69 
60 


9.996889 
996874 
996858 
996843 
996828 
996812 
996797 
996782 
996766 
996761 


9.079644 
080710 
081773 
082833 
083891 
084947 
086000 
087050 
088098 
089144 


10.920356 
'919290 
918227 
917167 
916109 
915063 
914000 
912950 
911902 
910856 


9 

8 
7 

1 

4 
3 
2 
1 



25 
25 
25 
26 
26 
26 
26 
26 
26 
26 


: - , 


Cosine. | 


1 


Sine. 1 1 Cotang. | | Tang. | M. 



83 Degrees. 



SINES AND TANGENTS. (7 Degrees.) 



351 



M. Sine. | D.lOO". | Coeine. D. I Tang. D.lOO". | Cotanp. ( 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.085894 
086922 
087947 
088970 
089990 
091008 
092024 
093037 
094047 
096056 
096062 


.1713 
1709 
1705 
1701 
1697 
1693 
1689 
1685 
1681 
1677 
1673 


9.996761 
996736 
996720 
996704 
996688 
996673 
996667 
996641 
996625 
996610 
996594 


26 
26 
26 
26 
26 
26 
26 
26 
26 
26 
26 


9.089144 
090187 
091228 
092266 
09S302 
094336 
095367 
096395 
097422 
098446 
099468 


1739 
1736 
1731 
1727 
1723 
1719 
1715 
1711 
1707 
1703 
1699 


10.910856 
909813 
908772 
907734 
906698 
905664 
904633 
903605 
902678 
901654 
900532 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.097065 
098066 
099066 
100062 
101056 
102048 
103037 
104025 
105010 
106992 


1669 
1665 
1661 
1657 
1653 
.1650 
1646 
1642 
1638 
1634" 


9.996578 
996562 
996546 
996630 
996514 
996498 
999482 
999465 
996449 
996433 


27 

27 

27 

27- 

27 

27 

27 . 

27 

27 

27 


9.100487 
101504 
102619 
103632 
104542 
105550 
106556 
107559 
108560 
109569 


1696 
1692 
1688 
1684 
. 1680 
1676 
1673 
1669 
1665 
1662 


10.899513 
898496 
897481 
896468 
895468 
894460 
893444 
892441 
891440 
890441 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.106973 
107951 
108927 
109901 
110873 
111842 
112809 
113774 
114737 
115698 


1681 
1627 
1623 
1620 
1616 
1612 
1609 
1605 
1601 
1598 


9.996417 
996400 
996384 
996368 
996361 
996336 
996318 
996302 
996286 
996269 


27 
"27 
27 
27 
27 
27 
28 
28 
28 
28 


9.110666 
111551 
112543 
113633 
114521 
115607 
116491 
117472 
118462 
119429 


1668 
1664 
1651 
1647 
1643 
1640 
1636 
1633 
• 1629 
1626 


10.889444 
888449 
887457 
• 886467 
885479 
884493 
883509 
882628 
881548 
880571 


39 
38 
87 
36 
35 
84 
33 
32 
31 
30 


81 
32 
33 
84 
35 
86- 
87 
38 
39 
40 


9.116656 
117613 
118567 
119619 
120469 
121417 
122362 
12d306 
124248 
126187 


1594 
1691 
1687 
1584 
1580 
1677 
1573 
1670 
1666 
1563 


9.996262 
996235 
996219 
996202 
996185 
996168 
996161 
996134 
996117 
996100 


28 
28 
28 
28 
28 
28 
28 
28 
28 
28 


9.120404 
121377 
122348 
123317 
124284 
1^5249 
12G211 
127172 
128130 
129087 


1622 
1618 
1616 
1612 
1608 
1605 
1601 
1598 
1694 
1591 


10.879696 
878623 
877652 
876683 
876716 
874761 
873789 
872828 
871870 
870913 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.126125 
127060 
127993 
128925 
129854 
130781 
131706 
132630 
133651 
134470 


1659 
1556 
1552 
1649 
1546 
• 1542 
. 1539 
1636 
1632 
1529 


9.996083 
996066 
999049 
996032 
996016 
995998 
995980 
995963 
995946 
996928 


28 

28 

29' 

29 

29 

29 

29 

29 

29 

29 


9.130041 
130994 
131944 
132893 
133839 
134784 
135726 
136667 
137605 
138542 


1588 
1584 
1681 
1578 
1574 
1671 
1568 
1564 
1561 
1558 


10.869959 
869006 
868056 
867107 
866161 
865216 
864274 
863333 
862396 
861458 


19 
18 
17 
16 
15 
14 
13 
1^ 
11 
10 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.135387 
136303 
137216 
138128 
139037 
189944 
140850 
141754 
142666 
143656 


1526 
1622 
1519 
1616 
1613 
1510 
1606 
1503 
1500 
1497 


9.995911 
995894 
995876- 
995869 
995841 
995823 
995806 
■996788 
995771 
. 995763 


29 
29 
29 
2.9 
29 
29 
29 
29 
30 
SO 


9.139476 
140409 
141340 
142269 
143196 
144121 
145044 

• 145966 
146885 
147803 


1556 
1652 
1548 
1645 
1542 
1539 
1536 
1533 
1^0 
. 1'526 


10.860524 
859591 
858660 
857731 
856804 
855879 
864956 
854034 
853115 
852197 


9 
8 
7 
6 
5 
4 
3 
2 
1 



1 CosiifB. 




Sme. 1 Cotang. | | Tanp. | M. 



82 Degrees. 



852 



(8 Degrees.) logabithmic 



M. 1 Sine. |D.100".J 


CoHine. J D. Tang. 


D.iwr. CoUng. 1 1 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.143555 
144453 
145349 
146243 
147136 
148026 
148915 
149802 
150686 
161569 
152451 


1497 
1494 
1491 
1487 
1484 
1481 
1478 
1475 
1472 
1469 
1|66 


9.996753 
995735 
995717 
■ 995699 
995681 
995664 
995646 
995628 
995610 
995591 
995578 

9.995555 
995587 
99551^ 
995501 
995482 
-995464 
995446 
995427 
995409 
995390 


30 
30 
30 
30 
30 
80 
30 
80 
80 
80 
80 


9.147808 
148718 
149632 
150544 
151454 
152363 
153269 
154174 
165077 
155978 
156877 


1626 
1528 
1520 
1617 
1514 
1611 
1508 
1505 
1502 
1499 
1496 


10.852197 
851282 
850368 
849456 
848546 
847637 
846731 
845826 
844923 
844022 
843123 


60 j 

59 

68 

67 

66 

56 

64 

63 

62 

51 

60 


9.153330 
154208 
155083 
155957 
156830 
157700 
158569 
159435 
160301 
161164 


1463 
1460 
1457 
1454 
1451 
1448 
1445 
1442 
1439 
1436 

1433 
1480 
1427 
1425 
1422 
1419 
1416 
1413 
1410 
1408 

1405 

1402 

1.399 

1397 

1394 

1391- 

1388 

1386 

1383 

1380 


30 
80 
80 
80 
81 
31 
81 
31 
31 
31 


9.157776 
158671 
159565 
160457 
161347 
162236 
163123 
164008 
164892 
165774 


1493 
1490 
1487 
1484 
1481 
1479 
1476 
1478 
1470 
1467 

1464 
1461 
1459 
1456 
1453 
1450 
1447 
1446 
1442 
1439 

1436 
1434 
1431 
1428 
1426 
1423 
1420 
1418 
1415 
1412 


10.842225 
841329 
840435 
839543 
838653 
837764 
836877 
835992 
835108 
834226 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 

25 
26 
27 
28 
29 
30 


9.162026 
162886 
163743 
164600 
165454 
166307 
16n59 
168008 
168856 
169702 


9.995372 
995353 
995334 
995316 
995297 
995278 
995260 
995241 
995222 
995203 


9.166654 
167532. 
168409 
169284 
170157 
171029 
171899 
172767 
173634 
174499 


10.833346 
832468 
831591 

■ 880716 
829843. 
828971 
828101 
827233 
826366 
825501 


89 
88 
87 
36 
85 
34 
33 
82 
31 
30 


31 
31 
31 
31 
81 
31 
31 
31 
81 
32 


31 

32 

33 

34 

35. 

36 

37 

38 

39 

40 


9.170547 
171389 
172230 

♦ 173070 
173908 
174744 
175678 
176411 
177242 
178072 


9.995184 
* 995165 
995146 
995127 
995108 
995089 
995070 
995051 
995032 
995013 


9.175362 
176224 
177084 
177942 

. 1?8799 
179655 
180508 
181860 
182211 
183059 


10.824638 
828776 
822916 
822058 
821201 
820345 
819492 
618640 
817789 
816941 


29 
28 
27 
26 
26 
24 
23 
22 
21 
20 


32 - 
32 
32 
32 
•32 
82 
82 
32 
32 
82 


41 
42 
43 
44 
45 
46 
47 
48 
49 


9,178900 
179726 
180551 
181374 
182196 
183016 
183834 
184661 
185466 
186280 


9.994998 
994974 
994955 
994Q35- 
994916 
994896 
994877 
994857 
994838 
. 994818 


9.183907 
184752 
185597 
186439 
187280 
188120 
188958 
189794 
190629 
191462 


10.816093 
815248 
814403 
813561 
812720 
811880 
811042 
810206 
809371 
.808538 


19 
18 
17 
16 
16 
14 
18 
12 
11 
10 


1377 
1375 
1372 
1369 
1367 
1364 
1362 
1359 
1356 
1354 


32 
32 
32 
32 
32 
33 
33 
33 
33 
33 


;4io 

1407 
1404 
1402 
• 1899 
1397 
1894 
1392 
1389 
1386 


51 
62 
53 
64 
65 
66 
67 
68 
69 
60 


9.187092 
187903 
188712 
189519 
190325 
191130 
191933 
192734 
14)3534 
194332 


9.994798 
994779 
994759 
994739 
994720 
994700 
994680 
994660 
994640 
994620 


9.192294 
193124 
. 193953 
194780 
195606 
196430 
197253 
198074 

. 198894 
199713 

• 


10.807706 
806876 
806047 
805220 
804394 
80357'0 
802747 
801926 
801106 
.800287 


9 
8 
7 
6 
6 
4 
8 
2 
1 



1351 
1349 
1346 
1.343 
1341 
1338 
1336 
13ai 
1331 
1328 


83 
33 
33 
33 
33 
33 
33 
33 
33 
33 


1384 
1381 
1879 
1376 
1374 
1371 
1869 
1367 
1364 
' 1362 




Cosine. 


1 Sine. . 1 


Cotang. 1 


Tang. 1 X. i 



81 Degreeft. 



BINES AND TANGENTS. (9 Degrees.) 



353 



I M. Sine. D.lOO". Cosine. D. Tang. 


p. 1(10". 


Cotang. 





1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.194332 
19pl29 
195925 
196719 
197511 
198302 
199091 
199879 
200666 
201451 
202234 


1328 
1326 
1323 
1321 
1318 
1316 
1313 
1311 
1309 
1306 
1304 


9.994620 
994600 
994580 
994560 
994540 
994519 
994499 
994479 
994459 
994438 
994418 


33 
83 
33 
34 
34 
84 
34 
34 
34 
84 
84 


9.199713 
200529 
201345 
202159 
202971 
203782 
204592 
205400 
206207 
207013 
207817 


1362 
1359 
1357 
1354 
1352 
1350 
1347 
1346 
1342 
1340 
1338 


10.800287 
799471 
798665 
797841 
797029 
796218 
795408 
794600 
793793 
792987 
792183 


60 
69 
68 
57 
56 
65 
54 
63 
52 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.203017 
203797 
204577 
205364 
206131 
206906 
207679 
208452 
209222 
209992 


1301 
1299 
1297 
1294 
1292 
1289 
1287 
1285 
1282 
1280 


9.994398 
994377 
994357 
994336 
994316 
994295 
994274 
994254 
994233 
994212 


34 
34 
34 
34 
34 
84 
34 
36 
35 
85 


9.208619 
209420 
210220 
211018 
211815 
212611 
213405 
214198 
214989 
215780 


1336 
1333 
1331 
1328 
1326 
1324 
1322 
1319 
1317 
1316 


10.791381 
790580 
789780 
788982 
788186 
787389 
786696 
786802 
785011 
784220 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 

24 
25 
26 
27 
28 
. 29 
30 


9.210760 
211526 
212291 
213055 
213818 
214579 
215338 
216097 
216854 
217609 


1278 
1275 
1273 
1271 
1269 
1266 
1264 
1262 
1259 
1257 

1255 
1253 
1251 
1248 
1246 
1244 
1242 
1240 
1237 
1235 


9.994191 
994171 
994150 
9D4129 
994108 
994087 
9940G6 
994045 
994021 
994003 


35 
35 
35 
35 
35 
35 
35 
35 
35 
36 

35 
35 
35 
35 
36 
36 
36 
36 
36 
36 

36 
36 
36 
36 
36 
36 
36 
36 
36 
37 


9.216568 
217366 
218142 
218926 
219710 
220492 
221272 
222052 
222830 
223607 

9.224382 
225156 
225929 
226700 
227471 

' 228239 
229007 
229773 
230539 
231302 

9.232065 
232826 
233586 
234345 
235163 
235859 
236614 
237368 
238120 
238872 


1312 
1310 
1308 
1306 
1303 
1301 
1299 
1297 
1295 
1292 


10.788432 
782644 
781858 
781074 

. 780290 
779508 
778728 
777948 
777170 
776893 


39 
88 
87 
86 
36 
84 
83 
82 
81 
80 

29 
26 
27 

26. 

24 • 

23 

22 

21 

20 


31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


9.218363 
219116 
219868 
220618 
221367 
222115 
222861 
223606 
224349 
225092 


9.993982 
993960 
993939 
993918 
993897 
993875 
993854 
993832 
993811- 
993789 

9.993768 
993746 
993725 
993703 
993681 
993660 
993638 
993616 
993594 
993572 


1290 
1288 
1286 
1284 
1282 
1280 
1277 
1275 
1273- 
1271 

1269 
1267 
1265 
1263 
1261 
1259 
1256 
1254 
1252 
1260 


10.775618 
774844 
774071 
773300 
772629 
771761 
770998 
770227 
769461 
768698 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.225833 
226573 
227311 
228048 
228784 
229518 
230252 
230984 
231715 
23244^ 


10.767936 
767174 
766414 
765656 
764897 
764141 
763386 
762632 
761880 
761128 


19 
18 
17 
16 
16 
14 
13 
12 
11 
10 

9 
8 
7 
6 
6 
4 
3 
2 
1 



1233 
1231 
1229 
1227 
1224 
1222 
1220 
1218 
1216 
1214 

1212 
1210 
1208 
1205 
1203 
1201 
1199 
1197 
1195 
1193 


51 
52 
53 
54 
65 
56 
67 
68 
59 
60 


9.23317? 
233899 
234625 
235349 
236073 
236795 
237516 

' 2.88235 
238958 
239670 


9.993550 
993528 
993506 
993484 
993462 
993440 
993418 
993396 
993374 
993351 


87 
37 
37 
37 
37 
37 
37 
37 
37 
37 


9.239622 
240371 
241118 
241865 
242610 
243354 
244097 
244839 
245579 
246319 


1248 
1246 
1244 
1242 
1240 
1238 
1236 
1234 
1232 
1230 


10.760378 
759629 
758882 
758135 
757390 
756646 
755903 
755161 
754421- 
753681 


Cosine. 




1 Sine. 1 1 Cotang. | Tang. | M. J 



80 Degrees. 



854 



(10 Degrees.) logarithmic 



M. 1 Sine. ID.TOO". 


CobIdc. 1 D.^ Tang. 1 D.lOO". 


Cotang. 1 ] 



1 
2 
3 

4 
5 
6 
7 
8 
9 
10 


9.239670 
240386 
241101 
241814 
242526 
243237 
243947 
244656 
245363 
246069 
246775 


1198 
1191 
1189 
1187 
1185 
1183 
1181 
1179 
1177 
1175 
1173 


9.993351 
993329 
993307 
993284 
993262 
993240 
993217 
993195 
993172 
993149 
993127 


87 
87 
87 
87 
87 
87 
88 
38 
38 
88 
88 


9.246319 
247057 
247794 
248530 
249264 
249998 
250730 
251461 
252191 
252920 
253648 

9.254374 
255100 
255824 
256547 
257269 
257990 
258710 
259429 
260146 
260863 


1230 
1228 
1226 
1224 
1223 
1221 
1219 
1217 
1215 
1213 
1211 


10.753681 
752943 
752206 
761470 
760736 
750002 
749270 
748639 
747809 
747080 
746352 


60 
69 
68 
67 
66 
66 
64 
63 
52 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.247478 
248181 
248883 
249583 
250282 
250980 
251677 
252373 
253067 
253761 


1171 
1169 
1167 
1165 
1164 
1162 
1160 
1158 
1156 
1154 


9.993104 
993081 
993059 
993036 
993013 
992990 
992967 
992944 
992921 
99289<^ 


38 
38 
88 
38 
88 
88 
88 
88 
88 
38 

38 
39 
89 
39 
89 
89 
89 
89 
89 
89 

39 
89 
89 
89 
89 
89 
89 
40 
40 
40 


1209 
1207 
1205 
1203 
1202 
1200 
1198 
1196 
1194 
1192 


10.745626 
744900 
744176 
743453 
742731 
742010 
741290 
740671 
739854 
739137 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
. 28 
29 
30 


9.254453 
255144 
255834 
256523 
257211 
257898 
268583 
259268 
259951 
260633 


9.i»928;6 
932852 
9.)2829 
9J2806 
992783 
992759 
992736 
992713 
992690 
992666 


9.261578 
262292 
263005 
263717 
264428 
265138 
265847 
266555 
267261 
267967 


10.738422 
737708 
736995 
736283 
785672 
734862 
784153 
783446 
732739 
732033 


89 ~ 

88 

37 ' 

86 

85 

84 

83 

82 

81. 

80 


1152 
1150 
1148 
1146 
1145 
1143 
1141 
1139 
1137 
1135 


1191 
1189 
1187 
1185 
1183 
1181 
1180 
1178 
1176 
1174 


31 
82 
33 
34 
35 
36 
37 
38 
39 
40 


9.261314 
261994 
262673 
263351 
264027 
264703 
265377 
266051 
266723 
267395 


9.992G4d 
992619 
992596 
992572 
992549 
992526 
992501 
992478 
992454 
992430 


9.268671 
269375 
270077 
270779 
271479 
272178 
272876 
273573 
274269 
274964 


10.731329 
730625 
729923 
729221 
728621 
727822 
727124 
726427 
725731 
725036 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 

8 
7 
6 
5 

4 
8 
2 

1 



1133 
1132 
1130 
1128 
1126 
1124 
1122 
1121 
1119 
1117 


1172 
1171 
1169 
1167 
1165 
1164 
1162 
1160 
1158 
1157 

1165 
1153 
1152 
1160 
1148 
1147 
1145 
1143 
1141 
1140 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.268065 
268734 
269402 
270069 
270735 
271400 
272064 
272726 
273388 
274049 


9.992406 
992382 
992359 
992335 
992311 
992287 
992263 
992239 
992214 
992190 


9.275658 
276351 
277043 
'277734 
278424 
279113 
279801 
280488 
281174 
281858 


10.724342 

723649 
722967 
722266 
721676 
.720887 
720199 
719612 
718826 
718142 


1115 
1114 
1112 
1110 
1108 
1106 
1105 
1103 
1101 
1100 


40 
40 
40 
40 
40 
40 
40 
40 
40 
40 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.274708 
275367 
276025 
276681 
277337 
277991 
278645 
279297 
279948 
280599 


9.992166 
992142 
992118 
992093 
992069 
992044 
992020 
991996 
991971 
991947 


9.282542 
283225 
283907 
284588 
285268 
285947 
286624 
287301 
287977 
288652 


10.717468 
716776 
716093 
716412 
714732 
714053 
713376 
712699 
71^23 
711848 


1098 
1096 
1094 
1093 
1091 
1089 
1088 
1086 
1084 
1082 


40 
40 
41 
41 
41 
41 
41 
41 
41 
41 


1138 
1136 
1135 
1133 
1132 
1130 
1128- 
1127 
1125 
1123 


Cosine. 


1 Sine. 


Cotang. I 1 Tang. | 


M. 



79 Degrees. 



SINES AND TANGENTS, (11 Degrees.) 



355 



M. ) Sine. | D.lOO". | Cosine. I D. I Taner. 1 D.lOO". I Cotanjr. \ 



1 
2 
8 
4 
6 
6 
7 
8 
9 
10 


$.280599 
281248 
281897 
282544 
283190 
283836 
284480 
285124 
285766 
286408 
287048 


1082 
1081 
1079 
1077 
1076 
1074 
1072 
1071 
1069 
1068 
1066 


9.991947 
991922 
991897 
991873 
991848 
991823 
991799 
991774 
991749 
991724 
991699 


41 
41 
41 
41 
41 
41 
41 
41 
41 
42 
42 


9.288652 
289326 
289999 
290671 
291342 
292013 
292682 
293350 
294017 
294684 
295349 


1123 
1122 
1120 
1119 
1117 
1115 
1114 
1112 
1111 
1109 
1107 


10.711348 
. 710674 
710001 
709329 
708658 
707987 
707318 
706650 
705983 
705316 
704651 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49' 

48 

47 

46 

45 

44 

43 

42 

41 

40 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.287688 
288326 
288964 
289600 
290236 
290870 
291504 
292137 
292768 
293399 


9.991674 
991649 
991624 
991599 
991574 
991549 
991524 
991498 
991473 
991448 


9.296013 
296677 
297339 
298001 
298662 
299322 
299980 
800688 
301295 
301951 


10.703987 
703323 
702661 
701999 
701338 
700678 
700020 
699362 
698705 
698049 


1064 
1063 
1061 
1059 
1058 
1056 
1055 
1053 
1051 
1050 

1048 
1047 
1045 
1044 
1042 
1040 
1039 
1037 
1036 
1034 


42 
42 
42 
42 
42 
42 
42 
42 
42 
42 


1106 
1104 
1103 
1101 
1100 
1098 
1097 
1095 
1094 
1092 

1091 
1089 
1088 
1086 
1084 
1083 
1082 
1080 
1079 
1077 

1076 
1074 
1073 
1071 
1070 
1068 
1067 
1065 
1064 
1063 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.294029 
294658 
295286 
295913 
296539 
297164 
297788 
298412 
299034 
299655 


9.991422 
991397 
991372 
991346 
991321 
991295 
991270 
991244 
991218 
991193 


9.302607 
303261 
303914 
304567 
305218 
305869 
306519 
307168 
307816 
308463 


10.697393 
696739 
696086 
695433 
694782 
694131 
693481 
692832 
692184 
691537 


39 
38 
37 
36 
85 
34 
33 
32 
31 
30 


42 
42 
42 
43 
43 
43 
43 
43 
43 
43 


81 
32 
83 
34 
35 
86 
87 
38 
39 
40 


9.800276 
800895 
801514 
302182 

802748 
3f)n864 
803979 
804593 
305207 
805819 


9.991167 
991141 
991115 
991090 
991064 
991038 
991012 
990986 
990960 
990934 

9.990908 
990882 
990855 
990829 
990803 
990777 
990750 
990724 
990697 
990671 


9.309109 
309754 
310399 
811042 
311685 
812327 

' 312968 
313608 
314247 
314885 


10.690891 
690246 
C89601 
688958 
688315 
687673 
687032 
€86392 
685753 
685115 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


1033 
1031 
1030 
1028 
1027 
1025 
1024 
1022 
1021 
1019 

1018 1 

1016 

1015 

1013 

1012 

1010 

1009 

1007 

1006 

1004 


43 
43 
43 
43 
48 
43 
43 
43 
43 
44 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.306480 
307041 
807650 
808259 
30886; 
309474 
310080 
810685 
811289 
811893 


9.315523 
316159 
816795 
817430 
818064 
318697 
319330 
819961 
320592 
321222 


10.684477 
683841 
683205 
682570 
681936 
681803 
680670 
680039 
679408 
678778 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


44 

44 

44 

44 

44 

44 

44. 

44 

44 

44 


1061 
1060 
1058 
1057 
1055 
1054 
1053 
1051 
1050 
1048 


51 
52 
53 
64 
55 
56 
67 
68 
69 
60 


9.312495 
313097 
813698 
314297 
814897 
815495 
816092 
316689 
817284 
817879 


9.990645 
990618 
990591 
990565 
990538 
990511 
990485 
990458 
990431 
990404 


9.321851 
322479 
323106 
323733 
324358 
324983 
325607 
326231 
326853 
327475 


10.678149 
677521 
676894 
676267 
675642 
675017 
674393 
673769 
673147 
672525 


9 
8 
7 
6 
6 
4 
3 
2 
1 

1 


1003 
1001 
1000 
998 
997 
996 
994 
993 
991 
990 


44 

44 
44 
44 
44 
45 
45 
45 
45 
45 


1047 
1046 
1044 
1043 
• 1042 
1040 
1039 
10.37 
1036 
1035 


1 Cosine. 1 Sine. | Cotang. | | Tang. | M. ( 



78 Degrees. 



856 



(12 Degrees.) logarithmic 



M. 1 8iDe. 1 D.lOO". | Cosine. 


D. 1 Tang. | D.lOO". | Cotang. | "j 



1 
2 
8 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.317879 
318473 
319066 
819658 
820249 
820840 
321430 
822019 
822607 
823194 
823780 

9.324366 
324950 
825534 
326117 
826700 
827281 
827862 
828442 
829021 
829599 


990 
989 
987 
986 
984 
983 
982 
980 
979 
977 
976 


9.990404 
990378 
990851 
990324 
990297 
990270 
990243 
990215 
990188 
990161 
990134 


45 
45 
45 
45 
46 
46 
45 
45 
45 
45 
45 


9.327476 
828095 
828715 
829334 
829953 
830570 
831187 
881803 
832418 
833033 
833646 


1035 
1033 
1082 
1031 
1029 
1028 
. 1027 
1026 
1024 
1028 
1021 


10.672525 
671906 
671285 
670666 
670047 
669480 
668818 
668197 
667682 
6669 7 
666854 


60 
59 
58 
57 
56 
65 
54 
6S 
52 
51 
50 


9.990107 
990079 
990052 
990025 
989997 
989970 
989942 
989915 
989887 
989860 


9.334259 
334871 
885482 
886093 
886702 
837311 
837919 
838527 
839133 
839739 


10.666741 
665129 
664618 
668907 
663298 
662689 
662081 
661478 
660867 
660261 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

89 
88 
87 
86 
35 
34 
83 
82 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
. 20 


975 
973 
972 
970 
969 
968 
966 
965 
964 
962 

961 
960 
958 
957 
956 
954 
953 
952 
950 
949 


4a 

46 
46 
46 
46 
46 
46 
46 
46 
46 


1020 
1019 
1017 
1016 
1015 
1014 
1012 
1011 
1010 
1008 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.330176 
330753 
831329 
831903 
832478 
833051 
333624 
834195 
834767 
335337 


9.989832 
989804 
989777 
989749 
989721 
989693 
989665 
989637 
989610 
989582 


9.340344 
840948 
841562 
842155 
842757 
843358 
843958 
844558 
845167 
846755 


10.659666 
659052 
668448 
667845 
657243 
656642 
656042 
665442 
654843 
664246 


46 
46 
46 
46 
46 
46 
47 
47 
47 
47 


1007 

1006 

1005 

1003 

1002 

1001 

1000 

998 

997 

996 


31 
32 
33 
34 
35 
36 
37 
88 
39 
40 


9.335906 
336475 
837043 
837610 
838176 
838742 
839307 
839871 
840434 
840996 

9.341558 
842119 
34^679 
343239 
843797 
844355 
844912 
345469 
346024 
346579 


9.989553 
989525 
989497 
989469 
989441 
989413 
989885 
989356 
989328 
989300 


9.346353 
346949 
347645 
848141 
848736 
849829 
849922 
360514 
851106 
851697 


10.658647 
658051 
652456 
661859 
651266 
660671 
650078 
649486 
648894 
648303 


948 
947 
945 
944 
943 
941 
940 
939 
933 
936 


47 
47 
47 
47 
47 
47 
47 
47 
47 
47 


995 
993 
992 
991 
990 
988 
987 
986 
985 
984 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

61 
52 
63 
54 
56 
56 
67 
58 
59 
60 


935 
934 
932 
931 
930 
929 
£27 
926 
925 
924 

922 
921 
920 
919 
918 
916 
• 915 
914 
913 
911 


9.989271 
989243 
989214 
989186 
989157 
989128 
989100 
989071 
989042 
989014 

9.988985 
988956 
988927 
988898 
988869 
988840 
988811 
988782 
988753 
988724 


47 
47 
48 
48 
48 
48 
48 
48 
48 
48 


9.852287 
852876 
853465 
854053 
864640 
856227 
856813 
856898 
856982 
857666 


982 
981 
980 
979 
978 
976 
976 
974 
973 
972 


10.647718 
647124 
646536 
645947 
645360 
644773 
644187 
643602 
643018 
642434 


19 
18 
17 
16 
15 
14 
Id 
12 
11 
10 


9.347134 
847687 
348240 
848792 
849343 
849893 
850443 
850992 
a51540 
852088 


9.358149 
858731 
859313 
859893 
860474 
861063 
861632 
362210 
862787 
863364 


10.641851 
641269 
640687 
640107 
639526 
638947 
688868 
637790 
637213 
636636 


9 
8 
7 
6 
5 
4 
3 
2 
1 



48 
48 
48 
48 
48 
48 
48 
49 
49 
49 


971 
969 
968 
967 
966 
965 
964 
962 
961 
960 


CoBine. 1 1 


Sine. 


Cotang. 




Tanp. 1 


M. 1 



77 Deg^rccB. 



SINES AND TANGENTS. (13 Degrees.) 



36* 



M. . Siue. 1 D.lOO". Cottiue. 


D. 


Tang. 


D.lOO". 


Cotang. 1 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.352088 
852635 
353181 
353726 
354271 
354815 
355358 
355901 
356443 
356984 
357524 


911 
910 
909 
908 
907 
905 
904 
903 
902 
901 
900 


9.988724 
988695 
988666 
988636 
988607 
988578 
988548 
988519 
988489 
988460 
988430 


49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 

49 
49 
49 
50 
50 
50 
50 
50 
50 
50 


9.363364 
363940 
864515 
365090 
365664 
866237 
866810 
367382 
367953 
368524 
369094 

9.369668 
370232 
370799 
871367 
871933 
372499 
373064 
373629 
874193 
374756 


960 
959 
958 
957 
956 
954 
953 
962 
951 
950 
949 


10.636636 
636060 
635485 
634910 
634836 
683763 
638190 
632618 
632047 
631476 
630906 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 


9.358064 
358603 
359141 
359678 
360215 
360752 
361287 
361822 
362356 
862889 


898 
897 
896 
895 
894 
892 
891 
890 
889 
888 

887 
* 886 
884 
883 
882 
881 
880 
879 
878 
876 

875 

874 

873 

.872. 

871 

870 

869 

868 

866 

865 

^^64 
863 
862 
861 
860 
859 
858 
857 
856 
855 

854 
852 
851 
850 
849 

847 
846 
845 
844 


• 9.988401 
988871 
988342 
988312 
988282 
988252 
988223 
988193 
988163 
988133 


948 
947 
945 
944 
943 
942 
941 
940 
939 
938 

937 
936 
935 
933 
932 
931 
930 
929 
928 
927 


10.630337 
629768 
629201 
628633 
628067 
627501 
626936 
626371 
625807 
625244 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.363422 
363954 
364485 
365016 
865546 
866075 
366604 
367131 
367659 
368185 


9.988103 
988073 
988043 
988013 
987983 
987953 
987922 
987892 
987862 
987832 


9.375319 
375881 
876442 
877008 
877663 
878122 
878681 
879239 
379797 

. 380354 


10.624681 
624119 
623558 
622997 
622437 
621878 
621319 
620761 
620203 
619646 


39 
38 
37 
36 
35 
34 
33 
32 
31 
80 


50 
50 
50 
50 
50 
50 
50 
50 
50 
51 


31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


9.368711 
369236 
369761 
370285 
370808 
371830 
371852 
872373 
372894 
373414 


9.987801 
987771 
987740 
987710 
987679 
987649 
987618 
987588 
987557 
987526 


9.380910 
381466 
882020 
382575 
383129 
383682 
384234 
384786 
885337 
885888 

9.38H438 
886987 
387536 
388084 
888631. 
3891,78 
389724 
390270 
890815 
891360 


10.619090 
618534 
617980 
617425 
616871 
616318 
615766 
615214 
614663 
614112 

10.613562 
613013 
612464 
611916 
611369 
610822 
610276 
609730 
609185 
608640 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


51 
51 
51 
51 
51 
51 
51 
51 
51 
51 


926 

925 

924 

923 

922 

921. 

920 

919 

918 

917 

916 
915 
914 
913 
912 
910 
909 
908 
907 
906. 


41 

42. 
43 
44 
45 
46 
47 
48 
. 49 
50 


9.373933 
374452 
374970 
875487 
876003 
876519 
377035 
377549 
878063 
378577 


9.987496 
987465 
987434- 
. 987403 
987372 
987341 
987310 
987279 
987248 
P87217 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


61 
51 
51 
51 
52 
'52 
52 
52 
52 
52. 


51 
52 
53 
54 
55 
56 
57 
.58 
'59 
60 


9.379089 
379601 
880113 
880624 
881134 
381648 
882152 
882661 
868168 
883675 


9.987186 
987155 
987124 
987092 
987061 
987080 
yooswo 
986967 
9^6936 
986904 


9.391903 
392447 
892989 
893531 
394073 
894614 
895154 
895694 
896238 
396771 


10.608097 
607553 
607011 
606469 
606927 
605386 
604846 
604306 
603767 
603229 


9 
8 
7 
6 
5 
4 
3 
2 
1 



52 
52 
52 
52 
52 
52 
52 
52 
52 
52 


905 
904 
903 
902 
901 
900 
899 
898 
897 
897 


Cosine. • 


» 


Sine. 1 1 Cotang. | | .Tanp. | M. ] 



76 Degrees. 



358 



(14 Degrees.) logabithmic 



M. Sine. | D.IOO". | Coeinc. | D. | Tang. | D.lOO". | Cotanp. | | 



1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.383675 
884182 
884687 
885192 
385697 
886201 
886704 
387207 
387709 
888210 
388711 


844 
843 
842 
841 
840 
839 
838 
837 
836 
835 
834 

833 
832 
831 
830 
829 
828 
827 
826 
825 
824 

823 
822 
821 
820 
819 

ai8 

817 
816 
815 
814 


9.986904 
986873 
986841 
986809 
986778 
986746 
986714 
986683 
986651 
986619 
986587 


62 
53 
53 
53 
53 
53 
63 
63 
63 
63 
63 


9.396771 
397309 
897846 
8983^3 
898919 
899455 
899990 
400524 
401058 
401591 
402124 


897 
896 
896 
894 
893 
892 
891 
890 
889 
888 
887 


10.603229 
602691 
602164 
601617 
601081 
600545 
600010 
699476 
698942 
698409 
697876 


60 
59 
68 
67 
66 
66 
64 
53 
62 
51 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.389211 
389711 
890210 
890708 
.891206 
391703 
892199 
892695 
393191 
393685 


9.986555 
986523 
986491 
986459 
986427 
986396 
986363 
986331 
986299 
986266 


9.402656 
403187 
403718 
404249 
404778 
405308 
405836 
406364 
406892 
407419 

9.407945 
408471 
408996 
409521 
410045 
410569 
411092 
411615 
412137 
412658 


10.597344 
. 696813 
696282 
695751 
695222 
694692 
694164 
693636 
693108 
692581 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


63 

63 
63 
63 
63 

54 
64 
64 
. 64 
64 


886 
886 
884 
883 
882 
881 
880 
879 
878 
877 

876 
876 
876 
874 
873 
872 
871 
•870- 
869 
868 


9.894179 
394673 
395166 
395658 
396150 
396641 
897132 
897621 
398111 
398600 

9.399088 
399575 
400062 
400549 
401035 
401520 
402005 
402489 
402972 
403455 

9.403938 
404420 
404901 
405382 
405862 
406341 
406820 
407299 
40/777 
408254 


9.98623i 
• 986202 
986169 
986137 
986104 
986072 
986039 
986007 
985974 
985942 


10.692055 
691529 
691004 
690479 
689956 
689431 
688908 
688385 
687863 
687342 


89 
88 
87 
86 
85 
84 
83 
82 
81 
80 

29 
28 
27 
26 
.25 
24 
23 
22 
21 
20 


64 
64 
54 
64 
64 
54 
54 
54 
64 
64 


31 

32 

83 

34 

85 

86 

37- 

38 

39 

40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.985909 
985876 
985843 
985811 
985778 
985745 
985712 
985679 
985646 
985618 


9.413179 
413699 
414219 
414738 
415257 
415775 
416293 
41^10 
417326 
417842 


10.686821 
586301 
685781 
585262 
684743 
684226 
683707 
683190 
682674 
682158 


813 
812 
811 
810 
809 
808 
807 
806 
805 

804r 

803 
802 
801 
800 
799 
798 
797 
796 
796 
796 

794 
793 
792 
791 
790 
789 
788 
787 
786 
785 


55 
65 
65 
55 
65 
56 
55 
66 
66 
66 


•867 . 
866 

. 865 
865 
864 
863 
862 
861 
860 
859 


9.985580 
985547 
985514 
985480 
985447 
985414 
985381 
985347 
985314 
985280 


9.418358 
418873 
419387 
419901 
420415 
420927 
421440 
421952 
422463 
422974 

9.423484 
423993 
424503 
425011 
425519 
426027 
426634 
427041 
427647 
428052 


10.581642 
681127 
580613 
580099 
679585 
679073 
678560 
678048 
677537 
677026 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


65 
56 
65 
55 
65 
66 
56 
66 
66 
56 


858 
857 
857 
856 
855 
854 
853 
852 
851 
850 

850 
849 
£48 
847 
846 
846 
844 
844 
843 
842 


9.408731 
409207 
409682 
410157 
410632 
411106 
411579 
412052 
412524 
412993 


9.985247 
• 985213 
985180 
985146 
985113 
985079 

985011 
984978 
984944 


10.676516 
676007 
576497 
674989 
574481 
678973 
673466 
672969 
672453 
671948 


9 
8 
7 
6 
5 
4 
3 
2 
1 



56 
66 
66 
66 
56 
66 
66 
66 
66 
56 


1 Cosine. 1 | Sine. | | Cotang. | | Tang. | Mr] 



75 Degrees'. 



SINES AND TANGENTS. (15 Degrees.) 



359 



M. 1 Sine. D.lOO". | Coelne. | D. | Taug. | D.lOO". Cotang. . | | 



1 
2 
3 

4 
5 
6 
7 
8 
9 
10 


9.412996 
413467 
413938 
414408 
414878 
415347 
415815 
416283 
416751 
417217 
417684 


785 
784 
784 
783 
782 
781 
780 . 
779 
'778 
777 
776 


9.984944 
984910 
984876 
984842 
984808 
984774 
984740 
984706 
984672 
984638 
984603 


67 
67 
67 
67 
67 
67 
67 
67 
67 
67 
67 


^.428052 
428558 
429062 
429566 
430070 
430573 
431075 
431577 
432079 
432580 
433080 


842 
841 
840 
839 
838 
838 
837 
836 
835 
834 
833 


10.671948 
671442 
670938 
670434 
669930 
669427 
668925 
668423 
667921 
667420 
666920 


60 
69 
68 
67 
66 
66 
64 
63 
62 
61 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.418150 
418615 
419079 
419544 
420007 
420470 
420933 
421395 
421857 
422318 


775 
775 
774 
773 
772 
771 
770 
769 
768 
767 


9.984569 
984535 
984500 
984466 
984432 
984397 
984363 
984328 
984294 
984259 


57 
67 
67 
67 
67 
68 
68 
68 

6a. 

68 


9.433580 
434080 
434579 
435078 
435576 
436073 
436570 
437067 
437563 
438059 


833 
832 
831 
830 
829 
828 
828 
•827 
826 
825 


10.666420 
665920 
665421 
664922 
664424 
663927 
563430 
662933 
662437 
661941 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.422778 
423238 
423697 
424156 
424615 
426073 
425530 

' 425987 
426443 
426899 


767 
766 
765 
764 
763 
762 
761 
761 
760 
759 


9.984224 
984190 
984155 
984120 
984085 
984050 
9,84015 
983981 
983946 
.983911 


68 

68 

68 

68 

58 

68 

68 

68 

58. 

58 


9.438554 

4890J8 
• 4C9543 
440036 
440529 
441022 
441514 
442006 
442497 
442988 


824 
824 
823 
822 
821 
820 
820 
819 
818 
817 


10.561446 
660952 
660457 
669964 
659471 
658978 
658486 
557994 
. 657503 
657012 


39 
88 
37 
36 
85 
84 
83 
82 
81 
80 


31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


9.427354 
427809 
428263 
428717 
429170 
429623 
430075 
430527 
430978 
431429 


758' 

757 

756 

765 

765 

754 

753 

762 

761 

750 


9.983875 
983840 
983805 
983770 
983735 
983700 
983664 
983629 
983594 
983558 


68 
69 
69 
69 
69 
69 
59 
69 
59 
69 


9,443479 
443968 
444458 
444947 
445436 
445923 
446411 
446898 
447384 
447870 


816 
816 
816 
814 
813 
813 
812 
811 
810 
809 


10.556521 
656032 
655542 
655063 
664565 
654077 
653589 

• 553102 
652616 
652130 


29 
28 
27 
26 
25 
24 
28 
22 

V- 

20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
60 


9.431879 
432329 
432778 
433226 
433675 
434122 
434569 
435016 
435462 
435908 


760 
749 
748 
•747 
746 
746 
745 
744 
743 
742 


9.983523 
983487 
983452 
983416 
983381 
983346 
983309 
983273 
983238 

., 983202 

9.983166 
983130 
983094 
983058 
983022 
982986 
982950 
982914 
982878 
982842 


69 
69 
59 
59 
69 
59 
60 
CO 
60 
60 


9.448366 
448841 
449326 
449810 
450294 
450777 
451260 
451743 
452226 
. 452706 


809 

808 

807 . 

806 

806 

805 

804 

803 

803 

802 . 


10.561644 
651159 
650674 
650190 
649706 
649228 
648740 
648257 
647775 
647294 


19 
18 
17 
16 
16 
14 
13 
12 
11 
10 


51 
62 
63 
64 
65 
66 
67 
68 
69 
60 


9.436363 
436798 
437242 
437686 
438129 
438572 
439014 
439456 
439897 
440338 


9.453187 
453668 
454148 
454628 
455107 
455586 
456064 
466642 
467019 
467496 


10.546813 
646332 
645852 
645372 
644893 
644414 
643936 
643468 
642981 
642604 


9 
8 
7 
6 
6 
4 
8 
2 
1 



741 
740 
740 
739 
738 
737 
736 
736 
735 
734. 


60 
60 
60 
60 
60 
60 
60 
60 
60 
60 


801 
800 
800 
799 
798 
797 
797 
796 
795 
794 


1 Cosine. 


Sine. 1 


1 Cotang. 1 1 Tang. 


M. 



74 Degrees. 



860 



(16 Degrees.) logarithmic 



M.J^ 


Sine. ID.IOO".] Coalne. | D. | Taug. [ D.lOO". C«>t«n|r. | 



1 
2 
3 

4 
5 
6 
7 
8 
9 
10 


9.440338 
440778 
441218 
441668 
442096 
442535 
442973 
443410 
443847 
444284 
444720 

9.445155 
445590 
446025 
446459 
446893 
447326 
447769 
448191 
448623 
449054 


784 
733 
782 
731 
731 
730 
729 
728 
728 
727 
726 

725 
724 
724 
723 
722 
721 
720 
720 
719 
718 

717 

717 

716 

715 

714 

713 

713 

712 

711 • 

710 

710 
709 
708 
707 
707 
706 
705 
704 
704 
703 

702" 

701 

701 

700 

699 

698 

698 

697 

696 

696 


9.982842 
982805 
982769 
982733 
982696 
982660 
982624 
982587 
982551 
982614 
982477. 


60 
60 
61 
61 
61 
61 
61 
61 
61 
.61 
61 


9.467496 
457973 
458449 
458926 
469400 
459875 
460349 
460823 
461297 
461770 
462242 


794 
794 
793 
792 
791 
791 
790 
789 
788 
788 
787 

786 
786 
785 
784 
783 
783 
782 
781 
781 
780 


10.542504 
642027 
641551 
641076 
640600 
640125 
539661 
539177 
638703 
638230 
537768 

10.637286 
636814 
636842 
635872 
635401 
534931 
634461 
533992 
633523 
633065 


60 
59 
58 
67 
56 
56 
54 
63 
62 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.982441 
982404 
982367 
982831 
982294 
982257 

. 982220 
982188 
982146 
982109 


9.462715 
463186 
463658 
464128 
464599 
. 465069 
465539 
466008 
466477 
466945 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


61 
61 
61 
61 
61 
61 
62 
62 
•62 
62 

G2 

62 

62 

62 

62 

62 

62 

62 

62" 

62 


21 
22 
23 
24 
26 
26 
27 
28 
29 
30 


9.449485 
449915 
450345 
450776 
451204 
451632 
452060 
452488 
452916 
453342 


9.982072 
982035 
981998 
981961 

. 981924 
981886 
981849 
981812 
981774 
981737 


9.467413 
467880 
468347 
468814 
469280 
469746 
470211 
470676 
471141 
471605 


10.532587 
632120 
631663 
631186 
630720 
630264 
629789 
629324 
628859 
628395 


39 
38 
87 
86 
85 
84 
83 
32 
81 
80 


779 
778 
778 
777 
776 
776 
776 
774 
774 
773 


31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


9.453768 
454194 
454619 
455044 
455469 
455893 
456316 
456739 
457162 
457584 


9.981700 
981662 
981625 
981587 
981549 
981512 
981474 
981436 
981399 
981361 


9.472069 
472532 

. 472995 
473457 
473919 
474381 
474842 
475303 
475763 
476223 


10.527931 
627468 
627005 
626543 
626Q81 
625619 
625168 
624697 
624287 
623777 


29. 
28 
27 
26 
25 
24 
23 
.22 
21 
20 


62 
63 
63 
63 
63 
63 
63 
63 
63 
63 

63 
63 
63 
63 
63 
63 
64 
64 
64 
64 


772 
771 
771 
770 
769 
769 
768 
767 
767 
766 

765 
765 
764 
763 
763 
762 
761 
761 
760 
759 


41 
42 
43 
44 
45 
46 
47 
48 
49 
60 


9.458006 
458427 
468848 
459268 
459688 
460108 
460527 
460946 
461364 
461782 


9.981323 
981285 
981247 
981209 
981171 
981133 
981096 
981057 
981019 
980981 

9.980942 
980904 
980866 
980827 
980789 
960760 
980712 
980678 
980635 
980596 


9.476683 
477142 
477601 
478059 
478517 
478975 
479432 
479889 
480345 
480801 


10.523317 
622868 
522399 
621941 
621483 
621025 
620568 
620111 
619656 
619199 


19 
18 
17 
16 
1& 
14 
13 
12 
11 
10 


51 
62 
53 
64 
55 
66 
67 
68 
59 
60 


9.462199 
462616 
463032 
463448 
463864 
464279 
464694 
465108 
465522 
466985 


9.481267 
481712 
482167 
482621 
483075 
483529 
483982 
484485 
484887 
485389 


10.518743 
618288 
617883 
617879 
616925 
616471 
• 616018 
615566 
615113 
614661 


9 
8 
7 
6 
5 
. 4 
8. 
2 
1 



695 
694 
693 
693 
692 
6^1 
690 
690 
689 
688 


64 
64 
64 
64 
64 
64 
64 
64 
JB4 
64 


759 
758 
757 
757 
756 
766 
765 
764 
753 
753 


1 GoBine. 


Blue. 1 1 Cotaiig. 1 1 Tang. | M. 1 



t8 Degrees. 



SIXES AND TANGENTS. (l7 Degrees.) 



36) 



M. Sine. J D.lOO". | Cosine. | D. 


Tanp. 


D.lOO". J 


Cotang. 





1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.465935 
466848 
466761 
467173 
467585 
467996 
468407 
468817 
469227 
469637 
470046 


688 

688 
687 
686 
685 
685 
684 
683 
683 
682 
681 

681 
680 
679 
678 
678 
677 
676 
676 
675 
674 


9.980596 
980658 
980519 
980480 
980442 
980403 
980364 
980325 
980286 
980247 
980208 


64 

64 
66 
65 
66 
65 
65 
65 
65 
65 
65 


9.486339 
486791 
486242 
486693 
487143 
487693 
488043 
488492 
488941 
489390 
489838 


763 

752 
751 
751 
750 
750 
749 
748 
748 
747 
746 


10.514661 
514209 
518758 
513307 
512867 
512407 
511967 
511508 
611059 
510610 
510162 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
60 


11 

12 

13 

14. 

15 

16 

17 

18 

19 

20 


9.470455 
470863 
471271 
471679 
472086 
472492 
472898 
473304 
473710 
474115 


9.980169 
980130 
980091 
980052 
980012 

■ 979973 
979934 
979895 
979856 
979816 


9.490286 
490733 
491180 
491627 
492078 
492619 
492965 
493410 
493854 
494299 


10.509714 
509267 
508820 
508373 
507927 
507481 
507035 
606590 
506146 
605701 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


65 
65 
65 
66 
65 
66 
66 
63 
66 
66 


746 
745 
744 
744 
743 
743 
742 
741 
741 
740 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.474619 
474923 
476327 
476730 
476133 
476636 
476938 
477340 
477741 
478142 


9.979776 
979737 
979697 
979668 
979618 
979679 
979639 
979499 
979469 
979420 


9.494743 
496186 
466630 
496073 

• 496515 
496967 
497399 
497841 
498282 
498722 


10.505257 
504814 
504370 
603927 
503485 
503043 
502601 
502159 
501718 
501278 


39 
38 
37 
86 
35 
34 
33 
32 
31 
"80 


674 
• 673 
672 
672 
671 
670 
669 
669 
668 
667 

667 
666 
666 
666 
664 
663 
663 
662 
661 
661 

660 
659 
659 
658 
657 
657 
656 
665 
655 
654 

664 
663 
662 
662 
651 
650 
660 
649 
648 
648 


66 

66 

66 

66 

66 

66 

66 

66 . 

66 

66 


740 
739 
738 
738 
737 
•736 
736 
735 
734 
734 

733 
733 
732 
731 
731 
730 
730 
729 
728 
728 

727 
727 
726 
725 
725 
724 
724 
723 
.723 
722 

721 
721 
720 
720 
719 
718 
718 
717 
717 
716 


31 

82 

33 

34 

35 

86 

37 . 

38 

39 

40 


9.478642 
478942 
479342 
479741 
480140 
480539 
480937 
481334 
481731 
482128 


9.979380 
979340 
979300 
979260 
979220 
979180 
979140 
979100 
979059 
979019 


9.499163 
499603 
500042 
500481 
500920 
501359 
501797 
502235 
502672 
503109 


10.500837 
500397 
499958 
499619 
499080 
498641 
498203 
497765 
497328 
496891 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


B6 
67 
67 
67 
67 
67 
67 
67 
67 
67 


41 
42 
43 

44 
45 
46 

47 

49 

49 
50 


9.482525 
482921 
483316 
483712 
484107 
484601 
484896 
485289 
485682 
486075 


9.978979 
978939 
978898 
978868 
• 978817 
978777 
978737 
978696 
978665 
978616 


9.503546 
503982 
504418 
•504854 
505289 
505724 
606159 
606693 
607027 
607460 

9.607893 
508326 
508769 
509191 
509622 
610054 
510486 
510916 
511346 

. 51177^ 


10.496454 
496018 

. 495582 
496146 
494711 
494276 
493841 
49.3407 
492973 
492540 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


67 
67 
«7 
67 
67 
67 
68 
68 
68 
68 

68 
68 
68 
68 
68 
68 
68 
68 
68 
68 


51 
52 
53 
54 
55 
66 
57 
58 
69 
60 


9.486467 
486860 
487251 
487043 
488034 
488424 
488814 
489204 
489693 
489982 


9.978674 
978633 
978493 
978462 
978411 
978370 
978329 
978288 

. 978247 
978206 


10.492107 
491674 
491241 
490809 
490378 
489946 
489616 
489084 
488654 
488224 


9 
8 
7 
6 
5 
4 
3 
2 
1 



1 CoAine. | | Sin«. | 




Cotang. 




Tang. M. | 



72 Degrees. 

Q 



t62 



(18 Degrees.) logarithmic 



M. 


Sine. 


D.lOO". 


L Cosine. 


D. 


Tang. 


D.lOO". 


Cotang. 1 1 



1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.489982 
490871 
490759 
491147 
491535 
491922 
492308 
492695 
493081 
493466 
493851 


648 
647 
647 
646 
645 
645 
644 
648 
648 
642 
641 


9.978206 

• 978165 
978124 
978083 
978042 
978001 
977959 
977918 
977877 
977835 

• 977794 


68 

68 
69 
69 
69 
69 
69 
69 
69 
69 
69 


9.511776 
612206 
612635 
513064 
513493 
513921 
614349 
614777 
515204 
515631 
516057 


716 

716 

715 

714 

714- 

713 

718 

712* 

712 

711 

710 


10.488224 
487794 
487365 
486936 
486507 
486079 
485651 
485228 
484796 
484369 
483943 


60 
69 
68 
67 
66 
55 
64 
68 
62 

.61 
60 


11 
12 
IS 
14 
15 
16 
17 
18 
19 
20 


9.494236 
494621 
495005 
495388 
495772 
496154 
496537 
496919 
497801 
497682 


641 
640 
640 
689 
638 
638 
637 
636 
686 
685 


9.977752 
977711 
977669 
977628 
977586 
977544 
977503 
977461 
977419 
977377 


69 

69 

69 

69 

69 

70 

70 

70 

70. 

70 


9.516484 
516910 
617335 
617761 
618186 
518610 
619034 
519458 
519882 
520305 


710 
709 
709 
708 
708 
707 
707 
706 
705 
705 


10.483516 
483090 
482666 
482239 
481814 
481390 
480966 
* 480542 
480118 
479696 


49 
48 
47 
46 
46 
44 
48 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
80 


9.498064 
498444 
498825 
499204 
499584 
499968 
500^2 
600721 
501099 
601476 


636 
634 
633 
638 
682 
632 
631 
630 
680 
629 


9.977335 
977293 
• 977251 
977209 
977167- 
977125 
977083 
977041 
976989 
976957 


70 
70 
70 
70 
70 
70 
70 
70 
70 
70 


9.520728 
521151 
621573 
521995 
622417 
522838 
623259 
523680 
524100 
624520 

9.524940 
525359 
525778 
526197 
526615 
627033 
627451 
527868 
528285 
628702 


704 
704 
708 
703 
702 
702 
701 
701 
700 
699 


10,479272 
478849 
478427 
478005 
477588 
477162 
476741 
476820 
475900 
476480 


89 
88 
87 
86 
85 
34 
83 
32 
31 
80 


81 
82 
83 
84 
85 
36 
87 
88 
89 
40 


9.501854 
502231 
602607 
602984 
603860 
503735 
504110 
504485 
504860 
605234 


628 

628 

627 

627* 

626 

625 

625 

624 

624 

623 

622 
622 
621 
621 
620 
619 
619 
618 
618 
617 

617 
616 
615 
615 
614 
614 
613 
612 
612 
611 


9.976914 
976872 

. 976830 
976787 
976745 
976702 
976660 
976617 
976574 
976532 


7l 
71 
71 
71 
71 
71 
71 
71 
71 
71 


699 

698 

698 

697 

697 

696 " 

696 

696 

695 

694 


10.475060 
474641 
474222 
473803 
473385 
472967 
472549 
472132 
471715 
471298 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


41 

42 

43 

44 

45 

46. 

47 

48 

49* 

50 


9.505608 
506981 
506354. 
506727 
507099 
507471 
507843 
608214 
608585 
508956 


9.976489 
976446 
976404 
976361 
976318 
976275 
976232 
976189 
976146 
976103 


9.529119 
629536 
529951 
630366 
630781 
531196 
531611 
632025 
632489 
632853 


10.470881 
470465 
470049 
469684 
469219 
468804 
468889 
467975 
467661 
467147 


19 
18 
17 
16 
16 
14 
18 
12 
11 
10 


71 
71 
71 
71 
71 
72 
72 
72 
72 
72 


694 
693 
693 
692 
691 
691 
690 
690 
689 
689 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.509326 
509696 
510066 
61Q434 
510808 
511172 
611540 
611907 
612275 
612642 


9.976060 
• 976017 
975974 
975930 
975887 
975844 
975800 
976757 
975714 
975670 


9.533266 
533679 
534092 
634504 
634916 
535328 
536739 
536150 
636561 
536972 


10.466734 
466821 
465906 
465496 
465084 
464672 
464261 
463850 
468489 
468028 


9 

8 
7 
6 
5 
4 
8 
2 
1 



72 
72 

72 
72 
72 
72 
72 
72 
72 
72 


688 
688 
687 
687 
686 
686 
685 
686 
684 
684 




Cosine. 


1 


I Sine. 1 


Cotang. 1 


Tang. I M. | 



71 Degrees. 



SINES AND TANGENTS. (19 Degrees.) 



363 



M. 1- Sine. ID.IOO". 


Cosine. | D. Tang. D.lOO". Cotaug. 


V 



•1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.512642 
513009 
513375 
513741 
514107 
514472 
514837 
615202 
515566 
515930 
516294 


611 
611 
610 
609 
609 
608 
608 
607 
607 
606 
606 


9.975670 
975627 

. 976583 
975539 
975496 
975452 
975408 
975365 
975321 
976277 
975233 


.73 
73 
73 
73 
73 
73 
73 
73 
73 
73 
73 


9.536972 
537382 
637792 
638202 
538611 
539020 
539429 
539837 
640245 
640653 
541061 


684 
683 
683 
682 
682 
681 
681 
680 
680 
679 
679 


10.463028 
462618 
462208 
461798 
461389 
460980 
460671 
460163 
459755 
459347 
458939 


60 
59 
58 
67 
56 
66 
64 
53 
52 
61 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.516657 
517020 
517382 
517745 
518107 
518468 
518829 
519190 
519551 
519911 


9.975189 
975145 
975101 
976057 
975013 
974969 
974925 
974880 
974836 
974792 


9.541468 
641875 
542281 
542688 
643094 
643499 
643905 
544310 
644715 
545119 


lU. 458532 
458125 
457719 
457812 
456906 
466501 
466095 
455690 
456285 
454881 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

89 
38 
87 
36 
85 
34 
38 
82 
81 
80 


605 
604 
604 
603 
603 
602 
602 
601 
600 
600 


73 
73 
73 
73 
74 
74 
74 
74 
74 
74 


. 678 
678 
677 
677 
676 
676 
675 
675 
674 
674 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 


9.520271 
520631 
520990 
521349 
521707 
522066' 
622424 
522781 
523138 
523495 

a , 


9.974748 
974703 

• 974669 
974614 
974570 
974526 
974481 
974436 
974391 
974347 


9.545524 
545928 
646331 
546785 
547138 
547640 
647943 
648345 
648747 
549149 


10.454476 
454072 
453669 
453265 
452862 
452460 
452057 
451655 
451253 
450851 


599 
599 
598 
r 598 
697 
697 
596 
596 
595 
694 


74 
74 
74 
74 
74 
74 
74 
74 
75 
75 


673 

673 

672- 

672 

671 

671 

670 

670 

6(>9 

669 


9.523852 
524208 
524564 
524920 
525275 
525630 
525984 
526339 
526693 
627046 


• 9.974302 
974257 
974212 
974167 
974122 
974077 
974032 
973987 
973942 
973897 


9.549550 
549951 
550352 
660752 
551153 
551552 
551952 
552351 
652750 
553149 


10.460450 
460049 
449648 
449248 
448847 
448448 
448048 
447649 
447260 
446851 


29 
28 
27 
26 
25 
24 
28 

21 
20 


594 
593 
593 
592 
592 
591 
691 
690 
689 
689 


75 
75 
75 
75 
75 
75 
75 
75 
75 
75 


668 
668 
667 
667 
666 
666 
666 
665 
665 
664 


41 
42 
43 
44 
45 
46 
47 
^ 
49 
50 


9.527400 
527753 
528105 
528458 
528810 
529161 
529513 
529864 
530215 
530565 


9.973852 
973807 
973761 
973716 
973671 
973625 
973580 
973536 
973489 
973444 


9.553648 
558946 
654344 
654741 
556189 
555536 
556933 
666329 
656725 
657121 


10.446452 
446054 
445656 
' 445269 
444861 
444464 
•444067 

. 443671 
443275 
442879 


19 
18 
17 
16 
15 
14 
18 
12 
11 
10 


588 
588 
687 
687 
586 
686 
685 
685 
584 
584 

583 
583 
582 
581 
581 
580 
. 580 
679 
679 
678 


75 
76 
75 
76 
76 
76 
76 
76 
76 
76 


664* 
663 
663 
662 
662 
•661 
661 
660 
660 
659 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.630915 
531265 

• 531614 
531963 
532312 
532661 
633009 
533357 
533704 
634052 


9.973398 
973352 
973307 
973261 
973215 
973169 
978124 
973078 
973032 
972986 


9.557517 
557913 
658308 
558708 
669097 
659491 
559885 
560279 
560673 
561066 


10.442483 
442087 
441692 
441297 
440903 
440509 
440115 
439721 
489327 
488934 


9 

8 
7 
6 
6 
4 
3 
2 
1 



76 
76 
76 
76 
76 
76 
76 
76 
77 
77 


659 
659 
658 
658 
657 
667 
666 
656 
656 
655 


1 Cosine. 1 


. Sine. 




.Cotang. 1 Tang. | M. J 



70 Degrees. 



864 



(20 Degrees.) logarithmic 



M. Sine. 


[ D.lOO". Cosine. 


D. 1 Tang. |D.l(iO".| Cotang. 





1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.534052 
534399 
534745 
535092 
535438 
535788 
536129 
536474 
536818 
537163 
537507 


578 
578 
577 
677 
676 
576 
675 
575 
574 
574 
573 


9.972986 
972940 
972894 
972848 
972802 
972756 
972709 
972663 
972617 
972570 
972524 


77 
77 
77 
77 
77 
77 
77 
77 
77 
77 
77 


9.561066 
561459 
561851 
562244 
562636 
563028 
563419 
663811 
564202 
604593 
664983 


655 
654 
654 
654 
653 
653 
652 
652 
651 
651 
650 


10.438934 
438641 
438149 
437756 
437364 
436972 
436581 
436189 
435798 
435407 
435017 


60 

59 

58 

57 

66 

65 

64 1 

53 

52 

51 

50 


11 
1 12 
13 
14 
15 
16 
17 
18 
19 
20 


9.537851 
538194 
538538 
538880 
539223 
539565 
539907 
540249 
540590 
540931 


573 

672 

671 

571 • 

570 

570 

569 

669 

568 

568 


9.972478 
972431 
972385 
972338 
972291 
972245 
972198 
972151 
972105 
972058 


77 
77 
78 
78 
78 
78 
78 
78 
78 
78 


9.565373 
665763 
666153 
566542 
666932 
567320 
567709 
668098 
568486 
568873 


650 
649 
649 
649 
648 
648 
647 
647 
646 
646 


10.434627 
434237 
433847 
433458 
483068 
432680 
432291 
431902 
431514 
431127 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
84 
35 
36 
37 

as 

3v) 
40 


9.541272 
541613 
541953 
542293 
542632 
542971 
543310 
543649 
543987 
544325 


567 
567 
•666 
666 
565 
685 
664 
664 
563 
563 


9.972011 
971964 
971917- 
971870 
971823 
971776 
971729 
971682 
971635 
971688 


78 
.78 
78 
78 
78 
78 
79 
79 
79 
79 


9.569261 
569648 
570035 
570422 
670809 
671195 
671581 
571967 
572352 
572738 


646 
645 
645 
644 
644 
643 
643 
643 
642 
642 


10.430739 
' 430352 
429965 
429578 
429191 
428806 
428419 
428033 
427648 
427262 


39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


9.544663 
545000 
545338 
545674 
646011 
546347 
546683 
547019 
547354 
547689 

9.548024 
548369 
548693 
549027 
549360 
549693 
550026 
550359 
560692 
551024 


9.971540 
971493 
971446 
971398 
971351 
971303 
971256 
971208 
971161 
971113 


9.573123 
573507 
573892 
574276 
674660 
575044 
675427 
575810 
676193 
576676 


10.426877 
426493 
426108 
426724 
425340 
424956 
424573 
424190 
423807 
423424 


562 
562 
661 
561 
560 
560 
659 
559 
658 
558 


79 
79 
79 
79 
79 
79 
.79 
79 
79 
79 


641 
641 
640 
640 
640 
639 
639 
638 
638 
637 

637 
•637 
686 
636 
635 
635 
634 
634 
634 
633 


41 
42 
43 
44 
45 
46 
47 
48 
49 
60 


9.971066 
971018 
970970 
970922 
970874 
970827 
970779 
970731 
970683 
970635 


9.676959 
577341 
677723 
678104 
578486 
678867 
579248 
579629 
580009 
680389 


10.423041 
422659 
422277 
421896 
421514 
421133 
420752 
420371 
419991 
419611 


39 
18 
17 
16 
15 
14 
13 
12 
11 
10 


557 

567 

556 

556. 

655 

555 

555 

554 

564 

553 


80 
80 
80 
80 
80 
80 
80 
80 
80 
80 


61 
.62 
53 
54 
55 
56 
57 
58 
59 
60 


9.551356 
551687 
552018 
552349 
552680 
553010 
553341 
553670 
554000 
554329 


553 
552 
552 
551 
561 
550 
550 
649 
549 
548 


9.970586 
970538 
970490 
970442 
970394 
970345 
970207 
970249 
970200 
970162 


80 
80 
80 
80 
80 
81 
81 
81 
81 
81 


9.680769 
681149 
581528 
581907 
682286 
682665 
683044 
683422 
683800 
584177 


633 
632 
632 
632 
631 
631 
630 
630 
630 
629 


10.419231 
418851 
418472 
418093 
417714 
417335 
416956 
416578 
416200 
415823 


9 
8 
7 

6 
5 

4 
3 
2 
1 



1 Cosine. 1 1 Sine. Cotang. | | Tang. | 


H. 



69 Degrees. 



siNEB AND TANGENTS. (21 Degrees.) 



365 



M. 1 Sine. | D.lOO". | Cosine. D. | Tang. | D.lOO". | Cotang. 1 ] 



1 
2 
3 
4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
2P 


9.554329 
654658 
654987 
655315 
655643 
6:55971 
656299 
656626 
666953 
657280 
657606 


648 
648 
647 
647 
646 
646 
645 
645 
644 
644 
644 


9.970152 
970103 
970055 
970006 
969957 
969909 
969860 
969811 
969762 
969714 
969665 


81 
81 
81 
81 
81 
81 
81 
81 
81 
81 
82 


9.584177 
684555 
584932 
685309 
685686 
686062 
686439 
686815 
687190 
687666 
687941 


629 
629 
628 
628 
627 
627 
627 
626 
626 
626 
625 


10.415823 
415445 
415068 
414691 
414314 
413938 
413661 
413185 
412810 
412434 
412059 


60 
69 
68 
67 
66 
65 
64 
63 
62 
61 
60 


9.667932 
658258 
658583 
658909 
659234 
659558 
659883 
560207 
660531 
660855 


9.969616 
969567 
969518 
969469 
969420 
969370 
969321 
969272 
969223 
969173 


9.588316 
688691 
689066 
689440 
689814 
690188 
690562 
690935 
691808 
691681 


10.411684 
411309 
410934 
410560 
410186 
409812 
409438 
409065 
408692 
408319 


49 

48 . 

47 

46 

45 

44 

43 

42 

41 

40 


643 
643 
642 
642 
641 
641 
540 
640 
639 
639 


82 
82 
82 
82 
82 
82 
82 
82 
82 
82 


625 
624 
624 
623 
623 
623 
622 
622 
622 
621 


21 
22 
23 
24 
25 
26 
27 
28 
29 
80 


9.661178 
661501 
661824 
662146 
662468 
662790 
663112 
663133 
663755 
664075 


9.969124 
969075 
969025 
968976 
968926 
-968877 
968827 
968777 
968728 
968678 


9.592054 
692426 
692799 
693171 
693642 
693914 
694286 
694656 
695027 
596398 


10.407946 
407674 
407201 
406829 
406458 
406086 
405715 
405344 
404973 
404602 


39 
38 
37 
36 
35 
34 
33 
32 
31 
30 


638 
638 
537 
537 
637 
636 
636 
635 
635 
634 


82 
82 
82 
83 
83 
83 
83 
83 
83 
83 


621 
620 
620 
620 
619 
619 
618 
618 
618 
617 


31 
82 
33 
34 
36 
36 
37 
38 
39 
40 ' 


9.564396 
664716 
665036 
665356 
665676 
665995 
666314 
666632 
566951 
667269 


9.968628 
968578 
968528 
968479 
968429 
968379 
968329 
968278 
968228 
968178 


9.695768 
696138 
696508 
696878 
697247 
697616 
697986 
698354 
698722 
699091 


10.404232 
403862 
403492 
403122 
402753 
402384 
402015 
401646 
401278 
400909 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


634 
633 
633 
532 
632 
632 
631 
631 
630 
530 


83 

83 

83 

83 

83 

83 

83 

84 

84 ■ 

84 


617 
616 
616 
616 
615 
616 
615 
614 
614 
613 

613 
613 
612 
612 
612 
611 
611 
610 
610 
610 


41 
42 
43 
44 
46 
46 
47 
48 
49 
60 


9.567587 
667904 
668222 
668539 
668856 
669172 
669488 
569804 
670120 
670435 


9.968128 
968078 
968027 
967977 
967927 
967876 
967826 
967775 
967725 
967674 


9.599459 
699827 
600194 
600562 
600929 
601296 
601C63 
602029 
602395 
602761 


10.400541 
400173 
399806 
399438 
399071 
398704 
398337 
897971 
397605 
397239 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


529 
629 
628 
628 
628 
627 
527 
626 
626 
625 


84 
84 
84 
84 
84 
84 
84 
84 
84 
84 


51 
62 
63 
64 
65 
66 
67 
68 
69 
60 


9.570751 
671066 
671380 
671695 
672009 
672323 
672636 
672950 
673263 
673575 


9.967624 
967573 
967522 
967471 
967421 
967370 
967319 
967268 
967217 
967166 


9.603127 
603493 
603858 
604223 
604588 
604953 
605317 
606682 
606046 
606410 


10.396873 
396507 
396142 
395777 
395412 
395047 
394683 
394318 
398954 
393690 


9 
8 
7 
6 
5 
4 
8 
2 
1 



625 
624 
624 
624 
623 
623 
522 
622 
621 
621 


84 
85 
85 
85 
85 
85 
85 
85 
85 
85 


609 
609 
609 
608 
608 
607 
607 
607 
606 
606 




Cosine. 




Sine. 1 1 Cotang. J 


1 Tang. 


M. 



68 Degrees. 



366 



(22 Degrees.) LOGABrrmnc 



M. Sine. | D.lOO". | Cosine. | D. | Tang. . | D.lOO". 


Cotang. 1 J 



.1 
2 
8 

4 
5 
6 
7 
8 
9 
10 


9.673575 
573888 
674200 
674512 
674824 
675136 
575447 
575758 
576069 
576879 
676689 


621 
520 
520 
520 
519 
619 
618 
618 
617 
617 
517 


9.967166 
967115 
967064 
967013 
966961 
966910 
966859 
966808 
966756 
966705 
966653 


85 
85 
85 
85 
85 
85 
86 
86 
86 
86 
86 


9.606410 
606773 
607137 
607500 
607863 
608225 
608588 
608950 
609312 
609674 
610036 


606 
606 
605 
605 
605 
604 
604 
603 
603 
603 
602 


10.393590 
393227 
392863 
392500 
892137 
391776 
391412 
891050 
890688 
890326 
889964 


60 
59 
58 
57 
66 
55 
54 
53 
52 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.576999 
577309 
677618 
577927 
578236 
678545 
578853 
679162 
579470 
679777 


516 
616 
615 
615 
614 
614 
614 
513 
513 
512 


9.966602 
966550 
966499 
966447 
966395 
966344 
966292 
966240 
966188 
966136 


86 
86 
86 
86 
86 
86 
86 
86 
86 
87 


9.610397 
610759 
611120 
611480 
611841 
612201 
612561 
612921 
613281 
613641 


602 
602 
601 
601 
. 601 
600- 
600 
600 
599 
699 


10.389603 
889241 
888880 
388520 
388159 
887799 
887439 
887079 
886719 
886359 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.580085 
580392 
580699 
581005 
681312 
681618 
681924 
582229 
682535 
582840 


612 
6U 
611 
611. 
510 
510 
509 
509 
509 
508 

508 
507 
507 
506 
506 
606 
605 
505 
504 
504 

504 
603 
603 
502 
502 
501 
501 
601 
500 
500 


9.966085 
966033 
965981 
965929 
966876 
965824 
965772 
965720 
965668 
965615 


87 
87 
87 
87 
87 
87 
87 
87 
87 
87 


9.614000 
614359 
614718 
615077 
615435 
615793 
616151 
616509 
616867 
617224 


598 
598 
598 
697 
697 
697 
696 
596 
596 
595 


10.886000 
885641 
885282 
884923 
834565 
384207 
883849 
883491 
883138 
882776 


89 
38 
37 
86 
35 
84 
33 
82 
81 
80 


31 
32 
33 
34 
35 
36 
37 
38 
33 
40 


9.583145 
583449 
583754 
584058 
584361 
584666 
584968 
585272 
585574 
686877 


9.965563 
965511 
965458 
965406 
965353 
965301 
965248 
965195 
965143 
966090 


87 
87 
87 
88 
88 
88 
88 
88 
88 
88 


9.617582 
617939 
618295 
618662 
619008 
619364 
619720 
620076 
620432 
620787 


595 
595 
694 
694 
594 
693 
593 
593 
592 
592 


10.382418 
382061 
381705 
381348 
380992 
880636 
380280 
879924 
379568 
379213 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


41 

42 

43 

44 

45" 

46 

47 

48 

49 

50 


9.586179 
586482 
586783 
587085 
587386 
587688 
587989 
588289 
588590 
588890 


9.965037 
964984 
964931 
964879 
964826 
964773 
964720 
964666 
964613 
964560 


88 
88 
88 
88 
88 
88 
88 
89 
89 
89 

89 
89 
89 
.89 
89 
89 
89 
89 
89 
89 


9.621142 
621497 
621852 
622207 
622561 
622915 
623269 
623623 
«23976 
624330 


592 
691 
591 
591 
590 
690 
590 
589 
689 
589 


10.378858 
878503 
878148 
377793 
877439 
877085 
376731 
376877 
376024 
375670 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


51 
52 
53 
64 
55 
56 
67 
58 
69 
60 


9.589190 
589489 
589789 
590088 
690387 
590686 
5^0984 
591282 
691580 
591878 


499 
499 
499 
498 
498 
497 
497 
497 
496 
496 


9.964507 
964454 
964400 
964347 
964294 
964240 
964187 
964133 
964080 
964026 


9.624683 
625036 
625388 
625741 
626093 
626445 
626797 
627149 
627501 
• 627852 


588 
588 
588 
587 
587 
687 
686 
586 
586 
585 


10.875317 
874964 
374612 
874259 
87S907 
873555 
873203 
872851 
372499 
872148 


9 
8 

7 
6 
5 
4 
3 
2 
1 



■ 1 


Cosine. 


Sine. 


1 Cotang. 


Tang. 1 M. | 



67 Degrees. 



SINES AND TANGENTS. (23 Degrees.) 



S67 



M. 1 SiAe. 1 D.lW. 1 Cosine. | D. | Tang: | 


D.100". 


Cotuag. 1 1 



1 
2 
3 

4 • 
5 
6 
7 
8 
9 
10 


9.691878 
692176 
692473 
592770 
593067 
693363 
693659 
593956 

' 594251 
594647 
594842 


496 
495 
495 
496 
494 
494 
493 
493 
493 
492 
492 


9.964026 
963972 
963919 
963865 
963811 
963757 
963704 
963650 
963696 
963542 
963488 


89 
89 
90 
90 
90 
90 
90 
90 
90 
90 
90 


9.627852 
628203 
628554 
628905 
629265 
629606 
629956 
630306 
630666 
681005 
631365 


585 

685 
585 
584 
584 
684 
683 
583 
683 
682 
582 


10.372148 
371797 
371446 
371095 
870745 
370394 
870044 
869694 
369344 
868996 
868645 


60 
59 
58 
57 
56 
65 
64 
SS 
52 
61 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.696137 
. 595432 
^ 595727 
596021 
596315 
696609 
596903 
597196 
597490 
697783 


9.963434 
963379 
963325 
963271 
963217 
963163 
963108 
963054 
962999 
962945 


9.631704 
632053 
632402 
632760 
633099 
633447 
633795 
634143 
634490 
634838 


10.368296 
367947 
867598 
867250 
866901 
866553 
866205 
865857 
365510 
865162 


49 

48 

47 

46 

45 . 

44 

43 

42 

41 

40 


491 
491 
491 
490 
490 
489 
489 
489 
488 
488 


90 

90 

90 

90 

90 

91- 

91 

91 

91 

91 


582 
681 
581 
581 
580 
580 
680 
679 
579 
679 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.598075 
598368 
598660 
698962 
699244 
699536 
599827 
600118 
600409 
600700 


9.962890 
962836 
962781 
962727 
962672 
962617 
962662 
962608 
962453 
962398 


9.636185 
635532 
635879 
636226 
636572 
636919 
637265 
637611 
637956 
638302 


10.364815 
864468 
364121 
863774 
863428 
863081 
862785 
362389 
362044 
361698 


89 
38 
37 
86 
35 
34 
38 
82 
31 
30 


488 
487 
487 
486 
486 
486 
485 
485 
484 
481 

484 

483 

483 

482 

482 . 

482 

481 

481 

481 

480 

480 
479 
479 
479 
478 
478 
478 
477 
477 
476 

476 
476 
475 
475 
475 
474 
474 
473 
473 
473 


91 
91 
91 
91 
91 
91 
91 
91 
91 
92 


678 
678 
678 
577 
677 
677 
577 
676 
676 
576 


31 
32 
33 
• 34 
35 
36 
37 
38 
39 
40 ■ 


9.600990 
601280 
601670 
601860 
602160 
602439 
602728 
603017 
603305 
603594 


9.962343 
962288 
962233 
962178 
962123 
962067 
962012 
961957 
961902 
961846 


9.638647 
638992 
639337 
639682 
640027 
640371 
640716 
641060 
641404 
641747 


10.361353 
861008 
860663 
860318 
859973 
859629 
859284 
858940 
858596 
858253 


29 
28 
27 
26 
25 
24 
28 
22 
21 
•20 


92 
92 
92 
92 
92 
92 
92 
92 
92 
92 


675 
575 
575 
674 
674 
674 
673 
573 
673 
573 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.603882 
604170 
604457 
604745 
605032 
605319 
605606 
605892 
606179 
606465 


9.961791 
961735 
961680 
961624 
961669 
961613 
961468 
961402 
961346 
961290 


9.642091 
642434 
642777 
643120 
643463 
643806 
644148 
644490 
644832 
645174 


10.857909 
• 357566 
357223 
356880 
356537 
356194 
355852 
355610 
365168 
364826 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


92 
92 
93 
93 
93 
93 
93 
93 
* 93 
93 


672 

672 

672 

571 

671 

671 . 

670 

570 

570 

669 

569 
569 
669 
568 
568 
668 
567 
567 
667 
566 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.606761 
607036 
607322 
607607 
607892 
608177 
608461 
608745 
609029 
609313 


9.9G1235 
961179 
961123 
961067 
961011 
960955 
960899 
960843 
960786 
960780 


9.645516 
645867 
646199 
646540 
646881 
647222 
647662 
647903 
648243 
648583 


10.354484 
354143 
353801 
353460 
353119 
862778 
852438 
352097 
851757 
851417 


9. 

8 

7 

6 

5 

4 

8 

2 

1 




93 
93 
93 
93 
93 
93 
94 
94 
. 94 
94 




Cosine. | 


Sice. I 


CoUiDg. 1 1 Tang, j M. 



66 Degrees. 



868 



(24 Degrees.) logabithmic 



M. 1 Bine. | D.lOO". Cosine. 


D. Tang, 


D.lOO". Cotang. | ] 



1 
2 
3 
4 
6 
6 
^ 
8 
9 
10 


9.609313 
609597 
609880 
610164 
610447 
610729 
611012 
611294 
611576 
611858 
612140 


473 
472 
472 
472 
471 
471 
470 
470 
470 
469 
469 

469 
468 
468 
468 
467 
467 
466 
466 
466 
465 

465 
465 
464 
464 
464 
463 
463 
463 
462 
462 

461 
461 
461 
460 
460 
4<>0 
459 
459 
459 
458 

468 
458 
457 
457 
457 
456 
456 
455 
455 
. 455 

454 
454 
454 
453 
453 
453 
452 
452 
452 
451 


9.960730 
960674 
960618 
960561 
960505 
960448 
960392 
960336 
960279 
960222 
960165 


94 
94 
94 
.94 
94 
94 
94- 
94 
94 
94 
94 


9.648583 
648923 
649263 
649602 
649942 
650281 
650620 
650969 
651297 
651636 
651974 


666 
666 
666 

• 666 
665 

. 665 
665 
664 
664 
664 
664 

663 . 

663 

663 

662 

562 

662 

562 

661 

661 

661 


10.351417 
351077 
850737 
850398 
850058 
349719 
849380 
849041. 
848703 
348364 
848026 


60 
59 
58 
67 
66 
66 
64 
63 
62 
61 
60 


11 

12 

13 

14. 

15 

16 

17 

18 

19 

20 


9.612421 
612702 
612983 
613264 
613545 
613825 
614105 
614385 
614665 
614944 


9.960109 
960052 
959995 
959938 
959882 
959825 
959768 
959711 
959654 
959596 


9.652312 
652650 
652988 
653326 
653663 
654000 
654337 
654674 
655011 
655348 


10.347688 
347350 
347012 
346674 
346337 
346000 
345663 
845326 
344989 
344652 


49 

•48 
47 
46 
45 
44 
43 
42 
41 
40 


95 
95 
95 
96 
95 
95 
95 
95 
95 
95 


21 
22 
23 
24 
26 
26 
27 
28 
29 
30 


9.615223 
615502 
615781 
616060 
616338 
616616 
616894 
617172 
617450 
617727 


9.959539 
959482 
959425 
959368 
959310 
959253 
959195 
959138 
959080 
959023 


9.655684 
666020 
656356 
656692 
657028 
657364 
657699 
658034 
658369 
658704 

9.6590b9 
669373 
669708 
660042 
660376 
660710 
661043 
661377 
661710 
662043 


10.344316 
343980 
843644 
343308 
342972 
342636 
842301 
341966 
841631 
841296 


39 
88 
37 
86 
35 
34 
33 
32 
31 
30 


95 
95 
95 
96 
96 
96 
96 
96 
96 
96 


660 
660 
6C0 
600 
659 
659 
659 
658 
658 
658 

658 
557 
557 
657 
656 
656 
656 
656 
655 
655 

655 
654 
654 
654 
654 
653 
653 
553 
653 
652 


81 
32 
83 
34 
35 
86 
37 
88 
39 
40* 


9.618004 
618281 
618558 
618834 
619110 
619386 
619662 
619938 
620213 
620488 


9.958965 
958908 
958850 
958792 
958734 
958677 
958619 
958561 
958503 
958445 


10.840961 
340627 
340292 
P39058 
339624 
339290 
838957 
338623 
338290 
837957 

10.337624 
337291 
836958 
836625 
836293 
836961 
335629 
335297 
334965 
334634 


29 

28 

27 

26' 

25 

24 

23 

22 

21 

20 


96 
96 
96 
96 
96 
96 
96 
97 
97 
97 


41 
42 
43 
44 

45 
46 
47 
48 
49 
60 


9.620763 
621038 
621313 
621587 
621861 
622135 
622409 
622682 
622956 
623229 

9.623502 
623774 
624047 
624319 
624591 
624863 
6251.35 
62&406' 
625677 
625948 


9.958387 
958329 
958271 
958213 
958154 
958096 
958038 
957979 
957921 
957863 


9.662376 
662709 
663042 
663375 
663707 
664039 
664371 
664703 
665035 
665366 


19 
18 
17 
16 
15 
14 
18 
12 
11 
10 


97 
97 
97 
.97 
97 
97 
97 
97 
97 
97 

98 

98 
98 
98 
98 
98 
98 
98 
P8 
98 


51 
62 
53 
64 
55 
56 
67 
. 58 
59 
60 


9.957804 
957746 
957687 
957628 
957570 
957511 
957452 
957393 
957335 
957276 


9.665698 
666029 
666360 
666691 
667021 
667352 
667682 
668013 
668343 
668673 


10.334302 
833971 
833640 
833309 
332979 
832648 
332318 
831987 
831657 
831327 


9 
8 
7 
6 
6 
4 
8 
2 
1 



652 
552 
651 
651 
651 
651 
550 
650 
650 
65.0 




Cosine. 


1 Sine. 1 1 Cotang. | 


Tang. 1 M. | 



65 t)egrces. 



BINES AND TANGENTS. (25 Degrees.} 



360 



Y M. 1 Sine. 1 D.IOO^ | Cosine. ( D. | Tan^. | 


D.lOO". 


Cotang. 





1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.625948 
626219 
626490 
626760 
627030 
627300 
627570 
627840 
628109 
628378 
628647 


451 

451 

451 

450 

450 

450- 

449 

449 

449 

448 

448 

448 
447 
447 
447 
446 
446 
44G 
445 
445 
445 


9.957276 
957217 
957158 
957099 
957040 
956981 
956921 
956862 
956803 
956744 
956684 


98 
98 
98 
98 
98 
99 
99 
99 
99 
99 
99 


9.668678 
669002 
669332 
669661 
669991 
670320 
670649 
P70977 
671806 
671685 

• 671968 


550 
549 
549 
549 
548 
648 
548 
548 
647 
647 
547 


10.331327 
830998 
830668 
330389 
330009 
829680 
829351 
329023 
828694 
328365 
828037 


60 
69 
68 
67 
66 
65 
64 
53 
62 
51 
60 


11 A dfeiafk't c 1 


9.956625 
956566 
956506 
956447 
956387 
966327 
956268 
956208 
956148 
956089 


9.672291 
672619 
672947 
673274 
678602 
678929 
674257 
674584 
.674911 
675287 


10.327709 
327381 
827053 
826726 
826398 
826071 

• 825743 
325416 
325089 
824763 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


11 
12 

13 
14 
15 
16 
17 
18 
19 
20 


629185 
■ 629453 
629721 
629989 
630257 
630524 
630792 
631059 
631326 


99 

99 

99 

99 

99 

99 

99 

100 

100 

100 


647 
646 
546 
646 
646 
645 
545 
545 
645 
644 


21 

22 

23 

24 

25 

26 

27 

28. 

29 

80 


9.631593 
631859 
632126 
632392 
632658 
632923 
633189 
<>d3454 
633719 
633984 


9.9.A6029 
955969 
955909 
955849 
955789 
955729 
955669 
955609 
955548 

• 955488 


9.675564 
675890 
676217 
676543 
676869 
677194 
677520 
677846 

. 678171 
678496 


10.324436 
324110 
823783 
823457 
323131 
822806 
822480 
822154 
321829 
821504 


89 
88 
87 
86 
85 
84 
83 
82 
81 
80 


444 
444 
444 
443 
443 
443 
442 
442 
442 
441 


100 
100 
100 
100 
100 
100 
100 
100 
100 
100 


644 
644 
643 
643 
648 
643 
642 
642 
642 
642 


81 
82 
83 
34 
35 
86 
87 
88 
89 
40 


9.634249 
634514 
634778 
635042 
635306 
635570 
635834 
636097 
636360 
636623 


9.955428 
955368 
955307 
955247 
955186 
955126 
955065 
955005 
954944 

. 954888 

9.954823 
954762 
954701 
954640 
954579 
954518 
954457 
954396 
954335 
954274 


9.678821 
679146 
679471 
679795 
680120 
680444 
680768 
681092 
681416 
681740 


10.321179 
820854 
820529 
820205 
319880 
819556 
819232 
318908 
818584^ 
818260 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


441 
441 
440 
440 
440 
439 
489 
439 
438 
438 

438 
437 
437 
437 
436 
436 
436 
435 
435 
435 


101 
101 
101 
101 
101 
101 
101 
101 
101 
101 


641 
641 
641 
641 
640 
640 
640 
640 
589 
539 

539 
539 
538 
638 
638 
538 
537 
537 
637 
637 

536 
536 
536 
536 
535 
535 
5.35 
535 
634 
534 


41 
42 
48 
44 
45 
46 
47 
48 
49 
50 


9.636886 
637148 
637411 
637673 
637935 
638197 
638458 
638720 
638981 
639242 


9.682063 
682387 
682710 
683033 
683356 
683679 
684001 
684324 
684646 
684968 

9.685290 
685612 
685934 
686255 
686577 
686898 
G87219 
687540 
687861 
688182 


10.317937 
817613 
817290 
816967 
316644 
816321 
815999 
815676 
815354 
315032 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


101 
101 
101 
102 
102 
102 
102 
102 
102 
102 

102 
102 
102 
102 
102 
102 
102 
103 
103 
103 


. 61 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.639503 
639764 
640024 
640284 
640544 
640804 
641064 
641324 
641583 
641842 


9.954213 
954152 
954090 
954029 
953968 
953906 
953845 
953783 
953722 
953660 


10.314710 
814388 
814006 
813745 
813423 
813102 
812781 
312460 
312189 
811818 


9 
8 
7 
6 
6 
4 
3 
2 
1 



434 
434 
434 
4.*,3 
433 
433 
432 
432 
432 
432 


1 Cosine. | | . Sine. | | Cotang. | | Tang. | M. { 



64 Degrees. 
Q2 



70 




(26 Degrees.) logaeithmio 






M. Blue. 


D.IOO'M Cosine. | 


D. 


Tang. 


D.lOO". 


Cotang. 1 1 



1 
2 
3 
4 
6 
6 
7 
8 
9 
10 


9.641842 
642101 
642860 
642618 
642877 
648135 
648893 
643650 
648908 
644165 
644428 


482 
431 
431 
431 
430 
430 
430 
429 
429 
429 
428 


9.953660 
953599 
953587 
958475 
958413 
958352 
963290 
963228 
953166 
968U04 
953042 


108 
103 
103 
103 
103 
103 
103 
108 
103 
108 
108 


9.688182 
688602 
688823 
689143 
689463 
689783 
690103 
690423 
690742 
691062 
691881 


584 

634 
634 
634 
633 
•633 
633 
633 
632 
632 
632 


10.811818 
811498 
811177 
810857 

• 810537 
810217 
809897 
809577 
809258 
808938 
808619 


60 
69 
68 
57 
56 
65 
64 
63 
62 
61 
60 


11 
12 
18 
14 
15 

. 16 
17 
18 
19 
20 


9.644680 
644986 
645193 
645450 
645706 
645962 
646219 
616474 
646729 
646984 


428 
428 
427 
427 
427 
426 
426 
426 
426 
425 

425 
425 
424 
424 
424 
428 
423 
423 
422 
422 

422 
422 
421 
421 
421 
420 
420 
420 
419 
419 

419 
418 
418 
418 
418 
417 
417 
417 
416 
416 

416 
415 
415 
415 
415 
414 
414 
414 
413 
413 


9.952980 
962918 
962855 
962793 
962731 
952669 
962606 
962544 
952481 
962419 


104 
104 
104 
104 
104 
104 
104 
104 
104 
104 


9.691700 
692019 
692838 
692666 
692975 
693293 
698612 
693980 
694248 
694566 


682 
631 
631 
631 
631 
630 
630 
680 
630 
629 


10.808300 
807981 
807662 
807344 
807025 
806707 
806388 
806070 
806752 
805434 


49 

48 

47 

46 

45 

44 

43 

42 

41 • 

40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
80 


9.647240 
647494 
647749 
648004 
648258 
648512 
648766 
649020 
649274 
649527 


9.952356 
962294 
962231 
952168 
952106 
952043 
961980 
961917 
951864 
951791 


9.694383 
695201 
695518 
695836 
696153 
696470 
696787 
697103 
697420 
697736 


10.305117 
804799 
804482 
804164 
303847 
803630 
803213 
802897 
802680 
802264 


89 
88 
37 
86 
85 
84 
83 
82 
81 
80 


104 
104 
104 
106 
105 
105 
106 
105 
105 
105 

106 
105 
105 
105 
105 
106 
106 
106 
106 
106 


629 
629 
629 
629 
628 
528 
628 
628 
627 
627 


31 
82 
33 
84 
85 
36 
87 
88 
89 
40 


'9.649781 
650034 
650287 
650539 
650792 
651044 
651297 
651549 
651800 
652052 

9.652304 
652555 
652806 
653057 
653308 
653558 
653808 
654059 
654309 
654558 


9.951728 
. 961665 
951602 
951539 
951476 
951412 
951*349 
961286 
951222 
951159 


9.698053 
698369 
698685 
699001 
699316 
699632 
699947 
700263 
700578 
700893 


10.301947 
801631 
801315 
800999 
800684 
8003G8 
800053 
299737 
299422 
299107 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


527 

627 

526 

£26 

626. 

626 

626 

525 

625 

625 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.951096 
951032 
950968 
950905 
950841 
950778 
950714 
950650 
950586 
950522 


9.701208 
701523 
701837 
702152 

• 702466 
702781 
703095 
703409 
703722 
704036 


10.298792 
298477 
298163 
297848 
. 297534 
297219 
296906 
296691 
296278 
296964 


19 
18 
37 
16 
15 
14 
13 
12 
11 
10 


106 
106 
106 
106 
106 
106 
106 
106 
106 
107 


525 
624 
624 
624 
624 
623 
623 
523 
623 
523 


51 
62 
53 
54 
55 
56 
57 
58 
69 
60 


9.654808 
655058 
655307 
655556 
655805 
656054 
656302 
656551 
656799 
657047 


9.960468 
950394 
950330 
950266 
950202 
950138 
950074 
950010 
949945 
949881 


9.704350 
704663 
704976 
705290 
705603 
705916 
706228 
706541 
706854 
707166 


10.295650 
295837 
295024 
294710 
294897 
294084 
293772 
293459 
293146 
292884 


9 
8 
7 
6 
6 
4 
8 
2 
1 



107. 
107 
107 
107 
107 
107 
107 
107 
107 
107 


622 

622 

622 . 

622 

521 

521 

621 

621 

621 

520 


1 Cosine. 


Sine. i 


Cotang. 




Tang. 


V. 



63 De^ees. 



BINES AND TANGENTS. {21 Degrees.) 



371 



M. Slue D.lOO". 1 Cosine. | D. | 


Tang. D.lOO". 1 Cotang. | ^ 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.657047 
657295 
657542 
657790 
658037 
658284 
658531 
668778 
659025 
659271 
659517 


413 

413 

412 

412 

412 

412 . 

411. 

411 

411 

410 

410 


9.949881 
949816 
949752 
949688 
949623 
949558 
949494 
949429 
949364 
949300 
949235 


107 
107 
107 
108 
108 
108 
108 
108 
108 
108 
108 


9.707166 
707478 
707790 
708102 
708414 
708726 

709037 
709349 
709660 
709971 
710282 


520 
620 
520 
620 
619 
619 
' 619 
619 
619- 
618 
618 

618 
518 
518 
617 
617 
617 
617 
516 
516 
616 


10.292834 
•292522 
292210 
291898 
291586 
291274 
290963 
290651 
290340 
290029 
289718 


60 
69 
58 
57 
66 
55 
54 
53 
52 
61 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.659763 
660009 
660255 
660501 
660746 
660991 
661236 
661481 
661726 
661970 


9.949170 
949105 
949040 
948975 
948910 
948845 
948780 
948715 
948650 
948584 


9.710593 
710904 
711215 
711525 
711836 
712146 
712456 
712766 
713076 
713386 


10.289407 
289096 
288785 
288475 
288164 
287854 
287544 
287284 
286924 
286614 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


410 
410 
409 
409 
409 
408 
408 
408 
407 
407 

407 
407 
406 
406 
406 
405 
405 
405 
405 
404 

404 
404 
403 
403 
403 
403 
402 
402 
402 
401 

401 

401* 

401 

400 

400 

400 

899 

899 

399 

899 

398 
898 
898 
897 
897 
897 
•897. 
896 
896 
896 


108 
108 
108 
108 
108 
109 
109 
109 
109 
109 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.662214 
662459 
662703 
662946 
663190 
663433 
663677 
663920 
664163 
664406 


9,948519 
948454 
948388 
948323 
948257 
948192- 
948126 
948060 
947995 
947929 


9.713696 
714005 
714314 
714624 
714933 
715242 
715551 
715860 
716168 
716477 


10.286804 
285995 
285686 
285376 
285067 
284758 
284449 
284140 
283832 
283523 


89 
88 
87 
36 
35 
34 
33 
82 
31 
80 


109 
109 
109 
109 
109 
109 
109 
109 
110 
110 


616 

616 

515 

615 

515 

615 

515 

514- 

614 

514 

614 
514 
618 
613 
513 
618 
512 
612 
512 
612 

512 
611 
611 
611 
511 
611 
610 
610 
610 
510 


31 
32 
33 
34 
35 
36 
87. 
.38 
39 
40 


9.664648 
664891 
665133 
665375 
665617 
665859 
666100 
666342 
666583 
666824 

9.667065 
667305 
667546 
667786 
668027 
668267 
668506 
668746 
668986 
669225 


9.947863 
947797 
947731 
947665 
947600 
947533 
947467 
947401 
947335 
947269 


9.716785 
717093 
717401 
717709 
718017 
718325 
718633 
718940 
719248 
719555 


10.283216 

282907 
282599 
282291 
281983 
281675 
281367 
281060 
280762 
280445 


29 

28 

27 

26 

25 

24. 

23 

22 

21 

20 


110 
110 
110 
110 
110 
110 
110 
110 
110 

lie 


41 

42 
43 
44 
45 
46 
47 
48 
49 
60 


9.947203 
947136 
947070 
947004 
946937 
946871 
946804 
946738 
946671 
946604 


9.719862 
720169 
720476 
720783 
721089 
721896 
721702 
722009 
722315 
722621 


10.280188 
279831 
279524 
279217 
278911 
278604 
278298 
277991 
277685 
277379 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 



110 

111 
111 
111 
111 
111 
111 
111 
111 
111 


51 
62 
63 
54 
55 
56 
57 
58 
69 
60 


9.669464 
669703 
669942 
670181 
670419 
670658 
670896 
6711^ 
671372 
671609 


9.946538 
946471 
946404 
946337 
946270 
946203 
946136 
946069 
946002 
945935 


9.722927 
723232 

723538 
723844 
724149 
724454 
724760 
725065 
725870 
725674 


10.277073 
276768 
276462 
276156 
275851 
275546 
275240 
274935 
274630 
274326 


111 

111- 

111 

111 

112 
112 
112 
112 
112 
112 


610 
609 
509 
509 
509 
609 
508 
608 
608 
508 


1 Cosine. 


1 Sine. 1 1 CotaHs:. | 


Tang. 1 M. | 



62 Degrees. 



d72 



(28 Degrees.) logabithhic 



M. Sine. 


D.IOO'M Cosine. | D. 


Tanpr. | D.lOO". | Cotanp, f 1 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.6716U9 
671847. 
672084 
672321 
672558 
672795 
673032 
673268 
673505 
673741 
073977 


896 
396 
895 
895 
895 
894 
894 
894 
894 
898 
893 


9.945985 
045868 
945800 
945738 
945666 
945598 
945531 
945464 
945896 
945328 
945261 


112 
112 
112 
112 
112 
112 
112 
113 
113 
113 
113 


9.725674 
725979 
726284 
726688 
726892 
727197 
727501 
727805 
728109 
728412 
728716 


508 
608 
607 
607 
607 
607 
607 
506 
606 
506 
606 


10.274326 
274021 
• 273716 
273412 
278108 
272803 
272499 
272195 
271891 
271588 
271284 


60 
59 
58 
67 
66 
55 
54 
53 
52 
51 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.674213 
674448 
674684 
674919 
675155 
675390 
675624 
675859 
676094 
676328 


898 
893 
392 
892 
392 
891 
391 
891 
891 
890 


9.945198 
945125 
945058 
944990 
944922 
944854 
944786 
944718 
944650 
944582 


113 
113 
113 
113 
118 
118 
113 
113 
113 
114 


9.729020 
729323 
729626 
729929 
730238 
780535 
780688 
781141 
731444 
781746 


606 
605 
605 
505 
605 
605 
604 
604 
504 
504 


10.270980 
270677 
270374 
270071- 
269767 
269465 
269162 
268859 
268556 
268254 


49 
48 
47 
46 
45 
44 
48 
42 
41 
40 

89 
88 
87 
86 
85 
84 
88 
82 
81 
80 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.676562 
676796 
677080 
6;7264 
677498 
677781 
677964 
678197 
678480 
678663 


390 
390 
390 
389 
389 
889 
888 
888 
388 
388 

387 
387 
387 
887 
886 
886 
386 
386 
885 
885 

385 
384 
384 
384 
384 
• 383 
883 
883 
383 
882 

882 
882 
382 
381 
381 
881 
880 
380 
880 
880 


9.944514 
944446 
944377 
944309 
944241 
944172 
944104 
944036 
943967 
943899 


114 
114 
114 
114 
114 
114 
114 
114 
114 
114 


9.782048 
732851 
782653 
782955 
788257 
783558 
738860 
734162 
734463 
784764 


504 
604 
503 
603 
603 
503 
503 
502 
602 
502 


10.267952 
267649 
267847 

. 267045 
266743 
266442 
266140 
265688 
265587 
265286 


31 
82 
33 
34 
35 
36 
37 
88 
89 
40 


9.678895 
679128 
679860 
679592 
679824 
680056 
680288 
680519 
680760 
680982 


9.943880 
948761 
948693 
948624 
943555 
948486 
943417 
943848 
943279 
943210 


9.785066 
785867 
735668 
735969 
736269 
736570 
736870 
737171 
737471 
737771 


10.264984 
264633 
264332 
264631 
263781 
263430 
263180 
262829 
262529 
262229 


29 
28 
27 
2S 
25 
24 
23 
22 
21 
20 


114 
114 
115 
115 
115 
115 
115 
115 
115 
115 


602 
502 
601 
601 
601 
601 
601 
600 
600 
600 

500 
500 
600 
499 
499 
499 
499 
499 
498 
498 

498 

498 

498 

496 

497 

497 , 

497 

497 

497 

496 


41 
42 
43 
44 

45 
46 
47 
48 
49 
60 

61 

62 
63 
64 
65 
66 
67 
58 
69 
60 


9.681213 
681443 
681674 
681905 
682185 
682365 
682595 
682825 
683055 
683284 


9.943141 
948072 
948003 
942934 
942864 
942795 
942726 
942656 
942587 
942517 


9.788071 
788871 
788671 
738971 
789271 
739570 
739870 
740169 
740468 
740767 


10.261929 
261629 
261829 
.261029 
260729 
260430 
260180 
259831 
259582 
259288 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


115 
115 
115 
115 
116 
116 
116 
116 
116 
116 


9.683514 
683743 
683972 
684201 
684480 
684658 
684887 
685115 
685343 
685571 


9.942448 
942378 
942308 
942289 
942169 
942099 
942Q29 
941959 
941889 
941819 


9.741066 
741865 
741664 
741962 
742261 
742659 
742858 
743156 
743454 
743752 


10.26^984 
258635 
258886 
258038 
257739 
257^1 
257142 
256844 
256546 
256248 


9 
8 
7 

5 
4 
8 
2 

I 


116 
116 
116 
116 
116 
116 
116 
117 
117 
117- 


1 Cosine. 


1 Sine. 




Cotang. 




Tang. 


M. 



01 Degrees. 



SINES AND TANGENTS. (29 Degrees.) 



$7S 



' M. J Sine. 


D.lOO". I Cosine^ 


D. 1 Tang. D.lOO". | Cotane. " 1 | 



1 
2 
3 
4 
6 
6 
7 
8 
9 
10 


9.685571 
685799 
686027 
686254 
686482 
686709 
686936 
687163 
687389 
687616 
687843 


380 
379 
379 
379 
379 
378 
378 
378 
878 
377 
377 


9.941819 
941749 
941679 
941609 
941i539 
.941469 
941398 
941328 
941258 
941187 
«41117 


117 
117 
117 
117 
117 
117 
117 
117 
117 
117 
118 


9.743752 
744050 
744348 
744645 
744943 

• 745240 
745538 
745835 
746132 
746429 
746726 


496 
'496 
496 
496 
496 
49S 
495 
495 
405 
405 
495 

494 
404 
404 
494 
404 
494 
403 
403 
493 
493 


10.266248 
255950 
255652 
255355 
255057 
254760 
254462 
254165 
253868 
253571 
253274 


60 
69 
68 
67 
66 
55 
64 
63 
62 
51 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.688069 
688295 
688521 
688747 
688972 
689198 
689423 
689648 
689873 
690098 


377 
377 
376 
376 
376 
376 
875 
375 
375 
375 


9.941046 
940975 
940905 
940834 
940763 
940693 
940622 
940651 
940480 
940409 


118 
116 
118 
118 
118 
118 
118 
118 
118 
118 


9.747023 
747319 
747616 
747913 
748209 
748505 
748801 
749097 
749393 
749689 


10.252977 
252681 
252384 
.25208? 
251791 
251495 
251199 
250903 
250607 

. 250311 


49 

47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
. 28 
29 
30 


9.690323 
690548 
690772 
690996 
691220 
691444 
691668 
691892 
692115 
692339 


374 
374 
374 
374 
373 
873 
373 
373 
372 
372 


9.940338 
940267 
940196 
940125 
940054 
939982 
939911 
939840 
939768 
939697 


118 
118 
119 
119 
119 
119 
119 
119 
119 
119 


9.749986 
760281 
760576 
750872 
751167 
751462 
751767 
752052 
752347 
752642 


493 
493 
402 
492 
402 
*492 
402 
491 
491 
491 


10.250015 
249719 
249424 
249128 
248833 
248538 
248243 

• 247948 

' 247653 

247358 


39 
38 
37 
36 
35 
34 
33 
32 
31 
30 


81 

32 

33* 

84 

36 

36 

37 

38 

39 

40 


9.692662 
692785 
693008 
693231 
693453 
693676 
693898 
694120 
694342 
694564 


372 

371 

371 

371 

371 

370- 

370 

370 

870 

369 

869 
369 
369 
368 
368 

868 
367 
367 
367 

367 
867 
866 
366 
366 
366 
365 
365 
365 
365 


9.939626 
939554 
939482 
939410 
939339 
939267 
939195 
939123 
939052 
938980 


119 
119 
119 
119 
120 
120 
120 
120 
120 
120 


9.762937 
753231 
763526 
753820 
754115 
754409 
754703 
754997 
756291 
755685 


491 
401 
491 
490 
490 
490 
400 
490 
490 
489 


10.247063 
246769 
246474 
246180 
245885 
245691 
245297 
245003 
244709 
244415 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


41 
42 
48 
44 
45 
46 
47 
48 
49 
50 

61' 

62 

63 

64 

65 

66 

67 

68 

69 

60 


9.694786 
696007 
696229 
695450 
695671 
695892 
696113 

. 696334 
696554 
696775 


9.938908 
938836 
938763 
9H8691 
r38619 

• 938547 
938475 
938402 
938330 
^38258 


120 

120 

120 

120 

120 

120* 

121 

121 

121 

121 


9.755878 
766172 
766465 
756759 
757052 
757345 
767638 
767931 
758224 
768517 


489 
489 
489 
489 
489 
488 
488 
488 
488 
488 


10.244122 
243828 
243535 
243241 
242948 . 
242655 
242362 
242069 
241776 
241483 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


9.696995 
697215 
697435 
697654 
697874 
698094 
698313 
698632 
698751 
698970 


9.938185 
938113 
938040 
937967 
937895 
937822 
937749 
937676 
937604 
937531 


9.758810 
759102 
759396 
759687 
759979 
760272 
760564 
760866 
761148 
761439 

• 


10.241190 
240898 
240605 
240313 
"240021 
239728 
239436 
239144 
238852 

■ 238561 


9 
8 
-7 
6 
6 
4 
8 
2 
1 



121 

121. 

121 

121 

121 

121 

121 

121 

121 

122 


488 
487 
487 
487 
487 
487 
487 
486. 
486 
. 486 




Cosine. 




Sine. 1 1 Cotanjf. | | Tang. M. " 



60 Degrees. 



874 



(30 Degrees.) i-ooABrrmac 



M. 1 Sine. | D.lOO". | Cosine. »| D. 


Tsng. 1 D.lOO". j Cotang. [ | 




, 1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.698970 
. 699189 
699407 
699626 
699844 
700062 
700280 
700498 
700716 
700983 
701161 


866 
864 
864 
864 
864 
863 
868 
•863 
863 
862 
862 


9.937631 
■ 937458 
937386 
937812 
937288 
937166. 
937092 
937019 
986946 
936872 
986799 


122 
122 
122 
122 
122 
122 
122 
122 
122 
122 
122 


9.761439 
761731 
762023 
762314 
7^2606 
762897 
763188 
768479 
763770 
764061 
764362 


486 
486 
486 
486 
485 
485 
485 
485 
485 
485 
484 


10.238661 
238269 
237977 
23768& 
237894 
237103 
236812 
236621 
236230 
235939 
235648 


60 
59 
68 
67 
56 
65 
64 
63 
62 
51 
60 


11 
12 
18 
14 
15 
16 
17 
18 
19 
20 


9.701368 
701585 
701802 
702019 
702236 
702462 
702669 
702886 
703101 
703317 


862 
862 
861 
861 
861 
861 
860 
860 
860 
860 

859 

359 

859 

859 

859 

858 • 

858 

858 

858 

867 

357 
857 
857 
856 
856 
856 
856 
355 
855 
855 

355 
854 
854 
854 
354 
354 
353 
853 
353 
353 

352 
352 
852 
852 
851 
851 
351 
351 
851 
850 


9.936725 
936662 
986678 
936605 
936431 
986867 
936284 
936210 
986186 
936062 


122 
128 
123 
123 
123 
128 
123 
123 
123 
128 


9.764648 
764938 
766224 
766614 
765805 
766096 
766386 
766676 
766966 
767266 


484 
484 
484 
484 
484 
484 
483 
483 
488 
488 


10.235867 
235067 
234776 
234486 
234196 
288905 
283615 
238825 
238036 
232746 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.703533 
703749 
703964 
704179 
704396 
704610 
704826 
705040 
705254 
705469 


9.936988 
935914 
936840 
936766 
935692 
936618 
936643 
935469 
985396 
935320 


128 
123 
123 
124 
124 
124 
124 
124 
124 
124 


9.767645 
767834 
768124 
768414 
768703 
768992 
769281 
769571 
769860 
770148 


483 

483 
482 
482 
482 
482 
482 
482 
481 
481 


10.232465 
232166 
281876 
281586 
281297 
281008 
230719 
230429 
230140 
229862 


39 
88 
87 
36 
85 
84 
83 
82 
81 
80 


31 
32 
33 
84 
85 
86 
37 
38 
39 
40 


9.705683 
705898 
706112 
706326 
706639 
706753 
706967 
707180 
707393 
707606 

^.707819 
708032 
708246 
708458 
708670 
708882 
709094 
709306 
709518 
709730 


9.935246 
935171 
935097 
936022 
934948 
934873 
934798 
934723 
984649 
984674 


124 
124 
124 
124 
124 
125 
125 
125 
125 
125 


9.770437 
770726 
771016 
771303 
771692 
1 771880 
' 772168 
772467 
772746 
778038 


481 
481 
481 
481 
481 
480 
480 
480 
480 
480 


10.2296B3 
229274 
228985 
228697 
228408 
228120 
227882 
227543 
227256 
226967 


29 
28 
•27 
26 
25 
24 
23 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.934499 
934424 
934849 
934274 
934199 
934123 

• 934048 
933973 
933898 
933822 


9.778321 
773608 
773896 
774184 
774471 
774759 
776046 
776333 
775621 
775903 


10.226679 
226392 
228104 
226816 
226629 
226241 
224964 
224667 
224879 
224092 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


125 
126 
126 
126 
125 
126 
126 
126 
.126 
126 


480 
480 
479 
479 
479 
479 
479 
479 
478 
'478 


61 
62 
53 
54 
65 
66 
67 
58 
69 
60 


9.709941 
710153 
710364 
710676 
710786 
710997 
711208 
711419 
711629 
711839 


9.933747 
933671 
933596 
933520 
938445 
933869 
983293 
933217 
933141 
933066 


126 
126 
126 
126 
126 
126 
126 
126 
126 
.127 


9.776195 
776482 
776768 
777055 
777842 
777628 
777915 
778201 
778488 
778774 


478 
478 
478 
478 
478 
477 
477 
477 
477 
477 


10.22^06 
228518 
228282 
222945 
. 222668 
222872 
222085 
221799 
221612 
€21226 


9 
8 
7 
6 
6 
4 
8 
2 
1 



Cosine. 




Sine. 1 Cotang. 




Tang. 


M. 



69 Degrees. 



SINES AND TANGENTS. (31 Degrees.) 



875 



M. Sine. | D.lOO". | Coeine. | D. | Tanp. 


LD.IOO". 


CotaDg. J 



1 
2 
3 

4 
5 
6 
7 
8 
9 
10 


9.711839 
712050 
712260 
712469 
712679 
712889 
718098 
713308 
713517 
713726 
713935 


350 
350 
350 
350 
349 
349 
849 
849 
348 
348 
848 


9.933066 
932990 
932914 
932838 
932762 
932685 
932609 
932533 
932457 
982380 
932304 


127 
127 
127 
127 
127 
127 
127 
127 
127 
127 
127 

127 
128 
128 
128 
128 
128 
128 
128 
128 
128 


9.778774 
7790C0 
779346 
779632 
779918 
780203 
780489 
780775 
781060 
781346 
781631 


477 
477 
477 
476 
476 
476 
476 
476 
476 
475 
476 


10.221226 
220940 
220654 
220368 
220082 
219797 
219511 
219225 
218940 
218654 
218369 


60 
59 
6S 

67 
56 
55 
54 
53 
52 
61 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.714144 
714352 
714561 
714769 
714978 
*715186 
715394 
715602 
715809 
716017 


9.932228 
932151 
932075 
931998 
931921 
931845 
931768 
931691 
931614 
931537 


9.781916 
782201 
782486 
782771 
788056 
783341 
788626 
788910 
784195 
784479 


10.218084 
217799 
217514 
217229 
216944 

' 216659 
216374 
216090 
215805 
215521 


49 
48 
47 
46 
46 
44 
43 
42 
41 
40 


348 
347 
347 
347 
347 
347 
346 
346 
346 
846 


476 
476 
476 
476 
476 
474 
4Y4 
474 
474 
474 


21 
22 
23 
24 
25 
26 
27 
28 
29 
80 


9.716224 
716432 
71«639 
716846 
717053 
717259 
717466 
717673 
717879 
718085 


9.931460 
931383 
931306 
931229 
931152 
931075 
930998 
930921 
930843 
930766 




9.784764 
785048 
785332 
.785616 
785900 
786184 
786468 
786752 
787036 
787819 


10.216236 
214952 
214668 
214384 
214100 
213816 
213532 
213248 ^ 
212964 
212681 


89 
88 
87. 
86 
85 

82 
81 
80 


345 
345 
345 

345 

345 

344 

344 

344 

344. 

343 


128 
128 
128 
129 
129 
129 
129 
129 
129 
129 


474 
474 
473 
473 
473 
473 
473 
473 
473 
472 

472 
472 
472 
472 
472 
472 
472 
471 
471 
471 


31 
82 
83 
84 
35 
86 
87 
38 
89 
40 


9.718291 
718497 
718703 
718909 
719114 
719320 
719525 
719730 
719935 
720140 


9.930688 
930611 
930533 
930456 
930378 
930300 
930223 
930145 
930067 
929989 

9.929911 
929833 
929755 
929677 
929599 
929521 
929442 
929364 
929286 
929207 


9.787603 
787886 
788170 
788453 
788736 
789019 
789302 
789585 
789868 
790151 


10.212397 
212114 
211830 
211547 
211264 
210981 
210698 
210415 
210132 
209849 


29 
28 
27 
26 
25 
24 
23 

21 

20 


343 
343 
343 
343 
342 
342 
342 
342 
341 
341 


129 
129 
129 
129 
129 
130 
130 
130 
180 
180 


41 
42 
43 
44 
45 
46 
47 
48 
49 
60 


9.720345 
720549 
720754 
720958 
721162 
721866 
721570 
721774 
721978 
722181 . 


9.790434 
790716 
790999 
791281 
791563 
791846 
792128 
792410 
792692 
792974 


10.209566 
209284 
209001 
208719 
208437 
208154 
207872 
207590 
207308 
207026 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


341 
341 
341 
340 
340 
340 
340 
339 
339 
339 


130 
130 
130 
130 
180 
1.80 
130 
131 
131 
131 


471 
471 
471 
471 
470 
470 
470 
470 
470 
470 


51 
52 
53 
54 
55 
56 
57 
58 
69 
60 


9.722385 
722588 
722791 
722994 
728197 
723400 
728603 
728605 
724007 
724210 


9.929129 
929050 
928972 
928893 
928815 
928786 
928657 
928578 
928499 
928420 


9.793256 
793538 
793819 
794101 
794383 
794664 
794946 
795227 
795608 
795789 


10.206744 
206462 
206181 
205899 
206617 
205336 
205054 
204773 
204492. 
204211 


9 
8 
7 
G 
6 
4 
8 
2 
1 



339 
339 
338 
338 
338 
838 
337 
337 
337 
337 


131 
131 
131 
131 
131 
131 
131 
131 
131 
132 


470 
469 
4G9 
469 
469 
469 
469 
469 
469 
468 


Cosine. | | Sine. | | Cotang. 


1 Tang. 1 


M. 



58 Degrees. 



876 



(32 Degrees.) logabitbmig 



M. SiDC. |D.100".| Cwlne. | D. | Tang. D.lOO". | CotaDg. | *1 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.724210 
724412 
724614 
724816 
725017 
725219 
725420 
725622 
725823 
726024 
726225 


837. 

337 

336 

3:)6 

836 
S36 
835 
885 
885 
835 
335 


9.928420 
928342 
928263 
928183 
928104 
928025 
927946 
927867 
927787 
927708 
927629 


132 
182 
132 
132 
132 
132 
132 
132 
132 
132 
182 


9.795789 
796070 
796351 
796632 
796913 
797194 
797474 
797755 
798036 
798816 
798596 


468 
468 
4C8 
468 
468 
468 
'468 
468 
467 
467 
467 


10.204211 
203930 
203649 
20S368 
203087 
202806 
202526 
202245 
201964 
201684 
201404 


60 
59 
58 
67 
66 
55 
64 
53 
62 
61 
60 


9.726426 
726626 
726827 
727027 
727228 
727428 
727628 
727828 
728027 
728227 


334 
834 
834 
334 
834 
333 
333 
833 
833 
332 


9.927549 
927470 
927890 
927310 
927231 
927151 
927071 
926991 
926911 
926831 


133 
138 
133 
133 
133 
133 
133 
133 
133 
133 


9.798877 
799157 
799437 
799717 
799997 
800277 
•800557 
800836 
801116 
801396 


467 
467 
467 
467 
466 
466 
466 
466 
466 
466 


10.201128 
200843 
200563 
200283 

. 200003 
199723 
199443 
199164 
198884 
198604 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.728427 
728626 
728825 
729024 
729223 
729422 
729621 
729820 
730018 
730217 


332 
332 
832 
832 
831 
831 
831 
831 
831 
830 


9.926751 
926671 
926591 
926511 
926431 
926851 
926270 
926190 
926110 
926029 


133 
133 
134 
134 
134 
.134 
134 
134 
134 
134 


9.801675 
801955 
802234 
802513 
802792 
803072 
803351 
803630 
803909 
804187 


466 
466 
465 
465 
465 
465 
465 
4C5 
• 465 
465 


10.198325 
198045 
19V766 
197487 
197208 
196928 
196649 
196370 
196091 

• 195813 


39 
38 
37 
36 
35 
84 
33 
32 
31 
30 


31 
82 
33 
34 
35 
36 
87 
38 
89 
40 


9.730415 
730613 
730811 
781009 
781206 
731404 
731602 
731799 
731996 
732193 


330 
330 
830 
829 
829 
829 
329 
329 
828 
328 


9.925949 
925868 
925788 
925707 
925626 
925545 
925465 
925884 
925303 
925222 


134 
134 
134 
134 
135 
135 
135 
135 
135 
135 

185 
135 
135 
135 
135 
136 
136 
136 
136 
136 


9.804466 
804745 
805023 
805302 
805580 
805859 
806137 
806415 
806698 
806971 


464 
464 
464 
464 
464 
464 
464 
464 
463 
463 


10.195534 
395255 
194977 
194698 
194420 
194141 
193868 
198585 
198807 
193029 


29 
28 
27 
26 
25 
24 
23 
22 
21 
9D 


41 
42 
43 

44 

45 

46 

47 t 

48 

49 

50 


9.732390 
732587 
732784 
732980 
733177 
733373 i 
' 733569 
733761 
733961 
734157 


328 
328 
328 
327 
327 
327 
327 
327 
826 
326 


9.925141 
925060 
924979 
924897 
924816 
924735 
924654 
924572 
924491 
924409 


9.807249 
807527 
807805 
808083 
808361 
808638 
808916 
809193 
809471 
809748 


463 
463 
463 
4(13 
4.63 
463 
462 
462 
462 
462 


10.192751 
192473 
192195 
191917 
191639 
191362 
191084 
190807 
190529 
190252 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.734353 
734549 
734744 
734939 
735135 
735330 
735525 
735719 

. 735914 
736109 


9.924328 
924246 
924164 
924083 
924001 
923919 
923837 
923755 
928673 
923591 


9.810025 
810302 
810580 
810857 
811134 
811410 
811687 
811964 
812241 
812517 


10.189975 
189698 
189420 
189143 
188866 
188590 
188313 
188036 
187759 
187483 


9 
8 
7 
6 
5 
4 
3 
2 
1 


1 


826 
326 
826 
325 
325 
825 
825 
824 
324 
324 


136 . 

136 

136 

136 

136. 

136 

136 

137 

137 

137 


462 
462 
462 
462 
461 
461 
461 
461 
461 
461 


1 Cosine. 




Sine. 


Cotanor. 


1 Tang. 1 M. j 



67 Degrees. 



SINES xsm TANGENTS. (33 Degrees.) 



377 



M. Sine. | D.lOO". | Coeine. | D. | Tang. 1 D.lOO". | Cotang. | 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11' 

12 

13 

14. 

15 

16 

17 

18 

19 

20 


9.736109 
736303 
736498 
736692 
736886 
737080 
737274 
737467 
737661 
737855 
738048 


324 
324 
324 
323 
823 
323 
323 
323 
322 
822 
822 


9.923591 
923509 
923427 
923345 
923263 
923181 
923098 
923016 
922933 
922851 
922768 


137 
137 
137 
137 
137 
137 
137 
137 
137 
138 
138 


9.812517 
812794 
813070 
813347 
813623 
813899 
814176 
814452 
814728 
815004 
815280 


461 
461 
461 
460 
460 
460 
460 
460 
460 
460 
460 


10.187483 
187206 
186930 
186653 
186377 
186101 
185824 
185548 
185272 
184996 
184720 


60 
59 
58 
57 
56 
55 
54 
58 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


9.738241 
738434 
738627 
738820 
739013 
739206 
739398 
739590 
739783 
739975 


9.922686 
922603 
922520 
922438 
922355 
922272 
922189 
922106 
922023 
921940 


9.815555 
815831 
816107 
816382 
816658 
816933 
817209 
817484 
817759 
818035 


10.184445 
184169 
183893 
183618 
183342 
183067 
182791 
182516 
182241 
181965 


322 
322 
821 
321 
321 
321 
821 
320 
320 
320 

320 
820 
319 
819 
819 
819 
819 
318 
318 
818 

318 
318 
317 
317 
317 
317 
317 
816 
316 
316 

316 
316 
815 
315 
815 
815 
315 
314 
314 
314 


138 
138 
138 
128 
138 
138 
138 
138 
138 
138 


460 
459 
459 
459 
459 
459 
459 
459 
459 
459 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.740167 
740359 
740550 
740742 
740934 
741125 
741316 
741508 
741699 
741889 


9.921857 
921774 
921691 
921607 
921624 
921441 
921357 
921274 
921190 
921107 


9.818310 
818585 
818860 
819135 
819410 
819684 
819959 
820234 
820508 
820783 


10.181690 
181415 
181140 
180865 
180590 
180316 
180041 
179766 
179492 
179217 


39 
38 
37 
36 
85 
84 
33 
32 

ai 

•30 


139 
139 
139 
139 
139 
139 
139 
139 
139 
139 


458 
458 
458 
458 
458 
458 
458 
458 
457 
457 

457 
457 
457 
457 
457 
457 
457 
456 
456 
456 


31 
32 
83 
34 
85 
36 
37 
38 
39 
40 


9.742080 
742271 
742462 
742652 
742842 
74J033 
743223 
743413 
743602 
743792 


9.921023 
920939 
920856 
920772 
920688 
920604 
920520 
920436 
920352 
920268 


9.821057 
821332 
821606 
821880 
822154 
822429 
822703 
822977 
823251 
823524 


10; 178943 
178668 
178394 
178120 
177846 
177571 
177297 
177023 
176749 
176476 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


139 
140 
140 
140 
140 
140 
140 
140 
140 
140 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51* 
52 
53 
54 
55 
56 
• 57 
58 
59 
CO 


9.743982 
744171 
744361 
744550 
744739 
744928 
745117 
745306 
745494 
745683 


9.920184 
920099 
920015 
919931 
919846 
919762 
919677 
•919593 
919508 
919424 


9.823798 
824072 
824345 
824619 
824893 
825166 
825439 
825713 
825986 
826259 

9.826532 
826805 
827078 
827351 
827624 
827897 
828170 
828442 
828715 
828987 


10.176202 
175928 
175655 
175381 
175107 
174834 
174561 
174287 
174014 
173741 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
G 
5 
4 
3 
2 
1 



140 

140 

141. 

141 

141 

141 

141 

141 

141 

141 


456 
456 
456 
456 
456 
456 
455 
455 
455 
455 


9.745871 
746060 
746248 
746436 
746624 
746812 
746999 
747187 
747374 
747562 


9.919339 
919254 
919169 
919085 
919000 
918915 
918830 
918745 
918659 
918574 


10.173468 
173195 
172922 
172649 
172376 
172103 
171830 
171558 
171285 
171013 


314 
314 
313 
313 
313 
313 
313 
312 
312 
312 


141 
141 
141 
141 
142 
142 
142 
142 
142 
142 


455 
455 
455 
455 
455 
455 
454 
454 
454 
454 


Cosine. | | Sine. | | Cotang. | Tang. | M. j 



66 Degrees. 



378 



(34 Degrees.) logasithmic 



M. Sine. 1 D.lOO". | Cosine. 


D. 1 Tanp. | D.lOO". | Cotang. | \ 


I 
1 
2 
8 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.747562 
747749 
747936 
748123 
748310 
748497 
748683 
748870 
749056 
749243 
749429 


312 
812 
312 
811 
311 
311 
811 
311 
310 
810 
810 


9.918574 
918489 
918404 
918318 
918233 
918147 
918062 
917976 
917891 
917805 
917719 


142 
142 
142 
142 
142 
142 
143 
143 
143 
143 
148 


9.828987 
829260 
829532 
829805 
880077 
880349 
830621 
830898 
831165 
831437 
831709 


454 
454 
454 
454 
454 
454 
453 
453 
453 
453 
453 


10.171013 
170740 
170468 
• 170195 
169923 
169651 
169879 
169107 
168885 
168563 

' 168291 


60 
59 
58 
67 
56 
55 
54 
53 
52 
51 
50 


9.749615 
749801 
749987 
750172 
750358 
750543 
750729 
750914 
751099 
751284 

9.751469 
751654 
751839 
752023 
752208 
752392 
752576 
752760 
752944 
753128 


9.917634 
917548 
917462 
917376 
917290 
917204 
917118 
917032 
916946 
916859 


9.831981 
832253 
832525 
832796 
833068 
833339 
833611 
833882 
834154 
834425 


10.108019 
167747 
167476 
167204 
166932 
166661 
166889 
166118 
165846 
165575 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


810 
810 
309 
809 
809 
809 
809 
809 
808 
808 


143 
143 
143 
143 
143 
143 
144 
144 
144 
144 


453 
453 
453 
453 
452 
452 
452 
452 
452 
452 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.916773 
916687 
916600 
916514 
916427 
916341 
916254 
916167 
916081 
915994 

9.915907 
915820 
915733 
915646 
915559 
915472 
915385 
915297 
915210 
915123 


9.834696 
834967 
835238 
835609 
835780 
836051 
836322 
836593 
836864 
837134 


10.165304 
165033 
164762 
164491 
164220 
163949 
163678 
163407 
163136 
162866 


39 
38 
37 
86 
35 
84 
33 
82 
81 
80 


308 
808 
308 
807 
807 
307 
807 
807 
806 
806 

306 
806 
306 
305 
805 
305 
305 
305 
804 
304 


144 
144 
144 
144 
144 
144 
144 
145 
145 
146 


452 
452 
452 
452 
451 
451 
451 
451 
451 
451 


31 
32 
83 
34 
35 
36 
87 
38 
39 
40 


9.763312 
753495 
758679 
753862 
754046 
754229 
754412 
754595 
754778 
754960 


9.837405 
837675 
837946 
838216 
838487 
838757 
889027 
839297 
839568 
889888 


10.162595 
162825 
162054 
161784 
161513 
161243 
160973 
160703 
160432 
* 160162 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


145 
145 
145 
145 
145 
145 
146 
145 
146 
146 


451 
451 
451 
451 
450 
450 
450 
450 
450 
450 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.755143 
755326 
755508 
755690 
755872 
756054 
756236 
756418 
756600 
756782 


9.915035 
914948 
914860 
914773 
914685 
914598 
914510 
914422 
914334 
914246 


9.840108 
840378 
840648 

• 840917 
841187 
841457 
841727 
841996 
842266 
842535 


10.159892 
159622 
159352 
159083 
158813 
158543 
158273 
158004 
157734 
157465 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


304 
304 
304 
304 
303 
303 
303 
803 
303 
302 

302 
302 
302 
302 
801 
301 
301 
801 
801 
801 


146 
146 
146 
146 
146 
146 
146 
146 
146 
147 


450 
450 
450 
450 
449 
449 
449 
449 
449 
449 

449 
449 
449 
449 
449 
448 
448 
448 
448 
448 


51 

52 
53 
54 
55 
56 
57 
68 
59 
60 


9.756963 
757144 
757326 
757607 
757688 
757869 
758050 
758230 
758411 
758591 


9.914158 
914070 
913982 
913894 
913806 
918718 
913630 
913541 
913453 
913365 


9.842805 
843074 
843343 
843612 
843882 
844161 
844420 
844689 
844958 
845227 


10.157196 
156926 
156657 
156388- 
156118 
155849 
155580 
155811 
155042 
164773 


9 
8 
7 
6 
5 
4 
3 
2 
1 



147 
147 
147 
147 
147 
147 
147 
147 
147 
147 


1 Cosine. 1 | Sine. 1 1 


Cotang. 1 


• 1 


Tang. 


M. 



55 Degrees. 



SINES AND TANGENTS, (35 Degrees.) 



379 



M. 1 Sine. 1 D.lOO". | * Coelne. | D. | Tang. | D.lOO". | CoUng. | j 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.758591 
758772 
758952 
769132 
759312 
759492 
759672 
759852 
760031 
760211 
760890 


801 

800 

800 

800 

800 

800 

299 . 

299 

299 

299 

299 


9.918365 
913276 
913187 
918099 
913010 
912922 
912833 
912744 
912655 
912566 
912477 


147 
148 
148 
148 
148 
148 
148 
148 
148 
148 
148 


9.845227 
845496 
845764 
846033 
846302 
846570 
846839 
847108 
847376 
847644 
847913 


448 
'448 
448 
448 
448 
448 
448 
447 
447 
447 
447 


10.154778 
154504 
154236 
153967 
. 158698 
158430 
153161 
152892 
152624 
152356 
152087 


60 
59 
58 
67 
66 
55 
54 
53 
52 
51 
50 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.760569 
760748 
760927 
761106 
761285 
761464 
761642 
761821 
761999 
762177 


299 
298 
298 
298 
298 
298 
297 
297 
297 
297 


9.912388 
912299 
912210 
912121 
912031 
911942 
911853 
911768 
911674 
911584 


148 
149 
149 
149 
149 
149 
149 
149 
149 
149 


9.848181 
848449 
848717 
848986 
849254 
849522 
849790 
850057 
850325 
850593 


447 
447 
447 
447 
447 
447 
446 
446 
446 
446 


10.151819 
151551 
151283 
151014 
150746 
150478 
150210 
149943 
149675 
149407 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.762356 
762534 
762712 
762889 
763067 
768245 
763422 
763600 
768777 
763954 


9.911495 
911405 
911815 
911226 
911136 

'911046 
910956 
910866 
910776 

•910686 


9.850861 
851129 
851396 
851664 
851931 
852199 
852466 
852733 
853001 
858268 


10.149139 
148871 
148604 
148836 
148069 
147801 
147584 
147267 
146999 
146782 


89 
38 
87 
86 
85 
84 
88 
82 
81 
80 


297 
296 
296 
296 
296 
296 
296 
295 
295 
295 


149 
149 
150 
150 
150 
150 
150 
150 
150 
150 


446 
446 
446 
446 
446 
446 
446 
446 
445 
445 


31 
32 
83 
34 
85 
36 
37 
38 
39 
40 


9.764131 
764308 
7B4485 
764662 
764838 
765015 
765191 
765367 
765544 
765720 


295 
295 
294 
294 
294 
294 
294 
294 
293 
293 

293 
293 
293 
293 
292 
292 
292 
292 
292 
291 


9.910596 
910506 
910415 
910325 
910235 
910144 
910054 
909963 
909873 
909782 


150 
150 
151 
151 
151 
151 
151 
151 
151 
151 


.9.853535 
853802 
854069 
854336 
854608 
854870 
855137 
855404 
855671 
855938 


445 
445 
445 
445 
445 
445 
445 
445 
445 
444 


10.146465 
146198 
145981 
145664 
145897 
145130 
144863 
144596 
144329 
144062 


29 
28 
27 
26 
25 
24 
28 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.765896 
766072 
766247 
766423 
766598 
766774 
766949 
767124 
767300 
767475 


9.909691 
909601 
909510 
909419 
909328 
909237 
.909146 
909055 
908964 
908873 


9.856204 
856471 
856737 
857004 
857270 
857537 
857803 
858069 
858836 
858602 


10.143796 
143529 
143263 
142996 
142780 
142463 
142197 
141931 
141664 
141398 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


151 
151 
151 
152 
152 
152 
152 
152 
152 
152 


444 
444 
444 
444 
444 
444 
444 
444 
444 
444 


51 

52 
53 
54 
55 
56 
57 
58 
59 
60 


9.767649 
767824 
767999 
768178 
768348 
768522 
768697 
768871 
769045 
769219 


291 
291 
291 
291 
291 
290 
290 
290 
290 
290 


9.908781 
908690 
908599 
908507 
908416 
908324 
908233 
908141 
908049 
907958 


152 
152 
152 
152 
153 
153 
153 
153 
153 
153 


9.858868 
859134 
859400 
859666 
859932 
860198 
860464 
860730 
860995 
861261 


443. 

443 

443 

443 

443 

443 

443 

448 

443 

448 


10.141132 
140866 
140600 
140334 
140068 
189802 
189536 
139270 
139005 
138739 


9 
8 
7 
6 
5 
4 

2 

1 



1 Cosine, i { Sine. | 


Cotansr. | Tancr. | M.H 



54 Degrees. 



380 



(36 Degrees.) xooabithmic 



:tf. 


i_ Sine. 


D.lOO'f. 


Cosine. 


D. 


Tang. 


B.KiO". 


Cotang. 






1 

2 
8 

4 
5 
6 
7 
8 
9 
10 


9.769219 
769893 
769566 
769740 
769913 
770087 
770260 
770433 
770606 
770779 
770962 


290 
289 
289 
289 
289 
289 
289 
288 
288 
288 
288. 


9.907968 
907866 
907774 
907682 
907690 
907498 
907406 
907314 
907222 
907129 
907037 


168 

153 

153 

153 

163 

168 

164 

154. 

154 

164 

154 


9.861261 
861527 
861792 
862058 
862323 
862589 
862854 
868119 
863385 
863660 
863915 


443 
443 
443 
442 
442' 
442 
442 
442 
442 
442 
442 


10.138739 
138473 
138208 
137942 
137677 
137411 
137146 
186881 
136615 
136350 
136085 


60 
59 
58 
67 
56 
65 
54 
53 
.62 
61 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.771125 
771298 
771470 
771643 
771816 
771987 
772159 
772381 
772503 
772675 


9.906946 
906852 
906760 
906667 
906575 
906482 
906389 
906296 
906204 
906111 


9.864180 
864445 
864710 
864975 
866240 
865505 
866770 
866085 
866300 
866564 


10.135820 
• 136655 
135200 
135025 
134760 
134495 
134230 
183965 
133700 
133436 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


288 
288 
287 
287 
287 
287 
287 
286 
286 
286 


164 
154 
154 
154 
154 
154 
156 
165 
155 
156 


442 

442 

442 

442 

441 . 

441 

441 

441 

441 

441 


21 
22 
28 
24 
25 
26 
27 
28 
29 
30 

81 
82 
83 
84 
85 
86 
87 
88 
39 
40 


9.772847 
773018 
773190 
773361 
773533 
773704 
773875 
774046 
774217 
774388 


9.906018 
905925 
905832 
905739 
906645 
d05552 
905459 
905366 
905272 
905179 


9.866829 
867094 
867358 
867623 
867887 
868152 
868416 
868680 
868945 
869209 


10.133171 
132906 
132642 
132377 
132118 
131848 
131584 
131820 
181055 
130791 


89 
88 
87 
36 
86 
34 
83 
82 
81 
80 


286 
286 
286 
285 
285 
285 
285 
285 
286 
284 


155 
156 
165 
155 
166 
156 
166 
166 
166 
166 


441 
441 
441 
441 
441 
441 
440 
440 
440 
440 


9.774658 
774729 
774899 
775070 
775240 
775410 
775580 
. 775760 
776920 
776090 


284 
•284 
284 
284 
284 
283 
283 
283 
283 
283 


9.905085 
904992 
904898 
904804 
904711 
904617 
904523 
904429 
904335 
904241 


166 
166 
166 
1A6 
156 
156 
166 
157 
157 
157 


9.869473 
869737 
870001 
870266 
870629 
870798 
871057 
871321 
871586 
871849 


440 
440 
440 
440 
440 
440 
440 
440 
440 
439 


10.130527 
130263 
129999 
129736 
129471 
129207 
128943 
128679 
128416 
128151 


29 
28 
27 
26 
26 
24 
23 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.776259 
776429 
776598 
776768 
776937 
777106 
777275 
777444 
777613 
777781 


2.83 
282 
282 
282 
282 
282 
281 
281 
281 
281 

281 
281 
280 
280 
280 
280 
280 
280 
279 
279 


9.904147 
904053 
903959 
903864 
903770 
903676 
903581 
903487 
903392 
903298 


157 
157 
157 
167 
167 
157 
157 
158 
158 
158 


9.872112 
872376 
872640 
872903 
873167 
873430 
873694 
873957 
874220 
874484 


439 
439 
439 
439 
439 
489 
439 
4S9 
439 
439 

439 
439 
439 
488 
438 
438 
438 
438 
438 
438 


10.127888 
127624 
127360 
127097 
126883 
126570 
126306 
126048 
125780 
125616 


19 
18 
17 
16 
16 
14 
13 
12 
11 
10 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.777950 
778119 
778287 
778455 
778624 
778792 
778960 
779128 
779295 
779463 


9.903203 
903108 
903014 
902919 
902824 
902729 
902634 
902539 
902444 
902349 


9.874747 
875010 
875273 
875537 
875800 
876063 
876326 
876589 
876852 
877114 


10.125253 
124990 
124727 
124463 
124200 
123937 
123674 
123411 
123148 
122886 


9 
8 
7 
6 
6 
4 
3 
2 
1 



158 
158 
158 
158 
158 
168 
158 
158 
159 
159 


1 Cosine. | Sine. | | Cotang. 




Tang. 


M. / 



63 Degrees. 



SINES AND TANGENTS. (37 Degrees.) 



361 



M. 1 Sine. | 


D.lOO". CoBiDC. 1 D^ Taiip. D-KHI". Cotang. ) J 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.779463 
779631 
779798 
779966 
780133 
780300 
780467 
780634 
780801 ) 
780968 
781134 


279 
279 
279 
' 279 
279 
278 
278 
278 
278 
278 
278 


9.902349 
902253 
902158 
902063 
901967 
901872 
901776 
901681 
901585 
901490 
901394 


1 

159 
159 
159 
169 
159 
159 
159 
159 
159 
160 
160 


9.877114 
877377 
877640 
877903 
878165 
878428 
878691 
878953 
879216 
879478 
879741 


438 

438 

438 

438 , 

438 

438 

488 

437 

437 

437 

437 

437 
437 
437 
437 
437 
437 
437 
437 
437 
437 


10.122886 
122623 
122360 
122097 
121836 
121572 
121309 
121047 
120784 
120522 
120259 


60 
59 

58 
57 
56 
55 
54 
53 
52 
51 
50 

'49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


11 
12 
IS 
14 
15 
16 
17 
18 
19 
20 


9.781301 
781468 
781634 
781800 
781966 
782132 
782298 
782464 
782630 
782796 


9.901298 
901202 
901106 
901010 
900914 
900818 
900722 
900626 
900529 
900483 


9.880003 
880265 
880528 
880790 
881052 
881314 
881577 
881839 
882101 
882363 


10.119997 
119735 
119472 
119210 
118948 
118686 
118423 
118161 
117899 
117687 


277 
277 
277 
277 
277 
277 
276 
276 
276 
276 

276 

276. 

275 

275 

275 

275 

275 

275 

274 

274 

274 
274 
274 
274 
273 
273 
273 
273 
273 
273 

272 
272 
272 
272 
272 
272 
271 
271 
271 
271 

271 
271 
270 
270 
270 
270 
270 
270 
270 
269 


160 
160 
160 
160 
160 
160 
160 
160 
160 
161 


21 
22 
23 
U 
25 
26 
27 
28 
29 
90 


9.782961 
783127 
783292 
783458 
783623 
783788 
783953 
784118 
784282 
784447 


9.900337 
900240 
900144 
900047 
899951 
899854 
899757 
899660 
899564 
899467 


9.882C25 
882887 
883148 
883410 
883672 
883934 
884196 
884457 
884719 
884980 


^^(i.11'7S^'^ti. 


39 

88 

87 

36 

35 

34- 

33 

32 

31 

30 


161 
161 
161 
161 
161 
161 
161 
161 
161 
162 


436 
436 
436 
436 
436 
436 
436 
436 
436 
436 . 


117113 
116852 
116590 
116328 
116066 
115804 
115543 
115281 
115020 


31 

82 

33 

84 

35 

36 

37 

38 

39 . 

40 


9.784612 
784776 
784941. 
785105 
785269 
785433 
785597 
785761 
785925 
786089 


9.899370 
899273 
899176 
899078 
898981 
898884 
898787 
898689 
898592 
898494 


9.885242 
885504 
885765 
886026 
886288 
886549 
886811 
887072 
887333 
887594 


10.114758 
114496 
114235 
113974 
113712 
113451 
113189 
112928 
112667 
112406 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


162 
162 
162 
162 
162 
162 
162 
162 
162 
163 


436 
436 
436 
4B6 
436 
435 
435 
435 
435 
435 


41 
42 
43 
44 
45 
46 
47 
48 
49 
60 

51 
52 
53 
64 
65 
56 
67 
J^ 
69 
60 


9.786252 
786416 
786579 
786742 
786906 
787069 
787232 
787395 
787557 
787720 


9.898397 
898299 
898202 
898104 
898006 
897908 
897810 
897712 
897614 
897516 


9.887855 
888116 
888378 
888639 
888900 
889161 
889421 
889682 
889943 
890204 


10.U2145 
111884 
111622 
111361 
111100 
110889 
110579 
110318 
110057 
109796 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


16a 
163 
163 
163 
163 
163 
163 
163 
163 
164 


435 
435 
435 
435 
435 
435 
435 
435 
435 
435 


9.787883 
788045 
788208 
7188370 
788582 
788694 
788866 
789018 
789180 
789342 


9.897418 
897320 
897222 
897123 
897025 
896926 
896828 
896729 
896631 
896582 


9.890465 
890725 
890986 
891247 
891507 
891768 
892028 
892289 
892549 
892810 


10.109535 
109275 
109014 
108753 
• 108493 
• 108232 
107972 
107711 
107461 
107190 


9 
8 
7 
6 
5 
4 
8 
2 
1 



164 
164 
164 
164 
164 
164 
164 
164 
164 
165 


434 
434 
434 
434 
434 
434 
434 
434 
434 
434 


CoBine. ] j Siue. | | Cotan^. | Tantr. | M. ( 



52 Degrees. 



382 




(38 Degrees.) logaeithmic 








M. Sine. D.100''. ^ CoslDe. 


D, 1 TanpT. | D.lOO". | Cotang. | ] 


\ 



1 
2 
8 
4 
6 
6 
7 

•8 
9 

10 


9.789842 
789504 
789665 
789827 
789988 
.790149 
790810 
790471 
790632 
790793 
790954 


269 
269 
269 
269 
269 
269 
268 
268 
268 
268 
268 

268 
267 
267 
267 
267 
267 
267 
266 
266 
266 

266 
266 
266 
266 
265 
265 
265 
265 
265 
265 


9.896582 
896483 
896386 
896286 
896137 
896088 
895989 
895840 
895741 
895641 
896642 


165 
166 
166 
166 
165 
165 
166 
165 
166 
166 
166 


9.892810 
893070 
893381 
893591 
893861 
894111 
894872 
894632 
894892 
895162 
895412 


434 
•434 
434 
434 
434 
434 
434 
434 
433 
433 
433 


10.107190 
306980 
106669 
106409 
106149 
105889 
105628 
105368 
105108 

.. 304848 
104588 


60 

59 

68 • 

67 

66 

55 

64 

63 

62 

61 

60 


1 


ll 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.791115 
791276 
791436 
791596 
791757 
791917 
792077 
792287 
792397 
792557 

9.792716 
792876 
793035 
798195 
798364 
793614 
793673 
793832 
793991 
794150 


9.895443 
896348 
896244 
896146 
896046 
894946 
894846 
894746 
894646 
894646 


166 
166 
166 
166 
166 
166 
166 
166 
166 
166 


9.895672 
895932 
896192 
896452 
896712 
896971 
897231 
897491 
897751 
898010 

9.898270 
898530 
898789 
899049 
899308 
899568 
899827 
900087 
900346 
900605 

9.1)00864 
901124 
901383 
901642 
901901 
902160 
902420 
902679 
902938 
908197 


433 
433 
433 
438 
433 
433 
433 
433 
433 
4S3 

483 

433 
433 
433 
432 
432 
432 
432 
432 
432 


10.104328 
104068 
103808 
103548 
103288 
108029 
102769 
102509 
102249 
101990 


49 
48 
47 
46 
46 
44 
43 
42 
41 
40 


X 


21 
'22 
23 
24 
25 
26 
27 
28 
29 
30 


9.89444G 
894346 
894246 
894146 
894046 
893946 

. 893846 
893745 
893645 
893544 


167 
167 
167 
167 
167 
167 
167 
167 
167 
167 


10.101780 
101470 
101211 
100951 
100692 
100432 
100178 
099913 
099664 
099395 


89 
88 
37 
36 
35 
84 
83 
32 
81 
30 




31 
32 
33 
34 
35 
36 
37 
88 
39 
40 


9.794308 
794467 
794626 
794784 
794942 
795101 
795259 
795417 
795575 
795783 


9.893444 
898343 
893243 
893142 
893041 
892940 
892889 
892739 
892638 
892536 


10.099136 
098876 
098617 
098368 
098099 
097840 
097580 
C97321 
097062 
096803 


29 
28 
•27 
26 
25 
24 
23 
22 
21 
20. 




264 
264 
264 
264 
264 
264 
263 
263 
263 
263 

263 
263 
, 263 
262 
262 
262 
262 • 
262 
262 
261 

261 
261 
261 
261 
261 
261 
260 
260 
260 
260 


168 
168 
168 
168 
168 
168 
168 
168 
168 
168 


432 
432 
432 
432 
432 
432 
432 
432 
43> 
432 • 

432 
431 
431 
431 
431 
481 
431 
431 
431 
431 




41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.795891 
796049 
796206 
796364 
796521 
796679 
796886 
796993 
797160 
797807 


9.892435 
892334 
892283 
892132 
892030 
891929 
891827 
891726 
891624 
891623 


9.903456 

'903714 

903973 

904232 

904491 

• 904760 

. 905008 

905267 

905526 

906786 


10.096544 
096286 
096027 
095768 
095509 
096250 
094992 
094783 
094474 
094215 


19 
18 
17 
16 
16 
14 
13 
12 
11 
.10 




169 
169 
169 
169 
169 
169 
169 
169 
169 
169 




61- 

52 

58 

54 

65 

66 

57 

58 

69 

60 


9.797464 
797621 
797777 
797934 
798091 
798247 

• 798403 
798560 
798716 
798872 


9.891421 
891319 
891217 
891116 
891018 
890911 
890809 
890707 
890606 
890608 


9.906043 
906802 
906660 
906819 
907077 
907386 
907594 
907868 
908111 
908369 


10.093957 
093098 
093440 
093181 
092928 
092664 
092406 
092147 
091889 
091681 


9 

8 

7 

6 

6 

4 

3 

2* 

1 

(f 




170 
170 
170 
170 
170 
170 
170 
170 
170 
171 


431 
431 
481 
431 
431 
431 
481 
431 
. 431 
430 




Cosine. 


1 Sine. 1 1 Cotang. 




tmg. 1 ic. 1 



M Degrees. 



SINES AND TANGENTS. (39 Degrees.) 
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M. 


Sine. 1 p.lOO". | Cosine. | D. | Tang. | D.lOO". | Cotang. | j 


• 

1- 
2 
3 
4 
5* 
6 
7 
8 
9 
10 


9.798872 
799028 

799184 
799339 
799495 
799651 
799806 
799962 
800117 
800272 
800427 


260 
260 
260 
259 
259 
259 
259 
259 
259 
259 
258 


9.890503 
890400 
890298 
890195 
890093 
889990 
889888 
889786 
889682 
889579 
889477 


171 
171 
171 
171 
171 
171 
171 
171 
171 
171 
172 


9.908369 
908628 
908886 
909144 
909402 
909660 
909918 
910177 
910436 
910693 
910961 


430 
430 
430 
430 
430 
430 
430 
430 
430 
430 
430 


10.091631 
091872 
091114 
090856 
090698 
090340 
090082 

• 089823 
089565 
089307 
089049 


60 
59 
58 
57 
56 
66 
54 
53 
52 
51 
•50 


11 

12 

13 

14. 

15 

16 

17 

18 

19 

20 


9.800582 
• 800737 
. 800892 
801047 
801201 
801356 
801511 
801665 
801819 
801973 


9.889374 
■ 889271 
889166 
889064 
888961 
888858 
888755 
888651 
888548 
888444 


9.911209 
911467 
911725 
911982 
912240 
912498 
912Z56 
913014 
913271 
913629 


10.088791 
088633 
088275 
088018 
087760 
087602 
087244 
086986 
086729 
086471 


49 
48 
47 
46 
46 
44 
43 
42 
41 
40 


258 
258 
258 
258 
258 
257 
257 
257 
257 
257 

257 
257 
256 
256 
256 
256 
256 
256 
255 
255 

255 
265 
256 
255 
255 
254 
254 
254 
254 
254 

254 
253 
253 
253 
253 
253 
253 
253 
252 
262 

252 
292 
252 
252 
252 
251 
251 
251 
251 
251 


172 
172 
172 
172 
172 
172 
172 
172 
172 
173 


430 
430 
430 
430 
430 
430 
430 
430 
429 
429 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.802128 
802282 
802436 
802539 
802743 
802897 
803050 
803204 
803357 
803511 


9.888341 
888237 
888134 
888030 
887926 
887822 
887718 
887614 
887510 
887406 


9.913787 
914044 
914302 
914560 
914817 
915076 
915332 
916690 
916847 
916104 


10.086213 
086966 
085698 
085440 
086183 
084926 
084668 
084410 
084153 
083896 


39 
38 
37 
86 
36 
84 
83 
32 
31 
30 


173 

173. 

173 

173 

173 

173* 

173 

173 

173 

174 

174 
174 
174 
174 
174 
174 
174 
174 
175 
175 


429 
429 
429 
429 
429 
429 
429 
429 
429 
429 


31 
82 
33 
34 
35 
36 
37 
38 
39 
40 


9.803664 
803817 
803970 
804123 
804276 
804428 
804581 
804734 
804886 
805039 


9.887302 
887198 
887093 
886989 
886885 
886780 
886676 
886571 
886466 
886362 


9.916362 
916619 
916877 
917134 
917391 
917648 
917906 
918163. 
918420 
918677 


10.083638 
083381 
083123 
082866 
082609 
082352 
082094 
081837 
081580 
081323 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


429 
429 
429 
429 
4'29 
429 
429 
429 
428 
428 


41 
42 
43 

44 
45 
46 
47 
48 
49 
50 


9.805191 
805343 
805495 
805647 
805799 
805951 
•806103 
806254 
806406 
806557 


9.886257 
886162 
886047 
885942 
886837 
885732 
886627 
886522 
886416 
885311 


9.918934 
919191 
919448 
919705 
919962 
920219 
920476 
920733 
920990 
921247 


10.081066 
080809 
080552 
080296 
080038 
079781 
079624 
079267 
079010 
078763 


19 

18^ 

17 

16 

15 

14 

13 

12 

11 

10 


176 
176 
176 
176 
176 
176 
176 
176 
176 
176 


428 
428 
428 
428 
428 
428 
428 
428 
428 
428. 


51 

52 , 

53 ' 
54 
55 
56 
57 
58 

~ 59 
60 


9.806709 
806860 
807011 
807163 
807314 
807465 
807615 
807766 
807917 
808067 


9.885205 
885100 
884994 
884889 
884783 
884677 
884572 
884466 
884360 
884254 


9.921603 
921760 
922017 
922274 
922530 
922787 
923044 
923300 

• 923557 
923814 


10.078497 
078240 
077983 
077726 
077470 
077218 
076966 
076700 
076443 
076186 


9 
8 
7 
6 
5 
4 
8 
2 
1 



176 
176 
176 
176 
176 
176 
176 
176 
177 
177 


428 
428 
428 
428 
428 
428 
428 
428 
428 
428 




Cosine. | 


Sine. 


1 Cotang. 1 Tang. 


-IT" 



50 Degrees. 
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(40 Degrees.) logabithmig 



M. Sine. 


D.lOO''. 


Cosine 


D. Tang. 


D.1(>0''.L Cotang. 


• 



1 
2 
8 
4 
5 
6 
7 
8 
9 
10 


9.808067 
808218 
808368 
808519 
808669 
808819 
808969 
809119 
809269 
809419 
809569 


251 
251 
251 
250 
250 
250 
250 
250 
250 
249 
249 

249 
249 
249 
249 
249 
248 
248 
248 
248 
248 


9.884254 
884148 
884042 
888936 
883829 
883723 
. 883617 
1883510 
883404 
883297 
883191 


177 
177 
177 
177 
177 
177 
177 
177 
178 
178 
178 


9.923814 
924070 
924327 
924583 
924840 
925096 
925352 
925609 
925865 
926122 
926378 


428 
427 
427 
427 
427 
427 
427 
427 
427 
427 
427 


10.076186 
076930 
. 075673 
075417 
075160 
074904 
074648 
074391 
074185 
073878 
073622 


60 
69 
68 
67 
66 
•65 
64 
63 
62 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.809718 
809868 
810017 
810167 
810316 
810465 
810614 
810763 
810912 
811061 


9.883084 
882977 
882871 
882764 
882657 
882550 
882443 
'882336 
882229 
882121 


9.926634 
926890 
927147 
927403 
927659 
927915 
928171 
928427 
928684 
928940 


10.073866 
073110 
072853 
072597 
072341 
072085 
071829 
071678 
071816 
071060 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
88 
37 
36 
85 
84 
83 
32 
81 
30 


178 
178 
178 
178 
178 
178 
178 
179 
179 
179 


427 
427 
427 
427 
427 
427 
•427 
427 
427 
427 

427 
427 
427 
427 
426 
426 
426 
426 
426 
426 


21 
22 
28 
24 
25 
26 
27 
28 
29 
30 


9.811210 
811358 
811507 
811655 
811804 
811952 
812100 
812248 
812396 
812544 


9.882014 
881907 
881799 
881692 
881584 
881477 
881369 
881261 
881158 
881046 


9.929196 
929452 
929708 
929964 
930220 
930475 
930731 
930987 
931248 
931499 


10.070804 
070648 
070292 
070036 
069780 
069525 
069269 
069013 
068767 
068501 


248 
248 
247 
247 
247 
247 
247 
247 
247 
246 


179 
179 
179 
179 
179 
•179 
180 
180 
180 
180 


31 
32 
33 
34 
85 
36 
37 
38 
39 
40 


9.812692 
812840 
812988 
813135 
813283 
813430 
813578 
813725- 
813872 
814019 


9.880938 
880830 
880722 
880613 
880505 
880397 

• 880289 

880180 

' '880072 

879963 


9.931755 
932010 
932266 
932522 
932778 
983033 
933289 
933545 
983800 
934056 


10.068245 
067990 
067784 
067478. 
067222 
066967 
066711 
066465 
066200 
065944 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


246 
246 
246 
246 
246 
246 
245 
245 
245 
245 


180 
180 
180 
180 
180 
180 
181 
181 
181 
181 


426 

426 

426 

426 

426 

426 

426 • 

426 

426 

425 

426 
426 
426 
426 
426 
426 
426 
426 
426 
426 


41 

42 
43 
44 
45 
46 
47 
48 
49 
50 


9.814166 
814313 
814460 
814607 
814753 
. 814900 
815046 
815193 
815839 
815485 


9.879855 
879746 
879637 
879529 
879420 
879311 
879202 
879093 
878984 
. 878875 


9.934311 
934567 
934822 
935078 
935338 
935589 
935844 
936100 
936855 
936611 


10.065689 
065438 
'066178 
064922 
064667 
064411 
064156 
068900 

. 063646 
068389 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


245 
245 
. 245 
244 
244 
244 
244 
244 
244 
244 


]'81 
181 
181 
181 
181 
182 
182 
182 
182 
182 


51 
52 
53 
54 
5.5 
66 
67 
58 
59 
60 


9.815632 
815778 
815924 
816069 
816215 
816361 
816507 
816652 
816798 
816943 


9.878766 
878656 
878547 
878438 
878328 
878219 
878109 
877999 
877890 
877780 


9.936866 
987121 
937377 
937632 
937887 
938142 
938398 
938653 
988908 
939168 


10.068184 
062879 
062623 
062368 
062118 
061858 
061602 
061347 
061092 
060887 


9 
8 
7 
6 
5 
4 
3 
2 
1 



243 
243 
243 
243 
243 
243 
243 
242 
242 
242 


182 
182 
182 
182 
188 
188 
183 
188 
188 
188 


425 
425 
425 
425 
426 
425 
425 
425 
425 
425 


1 Cofiine. | | Sine. | | Cotang. 


Tang. 1 M. J 



49 Degrees. 



SINES AND TANGENTS. (41 Degrees.) 



385 



M. 1 Sine. 


D.lOO". Coalne. 


D. Tang. | D.lOO". | Cotang. I | 




1 

2 

3 

4 

5 

6 

' 7 

. 8 

9 

.10 

11 
12 
13 
14 
15 
19 
17 
18 
19 
20 

21 
22 
23 
.24 
25 
26 
27 
28 
29 

no 


9.816943 
817088 
817233 
817379 
817524 
817668 
ai7813 
817.958 
818103 
818247 
818392 


242 
242 
242 
242 
242 
241 
241 
241 
241 
241 
241 


9.877780 
877670 
877560 
. 877450 
877340 
877230 
877120 
877010 
876899 
876789 
876678 


183 
183 
183 
183 
184 
184 
184 
184 
184 
184 
184 


9.939163 
939418 
939673 
939928- 
940183 
940439 
940694 

.. ^0949 
941204 
941459 
941713 


425 
425 
425 
425 
425 
425 
425 
425 
425 
425 
425 


10.060837 
060582 
060327 
0600^2 
059817 
.059561 
059306 
059061 
058796 
058541 
058287 


60 
59 
58 
57 
66 
55 
64 
63 
62 
51 
•50 


9.818536 
818681 
818825 
818969 
819113 

' 819257 
819401 
819545 ■ 
819689 
819882 


241 
240 
240 
240 
240 
240 
240 

• 240 
239 
239 

239 

• 239 
239 
239 
239 
238 
288 
238 
238 
238 


9.876568 
876457 
876347 
K76236 
876125 
876014 
876904 
875793 
875682 

. 875571 


184 
184 
184 
185. 
185 
185 
185 
185 
185 
185 


9.941968 
942223 
942478 
942733 
942988 
943243 
943498 
943752 
944007 
944262 


425 

425 

425 

425- 

425 

425 

425 

425 

425 

425 


10.058032 
057777 
057522 
057267 
057012 
056767 
066502 
056248 
055993 
056738 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


9.819976 
820120 
820263 
820406 
820550 
820693 
820836 
820979 
821122 
821265 


9.875459 
875348 
875237 
875126 

. 875014 
874903 
874791 
874680 
874668 
874456. 


185 
185 
186 
186 
186 
.186 
186 
186 
186 
186 


9.944517 
944771 
945026 
946281 
945535 
945790 
946045 
946299 
946654 
846808 


425 
424 
424 
424. 
424 
424 
• 424 
424 
424 
424 


10.055483 
055229 
054974 
054719 
054465 
054210 
053955 
053701 
053446 
053192 


89 
38 
37 
36 
35 
34 
38 
82 
81 
30 


31 

32 

33 

34 

35. 

36 

37 

38- 

39 

40. 


9.821407 
821560 
821693 
821835 
821977 
822120 
822262 
822404 
822546 
822688 


238 
238 
237 
*237 
237 
237 
237 
237 
237 
237 

236 
* 286 
236 
236 
236 
236 
236 
• 235 
235 
235 


.9.874344 
874232 
874121 
874009 
873896 

. 873784 
873672 
873560 
873448 
873335 


186 
187 
187 
187 
187 
.187 
187 
187 
187 
11R7 


9.947063 
947318 

. 947572 
947827 
948081 
948335 
948590 
948844 
949099 

. 949363 


424 
424 ' 
424 
424 
424 
424 
. 424 
424 
424 
424 


10.052937 
052682 
052428 
052173 
051919 
051665 
051410 
051156 

. 050901 
050647 


29 
28 
.27 
26 
25 
24 
23 
22 
21 
20 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.822830 
.822972- 
823114 

. 823255 
823397 
823539 
828680 

. .828821 
823963 
824104 


9.873223 
873110 
872998 
872885 
872772 

. 872659 
872547 
872434 
872321 
872208 


187 
188 
188 
188 
188 
188 
188 
188 
188 
188 


9.949608 
949862 
950116 
960371 
960625 
960879 
961133 
961388 
951642 
951896 


424 
424 
424 
424 
424 
424 
424 
424 
424 
424 


10.050392 
060138 
049884 
049629 
049375 
049121 
048867 
048612 
048358 
048104 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


51 
62 
58 
54 
55 
.56 
57 
•58 
•69 . 
60 


9.824245 
824386. 
824527 
824668 
824808 
824949 

, 825090. 
825230 
. .* 825371 
825511 


235 
235 
235 
235 
234 
234 
234 
• 234 
234 
234 


9.872095 
871981 
871868 
871755 
871641 
871528 

871414 

871301 

871187 

. 871073 


189 
189 
189 
189 
189 
189 
189 
189 
189 
190 


9.952150 
952405 
952669 
952913 
953167 
953421 
953675 
953929 
954183 
954437- 


424 
424 
424 
424 
424 
424 
423 
423 
423 
423 


10.047850 
047595 
047341 
047087 
046833 
046579 
046325 
046071 
045817 
045563 
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8 

7 
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1 
2 
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4 
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6 
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9.825511 
825651 
825791 
825981 
826071 
826211 
826351 
826491 
826631 
826770 
826910 


234 
234 
233 
233 
233 
233 
233 
233 
233 
233 
232 


9.871073 
870960 
"870846 
870732 
870618 
870504 
870390 
870276 
870161 
870047 
8G9933 


190 
190 
190 
190 
190 
190 
190 
190 
190 
191 
191 


9.954437 
954691 
954946 
955200 
955454 
956708 
955961 
956215 
956469 
956723 
956977 


423 
423 
' 423. 
423 
423 
423 
423 
423 
423 
423 
423 


10.045563 
045309 
045054 

• 044800 
044546 
044292 
044039 
043785 
043531 
043277 
043023 


60 
•69 
58 
67 
66 
65 
54 
53 
52 
•51 
50 


11 
12 
13 
14 
. 15 
16 
17 
18 
19 
20 


9.827049 
827189 
827328 
827467 
827606 
827745 
827884 
828023 
828162 
828301 


9.869818 
869704 
869589 
869474 
8G9360 
869245 
869130 
869015 
868900 
868785 


9.9572S1 
957485 
957739 
967993 
958247 

.. 958500 
. 958764 

. 959008 
959262 
959516 


10.042769 
042516 
042261 
042007 
041763 
041500 
041246 
040992 
04073a 
040484 


49 
48 
47 
46 

45 f 
44 ' 
43 
.42 
41 
40 


232 
232 
232 
232 
232 
232 
231 
231 
231 
231 


191 
191 
191 
191 
191 
191 
191 
192 
192 
192 


423 
423 
423 
423 
423 
423 
423 
423 
423 
423 

423 

423 

423 

423 

423 

423 

423. 

423 

423 

423 

423 
423 
423 , 
423 
. 423 
•423 
423 
423. 
423 
422 


21 
22 
23 
24 
25 
26 
27 
28 
29 
80 


9.828439 
828578 
828716 
828855 
828903 
829131 
829269 
829407 
829545 
829683 


9.868670 
868555 
868440 
868324 
868209 
868093 
867978 
867862 
867747 
867631 


9.9597G9 
960023. 
960277 
C60530 
960784 
961038 
961292 
961645 
961799 
962052 


10.010231 
039977 
039723 
039470 
039216 
038962 
038708 
038455 
038201 
037948 


89 
88 
87 
S6 
35 
84 
83 
^ 82 
31 
80 


231 

231 . 

231 

230 

23> 

230 

2ro 

230 
230 
230 


192 
192 
192 
192 
192 
193 
193 
193 
193 
193 


81 
82 
83 
84 
85 
86 
87 
88 
89 
40 


9.829821 
829959 
830097 
830234 
830372 
830509 
830646 
830784 
830921 
831058 


9.867515 
867399 
867283 
867167 
867051 
866935 
866819 
86670.3 
866586 
866470 


9.962306 
062560 
962813 
963067 
963320. 
963574 
963828 
964081 
964B35 
964588 


10.037694 
037440 
■037187 
036933 
036680 
036426 
036172 
035919 
035666 
035412 


29 

.23 
27- 
26 . 
25 
24 

%s 

22 
21 
20 


230 
229 
229 
229 
229 
229 
22D 
229 
228 
228 

228 
228 
228 
228 
228 
228 
227 
227 
227 
227 


.193 
193 
193 
193 
194 
194 
191 
194 
194 
194 


41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.831195 
831332 
831469 
831606 
831742 
831879 
832015 
882152 
832288 
382425 


•9:866353 
. 866237 
866120 
866004 
8658'87 
865770 
865653 
865536 
865419 
865302 


9.964842 
965095 
965349. 
965602 
965865 

. 966109 

966362 

•966616 

966^69 

967123 


10. 035158- 
034905 
034661 
034398 
034145 
038891 
033638. 
088384 
086181 
032877 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


194 
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195 
195 
195 
195 
I9flr 
195 
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422 

422 

422 

422 

422 

422 

422 

422. 
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422, 


51 
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56 
57 
58 
59 
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9.832561 
832697 
832833 
832969 
883105 
833241 
838377 
833612 
8.33648 
«33783 


9.865185 
865068 
864950 
864838 
864716 
864598 
864481 
864368 
864245 
864127 


9.967876 
967629 
967883 
968136 
.968389 
968643 
968896 

- 969149 
969403 
969656 


10.082624 
082371 
082U7 
031864 
031611 
031357 

. 031104 

- 0808'51 
030597' 

' 030844 
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8 

7 

6 
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1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


9.833788 
833919 
834054 
884189 
B34325 
834460 
834595 
834730 
834865 
834999 
835134 


226 
226 . 
.226 
225 
225 
225 
225 
225 
225 
226 
224 

224 
224 
224 
224 
224 
224 
223 
223 
223 
223 

223 
223 
223 
223 
222 
222 
222 
222 
222 
222 

222 
222 
221 
221 
221 
221 
221 
221 
221 
220 


9.864127 
864010 
863892 
863774 
863656 
863538 
863419 
863301 
863183 
863064 
862946 


196 

196# 

197 

197 

197 

197 

197 

197 

197 

197 

198 


9.969656 
969909 
970162 
976416 
970669 
970922 
971175 
971429 
971682 
971935 
972188 


422 
422 
422 
422 
422 
422 
422 
422 
422 
422 
422 


10.030844 
080091 
029838 
029684 
029331 
029078 
028825 
028571 
028318 
028066 
027812 


60 
59 
58 
57 
56 
55 
54 
53 
.52 
51 
50 


11 
12 
18 
14 
15 
16 
17 
18 
19 
20 


9.835269 
835403 
835538 
835672 
885807 
885941 
836075 
836209 
836343 
836477 


9.862827 
862709 
862590 
862471 
862353 
862234 
862115 
861996 
861877 
861758 


9.972441 
972695 
972948 
973201 
973454 
973707 
973960 
974213 
974466 
974720 


10.027569 
027305 
027052 
026799 
026546 
026293 
026040 
025787 
025634 
025280 


49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


198 
198 
198 
198 
198 
198 
198 
198 
199 
199 


422 

422 

422 

422 

422 

422 

422 

422 . 

422 

422 
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422 
422 
422 
422 
422 
422 
422 
4-22 
422 

422 
422 
422 
422 
422 
422 
422 
422 
422 
422 


21 
22 
23 
24 
25 
26 
27 
28 
29 
30 


9.836611 
836745 
836878 
837012 
837146 
887279 
887412 
837546 
837679 
837812 


9.861G38 
861519 
861400 
861280 
861161 
861041 
860922 
860802 
860682 
860662 


9.974973 
976226 
975479 
976732 
976985 
976238 
976491 
976744 
976997 
977250 


10.025027 
024774 
024621 
024268 
024015 
023762 
023509 
023256 
023003 
022760 


89 
88 
37 
86 
85 
84 
83 
82 
81 
30 


199 
199 
199 
199 
199 
199 
199 
200 
200 
200 


81 
82 
33 
84 
85 
86 
87 
88 
89 
40 


9.837945 
838078 
838211 
838344 
888477 
838610 

' 838742 
838875 
889007 
839140 


9.860442 
860322 
860202 
860082 
859962 
859842 
859721 
859601 
859480 
869360 


9.977603 
977756 
978009 
978262 
978515 
978768 
979021 
979274 
979527 

. . 979780 


10.022497 
. 022244 
021991 
021738 
021485 
021232 
020979 
020726 
020473 
020220 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 


200 
200 
200 
200 
200 
201 
201 
201 
201 
201 


41 
42 
43 . 
44 
45 
46 
47 
. 48 
49 
50 


9.839272 
839404 
839536 
839668 
889800 
839932 
840061 
840196 
840328 
840459 


9.859239 
859119 
. 858998 
858877 
858756 
858635 
858614 
858393 
858272 
858161 

9.858029 
857908 
857786 
857665 
' 857543 
857422 
857300 
857178 
857056 
856934 


9.980033 
980286 
980538 
980791 
981044 
981297 
981550 
981803 
982056 
982309 


10.019967 
019714 
019462 
019209 
018956 
018703 
018460 
018197 
017944 
017691 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


220 
220 
220 
220 
220 
220 
220 
219 
219 
219 


201 
201 
201 
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202 
202 
202 
202 
202 
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422 
422 
422 
422 
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421 
421 
421 
421 
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52 
53 
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57 
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9.840591 
840722 
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840985 
841116 
841247 
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841640 

• 841771 


9.982662 
982814 
983067 
983320 
983673 
983826 
984079 
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984684 
984837 


10.017438 
017186 
016933 
016680 
016427 
016174 
015921 
015668 

. 015416 
015163 


9 
8 
. 7 
6 
5 
4 
8 
2 
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219 
219 
219 
219 
219 
218 
218 
218 
218 
218 


202 
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203 
203 
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203 
203 
203 
203 
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421 
421 
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421 
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421 
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421 
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M. 1 Sine. ID.IOO". 1 Cosine. D. Tang. | 


1).100".[ Cotang.. | ] 



1 

2 
8 

4 
5 
6 
7 
8 
9 
10 


9.841771 
841902 
842033 
842163 
842294 
842424 
842555 
842685 
842815 
842946 
843076 


218 
218 
218 
218 
217 
217 
217 
217 
. 217 
217 
217 


9.856934 
856812 
856690 
856568 
856446 
856323 
856201 
856078 
855956 
855833 
865711 


203 
.204 
204 
204 
204 
204 
204 
204 
204 
204 
205 


9.984837 
985090 
985343 
985596 
985848 
986101 
986354 
986607 
986860 
987112 
987365 


421 
421 

421 
421 
421 
421 
421 
421 
421 
421 
421 


10.015163 
014910 
014657 
014404 
014152 
013899 
013646 
013393 
013140 
012888 
012635 


60 
69 
68 
67 
66 
65 
64 
63 
62 
51 
60 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 


9.843206 
843336 
843466 
843595 
843725 
843855 
843984 
844114 
844243 
844372 


9.855588 
855465 
855342 
855219 
855096 
854973 
854850 
854727 
854603 
854480 


9.987618 
987871 
988123 
988376 
988629 
•988882 
989134 
989S87 
989640 
989893 


10.012382 
012129 
011877 
011624 
011371 
011118 
010866 
010613 

. 010360 
010107 


.49 
48 
47 
46 
45 
44 
43 
42 
41 
40 


217 
216 
216 
216 
216 
216 
216 
216 
216 
215 

215 

215' 

215 

215 

215 

215 

215 

214 

214 

214 

"^14 
214 
214 
214 
214 
213 
213 
213 
213 
213 


205 
205 
205 
205 
205 
■205 
205 
206 
206 
206 


421 
421 
421 
• 421 
421 
421 
421 
4-21 
421 
421 


21 
22 
23 
24 
25 
26 
'27 
28 
29 
30 


9.844502 
844631 
844760 
844889 
845018 
845147 
845276 
845405 
845533 
845662 


9.854356 
854233 
854109 
853986 
853862 
853738 
853614 
853490 
853366 

• 853242 


9.190145 
990S98 
990651 
990903 
991156 
£91409 
£91602 
£91914 
992167 
992420 


10.009855 
. 009602 
.009349 
009097 
008844 
008591 
• 008338 
C08086 
C07833 
007580 


39 
.88 
37 
86 
35 
34 
83 
32 
31 
80 


506 
206 
206 
206 
206 
206 
207 
207 
207 
207 


421 
421 
421 
421 
421 
421 
421 
421 
421 
421 


31 
32 
33 
34 
35 
36 
37 
38 
. 39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


9.845790 
845919 
846047 
846175 
846304 
846432 
846560 
846688 
846816 
846944 


9.853118 
852994 
852869 
852745 
852620 
852496 
852371 
852247 
852122 
851997 


9.992672 
992925 
993178 
993431 
993683 
•993936 
994189 
994441 
994694 
994947 


10.007328 
007075 
006822 
C06569 
006317 
006064 
005811 
005559 
0(16306 
005053 


29 
28 
27 
26 
25 
24 
23 
22 
21 
2Q 


207 
207 
207 
207 
208 
208 
208 
208 
208 
208 


421 
421 
421 
421 
421 
421 
421 
421 
421 
421 


9.847071 
847199 
847327 
847454 
847582 
847709 
847836 
847964 
848091 
848218 


■ 9.851872 
851747 
851622 
851497 
851372 
851246 
851121 
850996 
850870 
850745 

9.850619 
850493 
850368 
. 860242 
850116 
849990 
849864 
849738 
849611 
849485 


9.995199 
995452 
995705 

' 995957 
996210 
996463 
996715 
996968 
997221 
997473 


10.004801 
004548 
004295 
004043 
003790 
003537 
003285 
00303^ 
002779 
002527 


19 
18 
17 
16 
15 
14 
13 
12 
11 
10 


213 
213 
213 
212 
212 
212 
212 
212 
212 
212 

212 
211 
211 
211 
211 
211 
211 
. 211 
211 
211 


.208 
208 
209 
209 
209 
209 
209 
209 
209 
209 


421 

421 

421 

421 

421 

421. 

421 

421 

421 

421 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9.848345 
848472 
848599 
848726 

• 848852 
848979 
849106 
849232 
849359 
849486 


210 
210 
210 
210 
210 
210 
210 
210 
210 
210 


9.997726 
997979 
998231 
998464 
998737 
998989 
999242 
999495 
999747 

10.000000 


421 

421 

421 

421. 

421 

421 

421 

421 

421 

421 


10.002274 
002021 
001769 
001616 
001263 
001011 
000758 
000505 
000253 
OOOOOG 


9 
8 
7 
6 
6 
4 
8 
2 
1 
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A P P EN D I X. 



This Appendix contains a collection of miscellaneous proposi- 
tions which will be found useful to those who wish to extend 
their studies beyond the range which is usually prescribed in a 
college course, and It includes brief notices of various topics 
which have not hitherto been generally admitted into the Ele- 
ments of Geometry. Most of these topics are embraced under 
the comprehensive term of Modern Geometry, since they were 
cither entirely unknown or had attracted but little attention 
until recent times. 

The treatise on Descriptive Geometry by Monge, published 
in 1794, gave a new impulse to the study of pure geometry. 
In 1803 Carnot published his Geometry of Position, and in 
1806 an Essay on Transversals. In 1817 Brianchon extended 
this theory and that of harmonic pencils, applying them to the 
Conic Sections. In 1822 Poncelet published his treatise on the 
projective properties of figures, in which work he treated of Poles 
and Polars, Centres of Similitude, and, indeed, nearly every branch 
of Modern Geometry. Since that time the same subjects have 
been further developed by Steiner, Poinsot, Cayley, Chasles, 
Salmon, Cremona, and many other mathematicians. 

I take pleasure in acknowledging my obligations, to Prof. H. 
A. Newton and Prof. J. E. Clark, to each of whom I am indebted 
for important assistance in preparing this Appendix. 

E.L. 
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MISCELLANEOUS PROPOSITIONS. 

PBOPOSmON I. 

1, jythe diagonals of a quadrilateral Insect each other^ the figure is a par- 
aUdogram, 

Let ABCD be a quadrilateral whose. diagonals AC, d^ o 

BD bisect eacb other ; then will ABCD be a parallelo- 
gram. 

Because AE=EC, and EB=ED, and the angles AEB, a ^ 

DEC, being opposite, are equal to each other, therefore the two triangles 
AEB and DEC are equal to each other (B. L, Pr. G), and the angle EAB 
is equal to the angle ECD. Therefore AB is parallel to CD (B. L, Pr. 23). 
In like manner it may be proved that AD is parallel to BC, and therefore 
ABCD is a parallelogram. 

2. CcT^ If the diagonals of a quadrilateral bisect each other at right 
angles, the figure is a rhombus. 

Pboposition n. 

8. The diagonals of a rectangle wre equal. 

Let ABCD be a rectangle; then will its diagonals AC, d 
BD be equal to each other. 

Since the right angle ADC is equal to the right angle 
BCD, also the side AD is equal to BC, and CD is common A 
to the two triangles ADC, BCD, therefore these. two triangles are equal 
to each other, and hence AC=BD. 

4. Cor. The diagonals of a squistre are equal ; they bisect each other at 
right angles, and they also bisect the angles of the square. 

Proposition III. 

5. The straight line tohich joins the middle points of any two' sides of a 
triangle is parallel to the third side^ and is equal to one half of that side. 
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In the triangle ABC, let D be the middle point of AB» 
and E the middle point of AC ; then will DE be parallel to 
BC, and win be equal to* one half of BC. 

Through E draw EF parallel to AB ; then in the triangles 
ADI3, EFC we have AE=EC ; also AD is equal to DB, 
which is equal to EF (B. I., Fr. 30) ; and the angle PA£ is 
^ equal to the angle FEC (B. I., Pr. 23) ; therefore the angle 
AED is equal to the angle ECF (B. L, Pr. 6), and DE is parallel to BC 
(B. I., Pr. 22). Also FC is equal to DE, which is equal to BF; and 
therefore DE is one. half of BC. 

6. Cor, If a straight line drawn parallel to the base of a; triangle bisects 
one of the sides, it also bisects the other side; 

Pboposition IV. 

1. If a quadHlateral le described dbout a circle^ the mm of two opposite 
sides is egual to the sum of the other two opposite sides, 

o Let ABCD be a quadrilateral described about a 

circle ; the sum of two opposite sides, as AB and 
CD, is equal tp the sum of the other two sides, BC 
and AD. 

liCt E, F, G, H be the points at which the^ sides 
of the quadrilateral touch the circle. Let M be 
'Dthe centre of the circle, and .join ME, MA, MiP. 
The triangles MAE, MAF, being right-angled, are equal (B. L, Pr. 19) ; 
hence AE=AF. For a like reason we have 

BP =.BG ; CG = GH ; and DE = DH. 
Adding the corresponding members of these four equatioiiSj we have 

AF+BF+CH+DH= AE+DE+BG+CG ; 
that is, AB+CD=AD+BC. 

PROPOsmoK V. 

8. If the sum of two opjposite sides of a quadrilateral is equal to the sum 
of the other two sides, a circle can "he inscribed within the quadrilateral. 

Let ABCD be a quadrilateral, having the sum of the sides AB and CD 
equal to the sum of the sides BC and AD; a circle can be inscribed 
within the quadrilateral. 

By the method employed in B. V., Pr. 15, we may describe a circle 
touching any three straight lines which do not pass through the same 
point, and which are not parallel to one another. Describe a circle 
touching the three sides of the quadrilateral BC, CD, and AD, in the 
points G, H, and E. Join M, the centre of the circle, with G, B, A, and 
E, and draw MF perpendicular to AB. Then will MF be equal to the 
radius of the circle. 
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Since by hypothesis, AB+CD=BC4-AD, 
and by the last Proposition, CD=CG+DE, 
therefore AB=:Ba+AE. 

Since the hypothenuse AM is common to the two right-angled triangles 
AMEyAMF, and the hypothenuse BM is common to the two right-angled 
triangles BMF, BMG, if MF were less than ME or MG, BF and AP, that 
iSj AB, would be greater than BG+AE (B. IV., Pr. 11) ; but if MP were 
greater than ME or MG, AB would be less than BG-f-AE. Kow it ha3 
been proved that AB is equal to BG-f-AE ; hence MF is equal to ME or 
MG. Therefore F is on the circumference of the circle which passes 
through E, G, and H; and the line AB touches the circle because the 
angle at F is a right angle (B. in,, Pr. 9). Henee the circle touches each 
of the sides of the quadrilateral. 

Proposition VI. 

9. J^ two parallel straight lines are cut "by seneral straight lines drawn 
through a eommon pointy the.eorrespoviding segments of the parallels are pro- 
portional. . 

Let the two parallel lines AD, ad be cut by 
the lines PA, PB, PC, PD, drawn through the 
common point P; then will AD and ad be di- 
vided proportionally. 

The triangle Vdb is similar to the triangle 
PAB (B. IV.r Pr. 16) ;• also VU is similar to 
PBC, and P«2 to PCD. Hence we have 

AB:a&::PB:J*ft::BO:J<j. -" 
Also, BC:&5::PC:Pc::€D:a?. 

Hence AB:a&::BC:5c::CD:a2. 




PnopoBinoN Vn. 

10. 7)^ three or more straight lines divide two parallel lines proportionally ^ 
they pass through a eomnum point, 
. Let the two parallel lines AD, ad be divided 
proportionally by the lines Aa, B^, Cc, and Dd; 
these lines, produced if necessary, meet in a 
common point. 

Let the lines A.a and B5 meet in P. If the 
straight line C<rdoes not pass through the point 
P, join Fc and produce it to meet AD in X, a 
point supposed to be different from C. Then 
by the preceding Proposition we have 

aib:AB::hc:BX. 
But by hypothesis we have db : AB ::be: BC. 

R2 




394 



MISCELLANEOUS PROPOSITIONS. 




Hence BC = BX; that is, the point X coin- 
cides with ; therefore Cc passes through P. 
In the same manner it may be shown that D(2 
passes through P. 

11. Scholium, If the two lines AD, ad remain 
fixed in position while the point P recedes 
from them, the lines ab and AB will approach 
to equality; and when P has receded to an 
infinite distance, ab will be equal to AB, and Aa will be parallel to B5. 
Hence ev^ry system of lines passing through a common point at an 
infinite distance is a system of parallel Unes; and conversely every sys- 
tem of parallel lines may be regarded as a system of lines passing through 
a common point at an infinite distance. 

Pboposition Vni. 

12. In any quadrilateral^ the mm of the eguares ofthefokr tides is equal 
to the sum of the squares of the diagonals plus four times the square of the 
line which joins the middle points of the diagonals. 

Let ABCD be any quadrilateral, and let E and 
F be the middle points of its diagonals. Join 
,oEB,EP,andED. 

Because E is the middle point of AC, we have 
(B. IV., Pr. 14) AB»+BC«=3AE«-f-2BE«. 
Also, AD»+Cb«=3AE*+2DEV . 

Hence, by addition, 
AB«+BC»-fCD»-|-AD*=4AE«-|-2BE»+2DE». 
Because P is the middle point of BD, we have 

BE»+DE»=2BF»+2EP«. 
Hence 
But 
Hence 




AB»+BC»+CD»+AD«=4AE«+4BP»+4EP». 

4AE»=AC« (B. IV., Pr. 8, Cor.) ; and 4BF*=BD*. 

AB«+BC»+CD''+ AD»=AC»+BD«+4EF» 



Proposition IX. 

13. If two sides and an angle opposite one of them in one triangle are equal 
to two sides and an angle opposite the corresponding side in another triangle, 
the angles opposite, the other equal sides in the two triangles are either equal 
or one is the supplement of the other: 
This Proposition follows from Problem 11, B. V. ' 

When the side opposite the given angle is less 

than the other given side, we may construct two 

triangles, ABE, ABF, having two sides and an angle 

C of the one equal to two sides and an angle .of the 

other ; but the angle AEB is the supplement of AEP, 
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or its equal, AFE. The angles opposite the other equal sides may there- 
fore be supplements of each other. 

But when the side opposite the given angle is not less than the 
other given side, the two triangles are equal and the corresponding 
angles are equal. In this case, the angles opposite the i>ther equal sides 
are equal to each other. 

Pboposition X 

14. To divide a given Btraight line in extreme and mean ratio^ either in- 
ternally or externaUy: 

InB.V.,Pr.20,itwasshown . 
how to divide a straight line 
internally in extreme and mean 
ratio. 

. Produce AB to G, making ^ '• 

AG equal to AE; then (B:IV., . * 

Pr. 29) we shall have • AD:AB::AB:AE. 

By composition We have 

. AB:AD+AB::AE:AB+AE. 
But AD+AB=:AD+DE=rAE=:AG. 

Also, .AB+AE=:AB+AG=BG. 

Hence AB:AG::AG:BG, 

Therefore the line AB is divided at F internally and at G externally, in 
extreme and mean ratio. 

15. Scholium. By B. V., Pr. 20, 8ch. 2, AC=?V^. 

.2 

But AG=:AE=AC+CB==AC+i 

2 

Hence -^^=1 (-/S+l): 

Proposition XI. 

\^,' If the three sides of a righJtrangled triangle are the homologous sides 
of similar polygons described upon them^ then the polygon described on the 
hypothenuse is equivalent to the sum of the pol/ygom described upon the other 
two sides. 

Let ABC be a right-kngled triangle, having a right ^ 

an^le at C, and let x denote the area of a polygon de- 
scribed upon the hypothenuse AB, anfl let y and z de- 
note the areas of similar polygons described upon the a* 
other two sides of the triangle. Then, by B. IV., Pr. 27, we have 

2:.y::AC*:BC*. 
Hence, by jcomposition, y+z : y : ; AC^-f-BC* (=:AB^) : BC. 




396 



MISCELLANEOCS PSOFOSITIONS. 



Also we have 
Hence 



a!:y::AB«:BC». 

xz=y+z. 



PBOPOsrrioN Xn. - 

17. To eoMtru^ a polygon similar to a given pdl^gon^ and tuck that ihel/r 
areas sJiaU hate a given ratio to each other. 

Let. A be tliie given polygon, and let the 
given ratio be that of m to n. Let X be the 
required polygon similar to A. Let a be a 
side of the given polygon, and let x be the 
homologous side -of the required .polygon. 
Then we have (B. IV., Pr. 37) 




A:X::a*:a;V 

AiXiimin, 

w:»::a':*'. 



But, by hypothesis, 
Hence 

Find X by B. V., Pr. 30, and upon x construct the polygon X similar to 
P (B. v., Pr. 26) ; this will be the polygon required. 

18. JDtf. In similar polygons, any points or lines similarly situated in 
each are called homolagovs. The ratio of a side of one polygon to its 
homologous side in the other is called the ratio ofsimiLitvde of the poly- 
gons. 

Proposition XIII. 

19. Two similar polygons may le divided into similar triangles 'by lines 
drawn from any two homologous poirds. 

Let ABODE, dbcde be two similar 
polygons, and let M be any point in 
g the plane of the first polygon. Draw 
MA,. MB, MC, etc. Li the polygon 
a5{^ draw am, making the angle lam 
A . B T ^ equal to the angle BAM, and draw 6wi, 

making the angle dbri^ equal to. the angle ABM. . The point m thus d^ 
termined is homologous to M, and if we draw the lines 0m,({m,ahd em^ 
the triangles -a5m, "bem^ etc., may be shown to be similar to the triangles 
ABM,BCM,etc. . . ' . 

If the point M is taken without 
the polygon, and its homologous 
point m be found as befote, the two 
polygons will be decomposed into 
triangles partly additive and part- 
ly subiractive. Thus the polygon 
ABODE is equal to the supi of the 
wi three triangles MAE,, MED, and 
MOD, diminished by the triangles MAB and MBO ^ and the. polygon 
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dbede is equal to the stun of the triangles mae^ medy and mdej diminished 
by the triangles mob and mbc, . 

Homologous lines in the two polygons are lines joining pairs of 
homologous points, snch as AM and am, BM and &m/etc. Any two such 
homologous lines have the same ratio as any two homologous sides; 
that is, they have the same ratio as the raUo of gimiMude of the poly- 
gons. • 

PBOPOSITiON XIV. 

20. To eofutruet apdygon nrnXUifr to a gviam polygon, ths ratio of ^mUi- 
tude of the two potygon* "being given. 

Let ABODE be the given poly- 
gon, and let the given ratio of x^ 
similitude be as m to n. 

Take any point V either within 
or without the given polygon, and 
from y draw a straight line to each 
of. the vertices of the polygon. 
Upon any one of these lines, as AY, 
take the point, a such that 

YAiYaiimin, 
.Also on B take a points, such that ■ 

YB:Yb::m:n; 
and in the same manner determine- the points e, d, and e. Join db, be, ed, 
etc. ; then will abcde be the polygon required. . 




For »nce 



VA:,Va::7»:n::VB:V*, 



db'js parallel to AB (B. IV., Pr. 16), and the angle VBA is equal to Yba. 

In the same manner it may be proved that be is parallel to BC, and the 

angle VBC is. equal to V^* Therefore .the angle ABC is equal to aibc. 

In like manner it may be proved that the angle BCD is equal to led, and 

so on for the other angles. . . ' 

. Also we have AB:db::BY:bY, 

and. BC:Jc::BV:5V. 

Hence AB:a&::B0:5c; 

and in like manner it. may be proved that the other sides about the equal 

angles are proportional. . Hence the two poisons are similar ; and the 

homologous sides are in the ratio of m to n. 

21*. The point V in the preceding figure is called the centre ofMtnili- 
fiM2d of the two polygons; 

Proposition XV. 

• • ■ ... 

22. The area of a regidar dodecagon inscribed in *a cirde ie equal to three 
times the eqaare of the radius. 
Let a regular. hexagon be inscribed in a circle; by bisecting the arcs 
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subtended by the sides, we may construct a regu- 
lar dodecagon ABCDE. 

Let AC be a side of the inscribed hexagon, and 
AB a side of th« dodecagon. Draw the radii 
|dMA,MB. 

The area of AMB=iAF. MB=JAC. MB= JMB«. 
Therefore twelve times AMB equals three times 
MB*. 
*"''***^-****^ But twelve times the triangle AMB is equal to 

the area of the dodecagon. Hence the dodecagon is equal to three 
times the square of the radius. 

23. Scholium. Besides the polygons mentioned in Scholium, B. Vl., Pr. 5, 
Gauss proved that a regular polygon of 257 sides may be constructed by 
the use of straight lines and circles only ; and, in general, a polygon of 
any number of sides which can be expressed by 2*4-1) provided n is an 
integer and 2*-|-l is a prime number. 

. Pboposition XVI. 

24. A convex polygonal line is less than any other line which envelops it 
and has tJie same extremities, • ' 

E Q y Let ABCD be a convex polygonal line (B. L, Det 

36), that is, such that it can not be cut by a straight 
line in more than twi? points, and let it have the 
^ same extremities, A and D, as the line AEFB' which 
envelops it ; that is, it is wholly included within the space bounded by 
AEFD and the straight line AD ; then-is the polygonsd line ABCD l^ss 
than the polygonal line AEFD. 

produce AB and BC to meet the enveloping line in Q and H. Then 
AG is less than AE+fiG (B. L,.Def. 8) ; hence AGFD is less than AEFD. 
So also BH is less than BG^fGF+FK; therefore ABHD is less than 
AGFD, and therefore less than AEFD. Also -CD is less than CH+HD ; 
therefore ABCD is less than ABHD, and therefore less than AEFD. 
Hence ABCD is less than any enveloping line which has the same 'ex- 
tremities. • 

25. Scholium, This proposition is true when the enveloping line is a 
curve line of any species whatever. 

26. Cor. The ci):cumference of a circle is greater than the perimeter of 
any polygon inscribed in it. * • 

27. Diedral angles, . When two* planes intersect, the splice aboift the 
line of intersection is divided into four portions called diedral angles. 

Thus the planes ABCD, EFGH, Intersecting in the line MN, form four 
diedral angles. The planes MBCN, MFGN are called the fa4ses of the 
included diedral angle, and the line MN is called the ed^e of the angle. 
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WhexL several diedral angles have the same edge, each of 
them is designated by four letters, of which the two middle 
ones are on the edge of the angle, and the extremes consist 
of one letter on each £sice. Thus the four diedral angles of 
the annexed figure are denoted by AMNG, FMNO, BMNH, 
andEMND. 

When there is but one diedral angle l&rmed at the same 
edge, it may be denoted by two letters on its edge. 

28. The angle AMP formed by two -straight lines, AM, 
MF, drawn one in each face of the diedral angle perpendicular to its 
edge MN, from any point in- that edge, is called the plans angle cor- 
responding to the diedral angle. 

It may be proved that any two diedral angles have the same ratio as 
their plane angles ; hence the plane angle is taken as the measure of the 
diedral angle. , 

29. Polyedral angles. When three or more planes meet in a common 
point they form a polyedral angle. Thus the figure 
V-ABCD, formed by th6 pjanes VAB, VBC, VCD, 
VAD, meeting in the common point V, is a polyedral 
angle. The point V is called the vertex of the angle ; 
the intersections of the planes are called the edges of the A< 
angle, and the angles formed by the edges are called 
the faces, or the plane angles of the solid angle. A 
polyedral angle is said to be convex when it lies wholly 
on one side of each of its faces. 

A triedral Angle is a polyedral angle having but three faces, which is 
the least nun^ber effaces that can form a polyedral angle. 

Proposition XVIL 

V 30. The sum of the squares of the four diagonals of a paraUehpiped is 

equal to the sum of the squares of its twelve edges. 

Let ABGH be a parallelepiped. Draw the di" 
agonals of the parallelepiped and also the diagonals 
of its opposite faces. 

Because ACGE is a parallelogram, we have (B. 
IV.,Pr.l5) 

* AG»+CE»=2AE»+2AC*; 
and because BDHP is a parallielogram, we have 
• BH»+DF'=2BF»+2BD*. 

Adding, we have 

AG*+CE»+BH«+DF»=2AE*+2BF»H-2AC»+2BD». 
But AC»+BD»=2AB»+2AJD« ; also AE=:BP. 

fience . AG'»+CE*+BH*+DF»=4AE»+4AB*+4AD«. . 
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81. 77ie cylinder, Def, A cylindrical ntjface is a curved surface gen- 
erated by a straight line which moves always parallel to a fi^ed straight 
line and intersects a given curve in space. 

Thus if the straight line Aa moves in such a man- 
ner as to l;>e always parallel to a fixed straight line, 
and always interaects the given curve ABCD, the 
convex surfi&ce ABCDo^ is a cylindrical surface. 

The moving line is called the g&MToJt/rix^ and the 
curve which it always intersects is called the iirec- 
trix. The directrix may be any curve whatever; 
but in elementary geometry it is assumed to be a 
circle. 

32. The space bounded by a cylindrical surface and two parallel planes, 
ABOD, cibcd, cutting the surface is called a cylinder. Its plane surfaces, 
ABCD, abcd^ are called its Inzses. A cylinder whose base is a circle is 
called a circular cylinder. A right cylinder is one whose generatrix is 
perpendicular to its base. 

83. A right cylinder with a circular base is called a cylinder ofreodLu- 
tion, because it may be generated by the revolution of a rectangle about 
one of its sided as an axis. ... 

The cylinder treated of in Book X. is the cylinder of revolution. 

84. The cone. Def. A conicai mrfaceSa a curved surface generated by a 
straight line, which moves so as always to pass through a fixed curve 
and a fixed point not in the plane of the curve. 

Thus if the straight line YA moves so as always 
to pass through a fixed point Y, abd a fixed curve 
ABCD, th6 suriface Y-ABGD is a conical surface. 

The moving line is called' the generatrix; the 
fixed point is called the vertex; and the fixed curve 
is the directrix. 

If the generatrix is of indefinite extent in both 
directions, the whole surface generated consists 
of two symmetrical portions lying on opposite 
sides of the vertex, as . Y-ABCD, and Y-ahed, 
which are called nappes; -one being the upper and the other the Jower 
nappe. 

35. The space bounded by a conical surface and a nlane, ABCD, cut- 
ting the.surface is called a cone. The plane surface, ABOD, is called its 
base. 

I • • , 

A. cone whose base is a circle is called a circular cone. The straight 
line drawn frnrn the vertex pf a circular cone to the centre of its base is 
the axis of the cone. 

36. A right circular cone ig.'.a circular cone whose axis is perpendicular 
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to its base. It is called a eone of reooltUum, because it may be generated 
by tbe revolution of a right-angled triangle about one of its perpendicular 
sides as an axis. 

An oblique c^eutar cone is a cone in which the directrix is apircle, but 
the straight line drawn from the vertex to the centre of the directrix is 
not perpendicular to the plane of the directrix. 

The cone treated of in Book X. is the cone of revolution. 

» 

Pbofobitiok XVin. 

87; The Tolume of a spTierical segment with two laseB is equal to the half 
mm of its loses muUipUed hy its altitude^ plus the volume of a sphere whose 
diamster is the altitude of the segment. 

Let AD be the diameter of a circle; draw BE and CF 
perpendicular to AD, and let the semicircle AOD be rcr 
Tolved about its diameter; the figure BEFC will generate a 
spherical segment with two bases. 

Represent CF by R, and AF by H; also BE by r And AE 
by h; then the volume of the spherical segment generated 
by the figure ABCF is (B. X., Pr. 9) 

^^(3R«H+H»); 

and the volume of the segment generated by the figure 

ABEis 

. iiri^r^h+h^. 

Let V represent the volume of the spherical segment generated by the 
revolution of the figure BEFC, and we shall have 

V=lx(3R»H-3r»A+H»-A»)- (^) 

. Draw the lines AB, AC, BD, CD ; then (B. IV., Pr. 23) we have 

._ AB» AC 
AE AF ' 

that is, — - — = — = — . 

Hence r«H+^«H=:R'A+H«A, 

or 8Hr«+3m»— 3m«— 3AH»=0. (2) 

Adding equations (1) and (2), we have 

V=iir(3HR»+8Hr«— 3AR«— 3Ar»+H»— 3H»^+3HA»— A»), 
6t V=i^(R»+r«)(H-?i)+i,r(H-A)». 

If we substitute A for H— ^, the altitude of the proposed segment, we 
have - V=:i7r(R*+r»)A+jTA», 

which corresponds with the proposition above enunciated, since irR* and 
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«T* represent the areas of the two bases of the segment; and JirA* repre- 
sents a sphere whose diameter is A. 

38. Cot. If the upper base becomes zero, the solid generated becomes a 
segment of one base. In this case r=0, and we have 

V=JirR«A+JirA», 

which corresponds with Prop. 0, B. X, 

Tangents tbbatbd by the Method of LnoTB. 

39. Let ABCD be^ a straight line meeting the circumference of a circle 

in two points, B and C. If this line be supposed 

_jj to revolve about the point C, its second point of 
intersection, B, will move along the circumference 
--^ and approach nearer and nearer to C. When the 
second point conies into coincidence with C, the 
revolving line ceases to be strictly a secant, accord- 
ing to Def. 9, B; III., and becomes the tangent EOF, 
If the line continues to revolve in the same direction, it will again 
meet the circumference in a second point on the other side of 0, as 
at G. 

As long as the two points B and C do hot coincide, the line which 
passes through them both is a decant line, according to Definition 9; but 
when the two points coincide, the secant becomes a tangent^ for it meets 
the circumference in but one point. The tangent is therefore the limit 
toward which the secant continually approaches, as the second point of 
intersection approaches the first, and the tangent may le regarded as a 
secant wTiose two points of intersection coincide, A secant may therefore be 
regarded as a line drawn through any two points of the curve ; and a 
tangent is the special case of such a line in which the two points coincide. 
By means of this principle the properties of a tangent may be deduced 
from those of a secant. 

40. Ex. 1. By Prop. 15, B. III., an inscribed angle BAG is measured by 

jj half the intercepted arc BC. . . 

Let the line AB remain fixed, while the line AC 
revolves about A until it arrives at the position of 
the tangent DA. The point of intersection C will 
move along the circumference, and when the line AC 
becomes a tangent, the point C will coincide with 
A, and the intercepted arc becomes ACB, half of 
which measures the angle BAP. Thus Prop. 16, B. III., becomes a par- 
ticular case of Prop. 15. 

Ex. 2. In Prop. 11, B. III., it is proved that if two circumferences cut 
each other, the straight line joining their centres bisects their common 
chord at right angles. Suppose one of the circles to move so as to 
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cause tine points of intersection to approach 
each other; these points will ultimately meet 
on the line joining the centres, and unite in a 
single point, E, common to the two circumfer- 
ences. The perpendicular to CD erected at E 
will then be a common tangent to the two cir- 
cumferences, and take the place of the common 
chord. Thus Prop. 13, B. in., becomes a partic- 
ular case of Prop. 11. 

Ex. 3. At every point on the circumference 
of a circle the tangent is perpendicular to the 
radius (B. III., Pr. 9). This may be proved as 
follows : 

Let AD be a line meeting the circumference of a circle in. two points, 
B and C. Draw the radii MB, MC; then, 
since the triangle MBC is isosceles, the two 
external angles MBA, MOD are always 
equal ; they are therefore equal in the par- 
ticular case when B coincides with C; in 
which case MB coincides with MC, and 
the angle MBA with the angle MCA. In 
this case the angles MBA, MBD are equal, and therefore the radius MB 
is perpendicular to the tangent AD. 

The principle here illustrated is applicable not- only to the circle, but 
to any curve whatever, and often affords the most convenient method of 
deducing the properties of a tangent line. 




PLANE LOCL 

41. A locus, in Plane Geometry, is a line every point of which satisfies 
certain conditions, which conditions no other point of the plane satisfies. 

The nature and use of loci will be understood from. the following ex- 
amples. 

Proposition I. 

42. Hequired the locus of all points which are equidistant from two given 
points. 

Let A and B be the two given points, and let P be a 
point equidistant from A and B, so that PA=PB; it is 
required to find the locus of P. 

Join AB, biseqt AB in C, and join PC. Then PC 
produced is the locus required. ^ 

In the triangles ACP, BCP, because AC=BC by con- 
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Btruction, AP=BP by hypothesis, and PC is common 
to both triangles, therefore the iangle ACP=the angle 
BCP (B. L, Pr. 15), and therefore PC is at right angles to 
AB (B. L, Def. 19) ; that is, every point equidistant from 
A and B lies on the. line which bisects AB at right 
angles; or the line which bisects AB at right angles is 
the locus of all points equidistant from A and B. 

Proposition IT. 

43. JSequired the heus of all painU which are equidistant /torn two given 
straight lines. . 

Let AB, CD be the two given straight lines, and 



B 



o 



let P be a point equidistant from both of them ; it 
-^ is required to find the locus of P. Prom P draw 
-0 PA perpendicular to AB, and PC perpendicular to 
CD; then by hypothesis AP=CP (B. I., Pn 17, 
Cor. 1). If the given straight lines are parallel, then through P draw PE 
parallel to AB or CD, and it will be the locus required. 

For AB and PE are every where equidistant .from each other (B.I.,Pr. 
25) ; also CD and PE are eveiy where equidistant from eachpther; and 
the distance of PE from AB is equal to the distance of PE from CD. 
Hence the required locus is a straight line which is parallel to each of 
the given lines, and bisects the distance between them. 

If AB and CD. are not parallel, let them be produced to meet in M, 
and join PM. 

Then in the triangles PAM, PCM, because the 
angles PAM, PCM are by construction right angles ; 
also by hypothesis the side PA is equal to PC, and 
the hypothenuse PM is common to both triangles, 
therefore the triangle PAM is equal to the triangle 
PCM (B. I., Pr. 19), and the angle AMP is equal to 
the angle CMP. Therefore the point P is m the straight line which 
bisects the angle AMC ; that is, the locus of all points which are. equi- 
distant from two intersecting straight lines is the straight line which 
bisects the angle between the lines. 

If the lines AB and CD are produced indefinitely, four angles will be 
formed at their point of intersection.; and the line which bisects either 
of these angles is the locus of all points equidistant from the. two given 
straight lines. 

Proposition HI. 
44. Bequired the locm of the middle points of paraUd chords in a drele. 
Let AB, CD be parallel chords in the circle ABE ; it is required to 
find the locus of the middle points of all the chords parallel to AB. 
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Let M be the centre of the circle, and through M draw 
a diameter, EM, perpendicular to AB ; it will also be per- 
pendicular to CD and every chord parallel to AB (B. I., 
Pr, 23, Cor. 1). . This diameter bisects each of the chords 
AB, CD, and every chord piarallel to AB (B. III., Pr. ^^ 
6); that is, the locus of the middle points of parallel 
chords in a circle is the diameter perpendicular to 

these chords. 

Proposition IV. 

45. Heguired the locus of the t^ertices of aU triangles upon the same lose 
and upon the same side ofit^ and having equal vertical angles; 

Let AB be the given base, let ACB be the given 
vertical angle, aiid let P be any point in the locus. Join 
PA, PB. Then because the angle APB is by hypothesis 
equal to the angle ACB, the point P is on the circum- 
ference of a circle passing through A, B, and C (B. III., 
Pr. is. Cor. 1) ; that is, the arc of a circle passing through 
C and having AB for its chord is the locus of the vertices. of all triangles 
upon the base AB, and upon the same side of it, imd having a vertical 
angle equal to ACB. 

Proposition V. ^ 

46. Bequired the locus of the vertices of aU equivalent triangles upon the 
same dase and upon the same'sjdeofit. 

Let AB be the given base ; let ABC be a triangle ^ 
having the given area, and let it be situated on .the 
given side of the- base AB, and let P be a point in the 
locus. Join PA, PB, and PC. Then because the tri- 
angle PAB is equivalent to the triangle CAB, both tri* 
angles have the «ame altitude (B. IV., Pr. 6, Cor. 2), and since they are on the 
game base, AB, the line CP must be parallel to AB (B. I., Pr. 25) ; that is, 
the point P lies in a straight line drawn through C parallel to AB. Hence 
the line drawn through C parallel to AB is the locus of the vertices of all 
tiiangles situate^pon the base AB, and upon the same side of it, and whoso 

ai*ea is equal to CAB. . 

Proposition VT. • 

47* Bequired the locus of aU the points whose distances froph ttoo given 
points are in a given ratio. 

Let A and B be the given points, and let 
the given ratio be M:N. Suppose P is a 
point of the required locuis. Divide AB at 
C so that AC : CB : : M : N (B. V., Pr. 17) ; and 
produce AB to D so that AD:BD::M:N. 
Join PA, PB, PC, and PD. Then because 
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in the triangle PAB the line PC divides 
the base into two segments which are pro- 
portional to the adjacent sides, it bisects 
the vertfcal angle APB (B. IV., Pr. 17). 
Also because the line PD divides the base, 
AB produced, into segments which are pro- 
portional to the sides of the triangle APB, 
it bisects the exterior angle BPE (B. IV., Pr. 18). Therefore the angle 
CPD is equal to half the sum of the angles APB, BPE; that is, to the 
half of two right angles, or to one right angle. And because CPD is a 
right angle, the point P lies in the circumference of a circle described 
upon the diameter CD (B. III., Pr. 15, Cor. 3). 

Hence we have the following construction. Divide AB at C into 
parts having the given ratio, and produce AB to D, so that the segments 
produced shall also have the given ratio. Upon CD as a diameter de- 
scribe a circumference ; this circumference is the required locus. 

Pboposition VII. 

48. Bequired the locus of Uie vertices of aU triangles on a given haaCy AB, 
such that the square on the side terminated at A may exceed the square on the 
side terminated atBhy a given square. 

Let P be a point on the required locus, and from P 
draw PC perpendicular to AB, or AB produced; Then 
the square on AP is equal to the sum of the squares on 
AC and PC, and the square on BP is equal to the sum 
of the squares on BC and PC. Therefore the square on 
AP exceeds the square on BP by as much as the square 
on AC exceeds the square on BC. Hence C is a fixed 
point either in AB or in AB produced through B; and the required locus 
is the straight line drawn through C at right angles to AB. 




LOCI IN SPACE. 

49. Def. In the geometry of space a geometric locus i^ the assemblage 
of all the points of space which satisfy o^e or more given conditions. 
This locus may be either a line or a surface. 

Thus the line drawn through the centre of a circle perpendicular to 
its plane is the locus of all points which are equally distant from all 
points of the circumference ; and the surface of a sphere is the locus of 
all points situated at a given distance from a given point. 
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PROPOsirioN L 

50. The locus of straight lines which cut a given straight line at right 
angles and at a given point is a plane. 

Let the lines BQ, Bi), BE, etc., be perpendicular to AB at -^^ 
the point B ; they will all lie in one plane. 

For, if possible, suppose that the plane which contains 
BC and BE does not contain BD. Through AB and BD 
pass a second plane, which shall intersect the plane CBE in 
the line BP, different from BD. Then, by Prop. 4, B. VII., 
AB, which is perpendicular to BC and BE, will be perpen- 
dicular to BF. But, by hypothesis," AB is perpendicular to BD. We 
have then two straight lines, BF, BD, perpendicular to the same line AB 
at the same point and in the same plane, which is impossible (B. I., Pr. 1). 
Hence BC,BD, and BE lie in the same plane; and. in the same manner 
it may be proyed that all lines drawn through the point B, perpendicu- 
lar to AB, lie in the same plane. . ^ 

* • Proposition U. 

51. The locus of all the straight lines drawn through a given paifU par- 
allel to a given plane is a plane passing through the- point parallel to the 
given plane,. 

Let A be the given point and PQ the given ^ '■ ^N 

plane ; then eveiy straight line, AB, drawn tlirough 

A parallel to the plane PQ lies in the plane MN, ^^ 

which -passes through A and is parallel to PQ. 

' Through AB pass a plane intersecting the plane 

PQ in the straight line CD. Then AB is parallel 

to CD, for although produced indefinitely, it can ^ 

not meet CD, since it can not meet the plane in which CD lies. Bift 

CD is parallel to the plane MN, since it is in the plane PQ, which is 

parallel to MN, and therefore can not meet MN. • . 

Now a plane passing through CD and A intersects the plane MN in a 
line parallel to CD (B.YII., Pr. 12) ; and since there can not be two par- 
allels to C/D drawn through the same point A in the plane ACD, there- 
fore AB must be this line of intersection ; that is, it lies in the plane MN. 

Proposition in. * 

52. The locus of the points in space which are equally distant from two. 
given p<nnts is the plane that Insects at right angles the line joining the two 
points. (Tcrbe proved.) • 

Proposition IV. 

* 58. I^nd the hcus of the points which are equally distant from three given 
points. 
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SYMMETRICAL FIGURES. 

i. 8TMMBTBT WITH BEBPKCT TO A CEHTBE. 

54. Def, Two points, A and a, are said to be placed 9ymmeMixiRy . 
with respect to a fixed point, called the centre of symmetry ^ when this 
centre bisects the straight line Aa, which joins the two points.. 

Any two polygons, ABODE, odcdE^, are said to be synimetrical with 
respect to. a centre when every point of one polygon has its symmetrical 
point on the other polygon. 

If in the two jpolygons 
ABODE, dbcde the straight lines . 
joining the vertices A and a, B 

■^^;;^ ' ^^"^^^ ^^^ ^^^..^^ \a and 5, C and <j, etc., all pass • 

/ft through the same point Y, and 
are biisected by it, the two poly- 
♦ "* • . ** gons are said to be synmietrical 

with respect to the point Y, and Y is called their centre* of symmetry. 

Pbofosition L 

55. If two polygons are symmetricaL'mth respect to a centre^ any two cor- 
responding sides are equal and paraUel, and point "in opposite direcUons; * 
also any straight line passing throvgh the centre of.symm^ry and terminat' 
ing in two opposite sides islnsected htfihis centre, ' 

The two triangles YAB, VoJ. have an equal angle contained by equal 
sides; therefore AB is equal to ah. Also'. the angle YBA.iB -equal to the '. 
angle. Y^,Bnd therefore AB is parallel to db. In tlie same manner it 
may be proved that BC is equal and parallel to 5^, OD to c(2, etc. 

Also any straight line, G^, passing through Y and terminating in two 
opposite sides, is bisected in Y. For since AE is parallel to ae^ the tri* 
angles YAG, Ya^ are equiangular; and ^ince AY is equal to aY, YG must 
be equal to Yg. - ^ \ ' 

56. Scholium 1. When two polygons have their corresponding sides 
equal, parallel, and pointing in opposite diirections, they have a centre of 
symmetry. Por since' AB is equal and parallel to ab^ the lines -Aer, B& are 
the diagonals of a parallelogram, and therefore bisect each other (B. J., 
Pr. 83). So also Oe, Di, etc., bisect each others that is^ all tlie straight 
lines, Aa, B]^, O0, etc., are bisected in the same point. 

57. Scholium 2. When two polygons are symmetrical with respect to 
a centre, one of them may be made to coincide with the other by revolv- 
ing it about the centre, through two right angles' in their common plane. 

58. Def.^ A polygon, ABODofta?, is said to be symmetrical with riespect 
to a centre, Y, when its vertices taken two and two are symmetrical with. 
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respect to V; that is, when the line joining A and 
a passes through V, and is bisected by it ; also the a 
line joining B and hy C and c^ etc. ^ 

. It is evident that any two opposite sides of this 
polygon are equal and parallel, and also any straight 
line, Qffy passing through the centre of symmetry and 
terminating in two opposite sides, is bisected by this centre. Such a 
line is called a diameter of the polygon. 

It is evident that any polygon having a. centre of symmetry must have 
an even number of sides. Every parallelogram has a centre of symmetry, 
but no other quadrilateral figure has one. Any regular polygon having 
an even number of sides has a centre of symmetry, which is also the cen- 
tre of the polygon. 

II. SYMMETBY WITH BESFKCT TO AN AXIS.. 

59. Def. Two points, A and o, are said to be placed »ymmetricaUy with 
respect to a straight line, XY, called the dxis of iymmetry^ when this axis- 
is perpendicular to the line which joins the two given points and divides 
the litfe into two equal parts. 

Any two polygons, ABODE, dbcde^ are said 
to be symmetrical with respect to an axis, 
XY, when this axis id perpendicular to the 
lines which join the vertices A and a, B and 
5, etc., of the two polygons, and divides each x- 
of these lines into two equal parts. 

If the part of the plane which is above the 
Hue XY be turned over upon the part which 
is below XY, the polygon ABODE may be 
superposed upon the polygon dbode^ and the 

vertices of the one polygon be made to correspond with the vertices of 
the other polygon. 

60. Def, Any polygon is said to be sym- 
metrical with respect to an axis, when it is di- 
vided by that axis into two symmetrical figures. 
Thus the polygon ABODe^ is symmetrical 
with respect to the axis XY when its vertices, 
taken two and two, are placed symmetrically 
with respect to that axis. 

The line which bisects the vertical angle of an isosceles triangle is an 
axis of symmetry with respect to the two parts of the triangle ; the line 
which bisects an angle of a regular polygon is an axis of symmetry with 
respect to the two halves of the polygon; the diameter of a. circle is an 
axis of symmetry for the two halves of the circle ; and the line which 
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joins the centres of two circles is an axis of symmetry with respect to 
the halves of both of the circles. 

Pboposition n. 

61. Every figure which has two aaxs of eymmetry perpendicular to each 
other is aUo tymmetHcal with respect to the point of itOerseetion of these awes 
as a centre of symmetry. 

Let the figure ABDHL be Bymmetrical 
with respect to the two axes XT, VZ, 
which are perpendicular to 'each other; it 
will also be symmetrical with respect to 
.y their point of intersection, M, as a centre 
of symmetry. 

Let a be any point in the perimeter of 
the figure ; draw adb perpendicular to YZ, 
and 'aec perpendicular to XT. Join «M, &M, 
and ed. 

Since the figure is symmetrical with respect to XT, as is equal to 00/ 
and since dM. is equal and parallel to ae, it is equal and parallel to ee; 
therefore de and eMi are also equal and parallel. In the same manner it 
may be proved that de is equal and parallel to JM ; therefore &M is equal 
to cM ; and since 5M and cM are both parallel to the same straight line, 
and pass through the same point, M, they can not intersect (B. T., Ax. 12), 
but form one straight line. Therefore any straight line, de, drawn through 
Mis bisected at M, and hence M is the centre of symmetry of the figure 
(Prop.L). 

62. Scholium, The two rectangular axes XT, YZ divide the figure 
ACEHL into four equal parts. The adjacent parts may be superposed 
by revolving about one oithe axes ; the opposite parts may be superposed 
by revolving through two right angles in the plane of the figure. 

There are then two kinds of symmetrical position in a plane, one with 
respect to a point, the other with respect to a straight line. 




SYMMETRICAL POLYEDgONS. 

I. SYMHETBT WITH BESFECT TO A GENTBE. 

63. Bef Any two polyedrons are said to be symmetrical with respect 
to a centre, when each vertex of one polyedron has its symmetrical vertex 
on the other polyedron. 

If in the two polyedrons AB-GH, aHh-gh the straight lines joining the 
vertices A and a, B and h, Q and c, etc., all pass through the same point 
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V, and ue bbected b; it, the two i _ 
poljedroiu are said to be B7m- 
raetricalwith respect to the point 
V, and V is called their centre of 
sjmmetrj. 

It is evident that if two polye- '' 
drons are Bymmetrical with re- 
spect to a centre, tbeii homologous faces are eqoal each to each; their 
diedral angles fcre eqoal each to each ; their polyedral angles are sym- 
metrical, and the two poljedrons are eqaivalent. 

9i.D^. A polyedron,AB-GH, is said to be Bym- 
metrical with respect to a centre, V, when its Tertices, 
token two and two, are symmetrical with respect to 
V; that is, when the line joining A and O passes 
through Y and is bisected by it ; also the line join- 
ing C and E, D and F, etc. 

It is evident that a polyedron which has a centre 
of symmetry must have an even number of edges ; 
also its homologons edges must be equal and parallel ; its homologous 
&cea must be equal and parallel ; the homologons plane angles and die- 
dral angles must be equal ; and the homologous polyedral angles must be 
symmetrical. Also every straight line passing through the centre of sym- 
metry and terminating in two opposite surfaces is bisected by this centre. 

A prism whose bases are polygons which are symmetrical with respect 
to a point, has a centre of symmetry : viz., the middle of the straight line 
which joins the centres of the two bases. 

A parallelbpiped has a centre of symmetry: viz., the centre of figure. 

n: aTUUBTBI WITH KBBPECT TO AK AXIS. 

69. Def, Any two polyedrons are said to be symmetrical with respect 
to an axis, when this axis bisects at right angles the straight lines which 
join the corresponding vertices of the two polyedrons. 

99.Dif. Any polyedron is said to be symmetrical with respect to an 
axis, when this line bisects at right angles the lines which join its cor- 
lesponding vertices taken two and two. 

Thus the polyedron ACE-um is symmetrical with respect 
to the axis Mm when thia axis is perpendicular to the lines ' 
which join the vertices A and D, a and d! ; B and E, b and 
«, etc., and divides each of these lines into two equal parts. 

A right prism whose bases are symmetrical with respect 
to a centre has an axis of symmetry: viz., the straight line 
which joins the centred of symmetry of the two bases. 

A rectangular parallelopiped has three axes of symmetry : 
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viz., the straight lines which join the centres of its opposite £Eices. If the 
base is a square, it has two other axes of symmetry : viz., the lines which 
join the middle points of its opposite lateral edges. 

A regular pyramid which has an even number of lateral faces has an 
axis of symmetry : viz., the axis of the pyramid. 

m. SYMMETBT WITH BE8FECT TO A FLAim. 

67. Brf. Two points, A and a, are said to be symmetrical with respect 
to a plane, MN, when this plane bisects at right angles the straight line, 
Aa, which joins the two points. 

Two polyedrons are said to be symmetrical 
with respect to a plahe when this plane bisects 
at right angles the straight lines which join 
their corresponding vertices, taken two and 
two. 

The two polyedrons AB-GH, dHh-gh are 
symmetrical with respect to the plane MN 
when this plane bisects at right angles the 
lines which join the vertices A and a, B and 
&, G and c, etc., of the two polyedrons. 

It is evident that if two polyedrons are 
symmetrical with respect, to a plane, their 
homologous faces must be equal each to each ; 
their diedral angles must be equal each to 
each; their polyedral angles must be sym- 
metrical ; and the two polyedrons must be equivalent. 

The symmetrical solid corresponding to any polyedron with respect to 
a plane is similar and equal to the solid which is symmetrical to the same 
polyedron with, respect to a centre. 

68. 2>^. A polyedron is said to be symmetrical with respect to a 
plane, when that plane divides it into two polyedrons which are sym- 
metrical with jespect to the plane. 

A Thus the regular octaedron ABCDEF is symmetrical 

with respect to the plane BCDE, since this plane divides 
the polyedron into t^^o pyramids which are syinmetrical 





with respect to this plane, 
o If a' regular dodecaedron be cut by a plane passing 
through the centre and any one of its edges, it will be 
7 divided into two polyedrons which are symmetrical with 

respect to that plane. 

If a polyedron has two planes of symmetry which are perpendicular to 
each other, their common intersection is an qjxm of symmetry ; and if a 
polyedron has three planes of symmeti*y, the point common to the three 
planes is a centre of symmetry. 
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MAXIMA AND MINIMA OF PLANE FIGURES. 

69. Bef. A variable magnitude is said to be a iPMiam,um when it is the 
greatest of its kind, or the greatest under certain conditions ; and it is 
called a minimum when it is the least of its kind, or the least under cer- 
tain conditions. 

Thus the diameter of a circle is a maximum among all straight lines 
joining two points of the circumference ; and among all the lines drawn 
from a ^ven point to a given straight line the perpendicular Is a minimum. 

When two figures have equal perimeters they are called iwperimeMii, 

Proposition I. 

70. The perimeter- of an iaosceiles triangle is less than that of, any other 
equivalent triangle standing upon the same lose. 

Let the triangles ABO, DBC have equal areas, and 
let them have the same base, BC, and let the triangle 
ABC be isosceles ; the triangle ABC has a less perime- 
ter than the triangle DBC. 

The two triangles must have equal altitudes (B. IV., 
Pr. 6, Cor. 2), and the straight line AD joining their 
vertices must be parallel to BC (B. L, Pr. 25). Draw ^ 
OF perpendicular to AD produced, and let it meet BA produced in F. 
Join DF, and let AD meet CF in E. 

Since the angle EAC is equal to ACB (B. L, Pr. 23), which is equal to 
ABC (B. L, Pr. 10), which is equal to FAE, the two triangles AEC, AEF, 
having also each a right angle and one side common, are equal to each 
other; therefore AE is perpendicular to CF at its middle point E. 
Hence AF=:AC and DF=DC (B. L, Pr. 18). 

But BF<BD+DF (B. I, Pr. 8) ; that is, BA+AC<BD+DC. Hence, 
adding BC to each, the perimeter of ABC is less than the perimeter of 
BDC. 

71. Cor. Of all triangles having the same area, that which is equilateral 
has the least perimeter. For the triangle having the least perimeter 
with a given area must be isosceles whichever side be taken as the base ; 
therefore the triangle of least perimeter has each pair of its sides equal, 
and consequently is equilateral. 

Pboposition U. 

72. OfaU triangles having the sama hase and equal perimeters, the isosceles 
triangle has the greatest area, 

' Let ABC, DBC be two triangles standing on the same base, BC, and 
having equal perimeters, of which ABC is isosceles and DBC is not isos- 
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celes ; then the area of ABO is greater than the area 

ofDBC. 
Through A draw AE perpendicular to BO, and 

through D draw DF parallel to BC. Join FB, FC. 

The triangles DBO, FBC, having the same base, BO, 

and equal altitudes, have equal areas (B.IY.vPr.'6); 

but the triangle FBO is isosceles (B. I., Pr. 18) ; there- 
fore the triangle FBO has a less perimeter than the triangle DBO (Prop. 
I.), or than the triangle ABO by hypothesis. Therefore BF is less than 
BA, and consequently FE is less than AE (B. L, Pr. 17) ; that is, the alti- 
tude of the triangle DBO is less than the altitude of the triangle ABO ; 
and since these triangles have the same base, the area of ABO is greater 
than that of DBO. 

73. CcT.. Of all triangles having the same perimeter, that which is equi- 
lateral has the greatest area. For the triangle having the greatest area^ 
with a given perimeter, must be isosceles whichever side is taken as the 

base. 

Proposition m. 

74. Of dU triangles having two sides of the one equal to two sides of the 
other ^ each to eaehy that in which these sides are perpendicular to each other 
is the greatest. 

Let ABOj DBO be two triangles, having the sides 
AB, BO respectively equal to DB, BO ; then if the 
angle ABO is a right angle, the area of the triangle 
ABO is greater than that of the triangle DBO. 

For, taking BO as the common base, the two tri- 
angles ABO, DBO are as the altitudes AB, DE 
(B. IV., Pr. 6, Oor. 1) ; but the perpendicular DE is 
shorter than the oblique line DB (B. I., Pr. 17), or its equal AB. There- 
fore the triangle ABO is greater than the triangle DBO. 

Proposition IV. 

75. ^ aU the sides of a polygon except one he gveen^ the area mU le the 
greatest When the figure may he inscribed in a semidreumference of which the 
undetermined side is the diameter. 

Let ABODEF be the greatest polygon that can 
be contained by the sides AB, BC, OD, DE, £F 
given in magnitude, and another side whose 
length is not given. Draw the diagonals AD, 
DF. Then if the angle ADF were not a right 
angle, by making it a right angle (Prop. 8) we 
should enlarge the triangle ADF, without changing the parts ABOD, 
DEF, and consequently we should enlarge the entire polygon. But the 
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polygon is supposed to be a maximum, and can not therefore be en- 
larged; therefore the angle ADF is a right angle. In the same man- 
ner it' may be proved that each of the angles ABF, ACF, AEF is a 
right angle ; thepefore all the angles of the maximum polygon are in- 
scribed in a semi-circumference of which the unknown side AF is the 
diameter. 

76. Scholittm, There is but one semicircle which will contain the max- 
imum polygon. For suppose ABCDEF to be a semicircle containing it ; 
the angles at its centre subtended by the chords AB, BC, etc., amount to 
^.wo right angles, which would no longer be the case were the radius 
made eith& greater or less; since if .the same chord AB subtends arcs 
described with different radii, the angle at the centre corresponding to 
this chord will be smallest in that circle whose radius is greatest. 

• 

PROPOsrnoK V. 

77. CjfaUpolygoM uihie% Tutve their tida equal, each to each, the greaUfi is 
that uihich can "be insenbed in a circle. 

Let ABODE, abode be two polygons haying the side AB=a&, BC=&;, 
etc., and let the first be inscribed in a circle, while the other ia not 
capable of being inscribed in one ; the inscribed polygon is greater than 
the other. 

Draw the diameter AF, and join b^ 5^ 

OF, DF. On ed, which is equal to 
OD, construct the triangle cfd equal 
to GFD, and join af. The line af 
divides the figure abcfde into two 
parts, of which (me at least, by sup- 
position, can not be inscribed in a 
semicircle. Therefore one at least of these two figures is smaller than 
the corresponding part of the figure ABOFDE. Therefore the whole 
figure ABOFDE is greater than the whole figure abcfde; and if from 
these there be taken away the respective triangles OFD, cfd, which are 
equal by construction, there will remain the polygon ABODE greater 
than the polygon ahcde. 

78. Scholium. It is plain that the area of the inscribed polygon will 
be the same in whatever order the sides are arranged. For these sides 
are chords in a circle, and in whatever order they are arranged they will 
cut off equal segments ; and the polygon is the part of the circle remain- 
ing when these segments are taken away. 

Peoposition VI. 

79. Of aU polygons hamng equal perimeters and the same number ofsidei, 
the regular polygon has the greatest area. 
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B o The polygon ABCDEF can not be a maximum among 

Q all polygons of equal perimeters and the same nmnber 

of sides unless it be equilateral For if any two of the 

sides, as AB, BO, are unequal, on AC describe the isoa- 

2) celes tnangle AGC, having the sum of its sides AG, GG 

equal to the sum of AB, BO. The triangle AGO is 

'^ greater than ABO (Prop. 2) ; and therefore the polygon 

AGODEF is greater than the polygon ABODEF. Hence the latter is 

not a maximum ; and the tome may be shown in a similar manner, imless 

the sides are all equaL 

The polygon which is a maximum is therefore equilateral, and by 
Prop.y. it can be inscribed in a circle; it must therefore be equiangukur 
(B. YL, Pr. 2, Sch. 2). Hence it is a regular polygon. 

Pbofosttion Vn. 

80. A regular polygcn has a leu perimeter than any other pdlygcn of equal 
area and the eame number ofeides. 

Let A and B be two 
polygons having the same 
number of sides and con- 
taining equal areas, and 
let A be a regular polygon, 
while B is an irregular 
polygon. The p^imeter 
of A is less than that of B. For let be a regular polygon having the 
same perimeter and the same number of sides as B. Then (Prop. YI.) 
C>B; but B.=A by hypothesis; therefore 0>A. But and A are 
similar figures (B. VI., Pr. 1) ; consequently, perimeter of 0>perimeter of 
A. Now by hypothesis, perimeter of Ci;=:perimeter of B ; hence perimeter 
of B>perimeter of A. 

Proposition YHI. 

81. Of aU regular polygons having equal perimeters, that which hae the 
greater number of sides has the greater area. 

Let ABODEF be a regular polygon of six sides. 
On one of its sides, as BO, take any point G ; we may 
regard the given polygon as an irregnlar polygon of 
seven sides, in which the sides BG, OG make an angle 
with each other equal to two right angles. This ir- 
i> regular polygon is less than a regular polygon of seven 
sides and having the same perimeter (Prop. VI.) ; that 
is, a regular polygon of six sides is less than a regular 
polygon of seven sides having the same perimeter. In the same manner 
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it may be proved that a regular polygon of seven sides is less than a 
regular polygon of eight sides having the same perimeter, and so on. 

Proposition IX. 

82. A eirde is greater than any regular polygon of the same perimeter. 
Let AG be half the side of any a g B jy h ~ 
regular polygon, and let C be the centre 
of the polygon. In a circle having 
an equal perimeter, take the angle 
IFH=ACG; the arc IH wiU therefore 
be equal to the half side AG. We there- 
fore have 

Polygon : circle : : triangle ACG : sector IFH ; 

::iAG.CG:iIH.HP; 
::CG:PH. 
At the point H draw the tangent HD, meeting FI produced in D. 
The similar triangles ACG, DFH give the proportion 

CG:FH::AG(=IH):DH. 
Therefore Polygon: circle ::IH:DH; 

::iIH.PH^:4DH.FH. 
But iIH.FH is the measure of the sector IFH (B. VI., Pr. 12, Cor.) ; 
and •J^DH.FH is the measure of the triangle DFH. Now the triangle is 
greater than the sector; hence the circle is greater than the polygon ; that 
is, the circle is greater than any regular polygon of the same perimeter. 



TRANSVERSALS. 

83. Def. Any straight line cutting a system of lines is called a trans- 
Tersal, 

A transversal to a triangle is any straight line drawn to intersect its 
three sides or sides produced. 

Proposition I. 

Si. If a straight line cut the sides of a triangle, or the sides produced, the 
product of three aUemate segments of the sides is equal to the product of the 
other three segments. 

Let ABC be a triangle, and let a straight 
line be drawn cutting the side AB at D, 
the side AC at E, and the side BC produced 
at*F. Then AD and DB are called seg- 
ments of the side AB; AE and EC are 

S3 
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called segments of the side AC ; and BF 

and OF are called segments of the side BC. 

The segments EC, AD, and BF are called 

alternate segments, or non-adjacent, since 

they have no extremity in common. So 

also the segments AE, BD, and CF ar& alternate, or non-adjacent segments. 

Through B draw a straight line parallel to AC, meeting DF produced 

inH. . 

Then by similar triangles, BH : AE : : BD : AD ; . 
or BH.AD=AE.BD. (1) 

Alsd by similar triangles, CE : BH : : CF : BF ; 
or BF.CE=BH.CF. (2) 

Multiplying (1) by (2), and dividing by the common factor BH, we £aye 

AD.BF.CE=AE.CF.BD. 
This theorem was known to Menelaus, a.d. 80*. 

Proposition II. -(Gorvoerse of Prop. I.) 

85. If three points are taken on the sides of a triangle (one of the points^ or 
all three lying in the sides prodtuxd), so that the product of three aUemate 
segments of the sides is equal to the proditct of the other three segments^ the 
three points lie in the same straight line. 

Let the points D and E be taken upon the sides AB and AC of the 
triangle ABC, and let the point F be taken on the side BC produced, so 
that AD,BF.qE=AE.CF.BD ; the points D, B, and F are in the same 
straight line. 

Join DE ; and if DE produced does not pass through F, let it meet BC 
produced in a point which we will call F. Then by Prop. I. we have 

AD.BF.CE=s:AE.CF.BD. (1) 

But, by hypothesis, we have 

AD.BF.CE=AE.CF.BD. (2) 

Dividing (1) by (2), and omitting the common factors, we have 

BF_CF. 
BF""CF' 
or BF:BF::CF:CF. 

Hence by division (since F is on BC produced), 

BC:BC::CF:CF. 
Therefore CF=CF, 

or the point F coincides with F, and therefore the three points D^E, and 
F are in the same straight line. 
This theorem was known to Menelaus. 

Proposition III. 

86. If three straight lines "be drawn from the angles of a triangU to 
the opposite sideSy and meet at the same pointy the product of three mm" 
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adjacent segments of the sides is equal to the prodtiet of the other three 
segments, 

Xiet ABO be a triangle, and from the angular 
points to the 'opposite sides let the straight lines 
AD, BE, OF be drawn, passing through the point 
H; then the product AF.BD.OE will be equal to 
the product AE.CD.BP. 

The triangle BOE is cut by the transversal AHP ; 
hence by Prop. I. wah'ave 

BD.OA,EH=EA,CD.BH. (1) 

Also the triangle BAE is cut by the transversal OHF ; hence we have 

AP.BH.EC=EH.BF.AO. JS) 

Multiplying (1) by (2), and omitting the common factors, we obtain 

AP.BD.CE=AE.CD.BF. 

87. Scholium. We have supposed the point H to be within the triangle ; 
if it be without the triangle, two of the points D, E, F will fall on the 
sides produced. 

Proposition IV. (Converse of Prop, m.) 

88. Jf three- straight lines he drawn from the angles of a triangle to meet 
the opposite sideSy makin>g the product of three non-adjacent segments of the 
sides equal to the product of the other three segm>ents, then the three straight 
lines so dravm mUpass through the sams point. 

Let AD, BE intersect each other in the point H, and let F be such a 
point in AB that AF.BD.OE =AE.CD.BF. Join OH ; then OH produced 
passes through the point F. 

K OH produced does not pass through the point F, let it pass through 
F, some other point in AB. Then by Prop. HI. we have 

AF.BD.OE=AE.OD.BF. (1) 

But, by hypothesis, we have 

AF.BD.OE=:AE.CD.BF. (2) 

AF* BF* 
Dividing (1) by (2), AF =SF ' 

or AF;AF::BF;BF. 

Hence, by composition, AB : AB : : BF : BF. 

Therefore BF=BF; 

or the point F coincides with F, and therefore 0£[F cpincides with 

OHF, and the three lines AD, BE, OF pass through the same point H. 

Proposition V. 

89. The three Msectors of the angles of a triangle pass through the same 
point. 

Let ABO be a triangle, and let AD, BE, OF be drawn bisecting the 
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angles A, B, and C ; these three lines will intersect in the 
same point. 

For since AD bisects the angle BAG (B. IV., Pr. 17), 
we have BD:AB::CD:AC; 

or BD.AC=AB.OD. (1) 

For a similar reason 

CE:BC::AE:AB; 
CE.AB=BC.AE. (%) 

. AF:AC::BF:BC; 
AF.BC=:AC.BF. (3) 

Multiplying together (1), (2), and (a), and omitting the common fiictors, 
we have, AF.BD.CE=AE.CD.BF. 

Therefore, Prop. IV., the three lines AD, BE, CF pass through the same 
point.. 

Proposition VI. 

90. The three perpendiculars drawn from the tertiees of a triangle to the 
opposite sides meet in a point. 

Let ABC be a triangle, and let AD, BE, CF be drawn 
from the vertices x>erpendieular to the opposite sides. 

The triangle ABC is divided into six right-angled tri- 
angles, three of which are similar to the other three. 
Hence we have the proportions 

AF:AE::AC:AB; 
BD:BF::BA:BC; 
CE:CD::CB:CA. 
Multiplying together the corresponding terms of these three propor- 
tions, and observing that the third and fourth terms of the resulting 
proportion are equal, we have 

AF.BD.CE=AE.CD.BF. 
Hence (Prop. IV.) the three lines AD, BE, CF meet in a point. 

91. Scholium, The three points D, E, and F are all on the sides of 
the triangle, if all its angles are acute. If one ' angle is obtuse, two 
of the three pointd are on the sides produced, as required by Scholium 
of Prop. in. 




HAKMONIC PROPORTION AND HARMONIC PENCILS. 

92. Bef, Three quantities are said to be in harmonic proportion when 
the first is to the third as the difference between the first and second is 
to the difference between the. second and third. Thus 6, 4, 3 are in 
harmonic proportion, for 6 : 3 : : 6—4 : 4—3. 
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Pboposition I. 

93. When a straight Une is divided internally and eaitemaUy in the same 
ratio, it is divided harmanieaUj/. 

Thus let AB be diTided intemally at C, and ex- a o b d 

temally at D in the same ratio, so that 

AD:BD::AC:CB; or AD:AC::BD:CB. 
Since BD=AD— AB, and CB=AB— AC, we have 

AD : AC : : AD— AB : AB— AC. 
Hence AD, AB, and AC are in harmonic proportion, and the line AB 
is said to be divided harmonically in C and D. 

94. Since the ratio of the distances of A from C and D is eqnal to the 
ratio of the distances of B from C and D, the line CD is divided har- 
monically at A and B. 

The four points A, B, C, D are called harmonic paints. The points A 
and B are called eanjtigate points with respect to C and D ; also the points 
C and D are conjugate with respect to A and B. 

Since AD:BD::AO:CB, we have AD.CB=AC.BD; that is, when a 
line is divided TiarmonieaUy into three parts, the rectangle under the whole 
line and the middle part eqttals the rectangle under the extreme parts ; and, 
conversely, when a line is divided into three parts^ such that the rectangle 
under the whole line and the middle part equals the rectangle under the ex- 
treme parts, the line is divided harmonicdUy. 

'95. In Art. 47 we found AC : CB : : AD : BD ; or AC.BD=CB. AD ; hence 
AD is divided harmonically in C and B ; that' is, the Useetors of the in- 
ternal and external angles of a triangle- divide the dase harmonicaUy, 



Pboposition n. 

96. If A, C, B, D form an harmonic system, and AB is bisected in M, then 
MC.MD=MB«. For since AC.BD=AD.CB, ^ ^ « „ ^ 
we have * * — *^ — ►-: ^ 

AC:CB::AD:BD. 
By composition and division, 

AC— CB AC+CB..AD— BD AD-f-BD 
3 • a •• 3 • 2 ' 
or MC:MB::MB:MD; 

that is, MC.MD=MB«. 

■ Hence, the half of a straight line, AB, is a vnean proportional between the 
distances of the middle point M of tMs line from the two points C and D 
which divide it harmonimUy, 

97. Conversely, if we have given AB, and its middle point M, and if C and 
D are so taken that MB'=MC.MD, then A, C^ B, and D arefoiir ha/rmonie 
points, . • 



422 UAEMONIO FBOPOBTION AND HASMONIO PENCILS. 

For since MO:MB::MB:MD, 

by composition and division, 

MB+MC : MB— MC : : MD+MB : MD— MB ; 
that is, AC:CB::AD:BD. 

98. Scholium. Let AB be a giyen segment and M its middle point, and 
let G move along the line AB. The conjugate point D will then also 
move along the same line. When C is at B, D is at the same point. As 
moves toward M, the motion of D from B is at first very little greater 
than that of C ; but as C approaches M, D moves more rapidly, and when 
C is indefinitely near to M, the distance of D is infinite. ' When C is to 
the left of M, D is to the left of A, and the two points approach A si- 
multaneously. If C is in AB produced, D is on the segment AB. 

99. Def. A system of straight lines diverging from a* point is called 
a pencil; each diverging line is called a ray, and the point from which 
they diverge is called the vertex of the pencil. 

If from the point Y straight- lines be drawn to 
four harmonic points, A, 0, B, D, the four lines, 
VA, VC, VB, VD, form an harmonic pencil. 

It is evident that if AB is divided harmonically 
by the pencil, any straight line, add, drawn parallel 
to AD will also be divided harmoiiically by the 

i> pencil. 

> 

Proposition m. 

100. Every straight lirU which cuts an harmonic peneiLis divided harmon- 
icaUy ly the pencil. 

Let the pencil V. ACBD divide the transversal 
ACBD harmonically, so that AC.BD=AD.CB ; 
then will it divide any other transversal afgh 
harmonically. 

Through the point a drawa^ parallel to AD. 
Since the triangle agl is cut by the transversal 

^ VC, we have (Art. 84) . • 

-A ^o~B D af.hc.gY=fg.ac2iV. (1) 

And since the same triangle is cut by the transversal V^, we have 

gh.ad.J>y=ah.l)d.gY. (2) 

Multiplying together (1) and (2), and omitting common fiictors, we have 

(if.gh.bc.ad:=ahfg.ac.'bd. 
But since ad is parallel to AD, we have 

ad.cb=acM. 
Hence af.gh-=.ah.fg ;- 

that is, ag is divided harmonically. 

101. Hence the rays VA, VB are called covjugate rays with respect to 
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the rays VC, VD, and are said to divide the angle 
AVB harmonkally ; also the rayq VC,VD are con- 
jugate rays with respect to the rays VA,VB, and 
divide the angle AVB harmonically. 

102. Beholium, The preceding demonstration ap- 
plies when the transversal cuts one or more of the 
rays on opposite sides of the vertex, as in the an- 
nexed figure. 

Pboposition rv. 

103. Three straight lines of an harfnanic pencil "being gken^ it is required 
to find thefwTth ray of the pencil. 

Let VA, VB, VC be three rays of an 
harmonic' pencil ; . it is required to find 
the fourth ray YD, conjugate to VC. 

On VC take any point C, and draw CE 
parallel to VA Take EP equal to VE ; 
join CP, and produce it to G; and 
through V draw VD parallel to GF. 

The line VD is conjugate to VC. 

Since the triangles AGC, AVD are similar, we have 

GC:VD::AC:AD. 

Also, since the triangles CFB, VBD are similar, we have 

VD:CP::BD:CB. 

Multiplying together these proportions, and observing that GC=CP, 
since VE=EP, we have AC.BD=AD.CB. 

Hence AD is divided harmonically in C and B, and the ray VD is 
conjugate to the ray VC. 

. 104. Def, If the opposite sides of sny quadrilateral be produced to 
meet, the figure thus formed is called a complete qwadriUxteral, 

Let ABCD be any quadrilateral, and let its opposite sides be produced 
to meet in E and P ; the line ^P is called the third diagonal of the quad- 
rilateral, and the whole figure formed by the four lines meeting in six 
points forms a complete quadrilateral. The complete quadrilateral has 
three diagonals : viz., two interior, AC, BD, and one exterior, EP. 




Proposition V. * 

105. Each diagonal of a complete quadrilateral is harmohieaUf/ divided 
ly the two other diagonals. 

Let ABCDEP be a complete quadrilateral, and let AC, BD,EP be .its 
diagonals ; any one of themj as EP, is divided harmonically by the two 
others in the points G and H. 

The triangle AEP cut by the transversal BDH (Art. 84)'give8 

EH.PD.AB=:PH.AD.EB. (1) • 
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In the same triangle the straight lines 
AG, ED, BF, drawn from the yertices and 
intersecting in (Art. 86), give the equation 
FG.AD.EB±=Ea.rD.AB, (2) 
Multiplying together (1) and (2), and 
omitting the common Actors, we have 
EH.FG=FH.EG. 

In a similar manner it may be proved that each of the cdagonals AC, 
BD is harmonically divided by the two other diagonals. 

Proposition VL 

106. The middle paints of the three diagoMHe of a complete quadrilateral 
are in a straight line. 

j^^ ' Let K, L, M be the middle 

points of the three diagonals 
of the complete quadrilateral 
ABODEF, and let N, O, P be tlie 
middle points of the sides of the 
triangle BEC. Since OP bisects 
BE and CE, it is parallel to BC, 
and therefore passes* through M, 
the middle point of EF. For a 
K H J" similar reason NP passes through 

K, the middle point of AC, and NO passes through L, the middle point 
of BD. 

If we regard ADF as a transVersal of the triangle BCE, we obt^n 
(Art 84) AB.DE.FC=AE.DC.FB. 

Dividing each factor by 2, and observing that iAB=KN,,iDE=LO, 
iFC=MP, ^tc., we have KN.LO.MP=KP.LN.MO. 

Therefore the points K, L, M, lying in the sides of the triangle NOP, 
satisfy Art. 85, and are in the same straight Hue. 




POLES AND POLARS WITH RESPECT TO AN ANGLE. 

107. Def, If through a fixed point, P, a line, PAB, be drawn cutting 

the two aides of an angle, XVY, and if on 
PB a point Q be taken, which is the har- 
monic conjugate of P with respect to the 
points' A and B, the line YQ is called the 
polar of the point P with respect to the sides 
of the angle XVY, and P is called the pole 
ofYQ. 
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Proposition I. 

108. Any 'straight line drawn through a pole to meet the tides of an angle 
is divided harmonically hy these lines and the polar. 

Let P be the pole and VQ the polar with respect to the lines VX, VY, 
and let A and B be the points in which a straight Mne drawn through 
P meets the two lines. Since YQ is the polar of the point P, the points 
P, A, Q, and B form an harmonic system ; and if we draw the line VP, 
the lines VP,VA,VQ,VB form an harmonic pencil, and any straight 
line I^ drawn through P will be divided harmonically by the pencil 
(Prop. 100). 

Proposition n. 

109. A point P and an angle XVY leing given^ if from P we draw two 
lines cutting the sides of the angle in A, B, a, &, and if we dra/w the diagonals 
A5, Ba intersecting in- Q, the line YQ wiU he the polar of the paint P wiiik 
respect to the lines VX,VY. 

If we consider the complete quadrilateral 
VaQ^, AB, we find the diagonal AB to be 
divided harmonically in P and G by the two 
other diagonals a&, VQ (Art. 105) ; hence the 
four lines VP,VX,VQ,VYform an harmonic 
pencil, and the straight line YQ is the polar pi 
of the point P with respect to the two lines 
YX,YY. ^ 

110. Scholium. The polar of any given point with respect to an angle 
may also be found by the method of Art. 108. 




POLES AND POLARS WITH RESPECT TO A CIRCLE. 

111. Def If from a fixed point P a line be drawn to C, the centre of a 
circle, and on CP a point p be taken such that OP.Cp is equal to the 
square of the radius of the circle, the straight line Dp. perpendicular to 
the line CP at the point p is called the polar of P with respect to the eircicy 
and the point P is called the pole of Dp with respect to the circle. 

Proposition I. 

112. Any straight line drawn through the pole to meet a drde is divided 
harmonically hy the circle and the polar. 

Let P be' the pole and^D be the polar, and let A and B be the points 
in which a straight line drawn through P meets the circumference. 
Join CA, CB, j7A, j7B, and produce Bp to meet the circumference in F. 
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Then, since CP.Cp=CB*, we hare 
CP:CB::CB:Cp; 
and therefore the angle CBP is equal 
to the angle CpB (B. IV., Pr. 21). 
Also, since CP.Qp=CA*, we have 
CP:CA::CA:Cp; 
and therefore the angle CAP is eqnal 
to the angle CpA. But CBP is equal 
to CAB, which is the supplement of 
CAP; therefore CpB is the supple- 
ment of C/)A. Hence CpB, which is equal to PpF, is equal to P;?A. Also 
ApD and BpD are equal, being the complements of ApP and BpC. 
liierefore E^ bisects the vertical angle of the triangle AjpB, and Fp 
bisects the exterior angle of the same triangle ; hence the line AB is 
divided harmonically (Art. 95) in P and £. 

113. Cor. 1. To find the pole of a ^ven straight line BT, draw a diame- 
ter GH perpendicular to the given line intersecting it in j>, and on this 
diameter produced, take P such that CP.Cp=CG' ; the point P is the 
pole of DT with respect to the circle. 

114. Car. 2. When the point P is without the circle, its polar is the line 
Tt joining the points of contact of the tangents from P. For l^t T and t be 
the points where Dp intersects the circumference, then, since CP.C/)=CT% 
we have CP:CT::CT:Cp. 

Hence the two triangles CPT, CpT are similar; therefore CTP is a 
right angle, and PT is a tangent to the circle at the point T. For the 
same reason a line drawn from P to the point t is a l/angent to the circle. 

115. Cor. 3. If the point P approaches the circumference of the circle, 

the point p will also approach it, and when PC becomes equal to the 

radiua of the circle, Cp will also be equal to the radius of the circle ; 

therefore t?ie polar of any point on the circumference is the tangent at that 

point, 

Pboposition n. 

116. The polars of aU the points of a straight line pass through the pole 
of that line. 

Let AB be any straight line, and P any point in 
it Draw CP, and take j> such that CP.Cp=CD», 
the straight line ^E perpendicular to CP will 
contain the pole of the straight line AB. 

Draw CF perpendicular to AB cutting Ep in 
E. Then, since the triangles CpE, CFP are sim- 
ilar, we have 

CF.CE=CP.Cp. 
But QV.Opz=^QJ>\ 
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Therefore CF.CE=CD«; 

and therefore the point £ is the pole of AB (Art. 118). 

Pboposition III. ( Comers of Prop, 11.) 

117. The poUa of aU the straigM lines which pass through a given point 
are situated on the polar of that point. 

Let P be the given point, and AP any straight 
line passing through it. In order to find the pole 
of AP, we draw CF perpendicular to AP, and on 
CF take the point E such, that CF.CE=CG». 
Join PC, and draw Ep perpendicular to CP. 
Then, by similar triangles, 

GP:CF::CE:Cp; 
or CP.Ci)=:CF.CE=CG». 

Therefore E^ is the polar of the point P, and the pole of the line AP 
is situated on the polar of P. 

118. Cor. The pole of a straight line is the intersection of the polars 
of any two of its points. 

119. Scholium. If P be any. point within or without a given circle, 
and PA a line which revolves about' the point P, the pole of AP will 
move along the polar of P ; that is, the polar of a given point is the locus 
of the poles of all the lines passing through the given point. 

^ ^ Proposition IV. 

120. If iJirough a fixed, point P in the plane of a circle any two secants, 
PAB, PCD, are drawn, also the chords AD, BC are drawn intersecting in N, 
and the chords AC, BD ctre produced to meet in M, tJie straight line which 
joins the points M and N is the pola/r of the fixed point P. 

Let a be the point in which the line MN 
intersects AB, and c the point in which it 
intersects CD. 

Since MANBDC is a complete quadri- Xj 

lateral, the diagonal AB is divided harmon- 
ically in P and a (Art. 105), and the diagonal ^ 
CD is divided harmonically in P and c. 
Therefore ac is the polar of the point P 
(Art. 113). 

Proposition V. 

121. If a hexagon "be inscribed in a circle, the points of intersection of the 
three pairs of opposite sides will lie in a straight line. 

Let ABCDEF be a hexagon inscribed in a circle, and let the opposite . 
sides AB, DE be produced to meet in L ; also the sides BC and EF to 
meet in M, and the sides CD and AF to meet in N. The points L, M, 
and N lie in a straight line. 
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The triangle PQH, formed by the al- 
ternate gides BC, DE, FA produced, 
is cut by the transversals ABL, DON, 
and FEM. Hence (Art. 84) 

PE.QF.RM=PM.RF.QE ; 
QA.RB.PL=QL.PB.RA ; 
PD.QN.RC=PO.RN.QD. 
Multiplying together these equals, 
and observing that 
PE.PD=PB.PO (B.IV.,Pr.29,Cor.2); 
QF.QA=QE.QD; 
RB.RC=RA.RF; 
we have RM.PL.QN=PM.QL.RN. 

Hence the points L, M, N are situated on a straight line (Art. 85). 
This theorem is due to Pascal. 




Pboposition VI. 

122. If a hexagon he described about a eirde, the three diagonaU which jam 
the opposite vertices intersect in the samepdnt, 

A^ « Let ABCDEF be a hexagon described about a 

F circle; let the side AB touch the circle in the 
point h, the side BO in the point c, etc., and join 
ab, he, etc. The straight line ab is the polar of the 
^ point A (Art. 114) ; so also ed is the polar of the 
point D. Hence, if a5 and ed be produced to meet, 
'^ their point of intersection will be the pole of AD 
(Art. 118). . 3q also the point of intersection of he 
and ^ will be the pole of BE, and the point of in- 
tersection of cd and af will be the pole of OF. But these three points of 
intersection are situated in a straight line (Art. 121). Hence the polars 
ADj BE, OF of these points intersect in a point S, which is the pole of 
the line joining these three points of intersection (Art. 116). 
This theorem' is due to Brianchon. 




RADICAL AXIS OF TWO CIRCLES. 

Pboposition I. 

123. Bequired the locus of a point from which tangents drawn to two given 
circles a/re equal. 

Let C and c be the centres of the given circles, and P any point from 
which equal tangents, PT, P^, are drawn. Draw PR perpendicular to the 



APPENDIX. 



429 




line joining the centres, and join CT, et. 
Then, since FT and Tt are. supposed 
equal, we have 

CP«— CT»=PT»=cP«— de* ; . 
or CT»— ct"=:CP«— cP«. 

The .first member of this equation is a 
given quantity; therefore the second 
member is a given quantity; and since 
Ce is also given, the required locus is 
the straight line PR, perpendicular to Cc, and cutting it so that 
CR«— cR»=:CT«— <j«» (Art. 48). 

124. Def. The straight line PR is called the radical axis of the two 
circles. 

125. We thus see that the radical axU of two circles is a straight line 
perpendicular to the line joining the centres of the eirdes, and dividing this 
line so that the difference of the squares of the two segments is egtial to the 
difference of the s^res of the radii. 

If the two circles have no point in common, the radical axis does hot 
intersect either of them. • • 

If the circles touch each other, cither externally or inl^emally, their 
common tangent at the point of coQtact is their radical axis. 

If the circles intersect, their common chord ia their radical axis. 

• 

Proposition n. 

126. The radical axes of a system of three eirdes, tahen two and two, meet 
in a point, 

. Let A, B, C be the centres of three circles. 
Let DP be the radical axis of A and B, and 
EP be the radical axis of B and C. The three 
centres, A, B, and C, not being in the same 
straight line, the axes DP, EP, which are per- 
pendicular' to -the intersecting lines AB, BC 
(B. ni., Pr. 7), will meet in a point which we 
designate by P. ' .The tangents drawn from 
P to the circles A and B are, by definition, 
equal ; alsip the tangents drawn from P to the 
circles B and C are equal. Hence the tangents 
drawn from P to the circles A and C are also 
e<Iual, and therefore the radical. axis of A and C passes through P. 

127. If the three circles intersect, the radical axis of any two of them 
is their common chords hence tJie common chords of "every pair of three 
intersecting circles meet in a point. 
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PKOPOsmoN in. 

128. The diff'erenee &f the equares of t)ie tangents from any point to two 
cirdee i$ equdl_ to twice the rectangle tinder the distance between the centres 
of the circles, and the diUance of the point from their radical axis. 

Let C and e be the centres of two circles, 
AB their radical axis, P any point in the 
plane of the circles, PT, Ft the tangents 
drawn from P to the two circles. Draw 
PA perpendicular to AB, and PR perpen- 
dicular to Cc, and bisect Cc in D. Then 
(B.IV.,Pr.ll,Cor.l) 

.Pt»=Pc*— ct*, and PT»=PC»— CT». 
Therefore 
Pt«— PT«=(Pc«— PC«)+(CT»— ct«). 
But Pc>— PC«=:(jR*— CR»==2Cc.DR (B. IV.j'Pr. 10). * 

And by Art 123, CT»— ct''=CB*— <jB»=2Cc.BD. 
Therefore Pt*— PT»=2CcpR+BD) ; 

==2Cc.BR; 
=:2Cc.AP. 




CENTRES OF SIMILITUDE. 

129. Def. If the straight line joining the centres of two circles is 
divided externally and internally into segments proportional to the cor- 
responding radii, the former point of section is called the external^ and 
the latter the internal centre of similitude of the two circles. 

Proposition I. 

* 130. ij^ in two circles two radii are drawn paraUel to each other and in 
the same directum, the straight line joining, their extremities passes through 
the external centre of similitude; but if the pardUd radii are drawn in op- 
posite directions, the straight line joining their extremities passes through the 
internal centre of similitude. 

Let AM, BN hfi two par- 
allel radii drawn in the 
same direction, and let the 
line MN intersect the lihe 
AB produced in C. 

•Since BN.is XMniHel to 
AM, we have 

AC:BC::AM:BN; 
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and therefore, by the definition, C is the external centre of simili- 
tude. 

If the parallel radii Am, Bn are drawn in opposite directions, and the 
line mn intersects the line AB in c, by similar triangles we have 

A(j:B<5::Am:Bnjr 
and therefore c is the internal centre of similitude. 

131. Cor, 1. If any transversal is drawn through a centre of similitude, 
the radii drawn to the points in which it cuts the circumferences will be 
parallel, two and two. 

182. Gar. 2. If a transversal drawn through a centre of similitude lis a 
tangent to one of the circles, it is also a tangent to the other; therefore, 
when one circle is wholly without the other, the centres of similitude are 
the intersections of the pairs of external and internal common tangents. 

133. If the circles touch each other externally, the point of contact is 
their internal centre of simUitude; if they touch internally, the point of 
contact is their external centre of similitude. Hence, if any number of 
circles touch each other at the. same point, and a straight line is drawn 
through it cutting the circles, the straight lines joining each point of inter- 
section with the centre of the corresponding circle wiH he all parallel. 

m 

Proposition n. 

134. The external centres of similitude of three circles^ taken two and two, 
are in a straight line. 

Let A, B, C be the centres 
of three circles ; R, R', R" their 
radii; and let M be the ex- 
ternal centre of similitude of 
the circles whose centres are A 
and B ; N the external centre 
of similitude of the circles A 
and C ; and P that of B and C. 
By the definition, we have 
AM:BM::R:R'; 
BP:CP::R':R'; 
CN:AN::R":R. 
Multiplying these proportions together, term by term, we have 
AM.BP.cn : BM.OP. AN : : RR.R" : R'.R'.R. 
Hence AM.BP.CN=BM.CP.AN. 

Therefore the points M, N, P are in a straight line XArt. 85). • 

135. C<yr. 1» In like manner it may be shown that the straight line 
passing through any 'two internal centres of similitude of three circles, 
taken two and two, i&lso passes through the external centre of similitude 
of the other pair of circles. 
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186. Car, 2. Hence the six centres of similitude of three circles, taken 
two and two, are situated three and three on four straight lines. These 
lines axe called oom oftimUitude, 



PROJECTIONS. 

187. Projection is the delineation on a given plane of any figure situated 
out of this plane. 

We shall consider two modes of projection, one called oHkogoTial pro- 
jection, and the other perspectioe or conical projection. 

ORTHOGONAL PROJECTION. 

188. Def. The orthogonal projection of a point upon a plane is the foot 
of the perpendicular let fall from that point upon the plane. The plane 
to which the perpendicular is drawn is called the plane of projection. 

The orthogonal projection of a line upon a plane is the line which con- 
tains the projections of all the points of the first line. 

The orthogonal projection of a plane figure is that surface in the plane 
of projection that is inclosed by the projection of the perimeter of the 
original figure. 

In the twelve following Articles the term projection will be used as 
equivalent to the term orthogonal projection. 

Pkoposition I. 

• 

189. The projection of a straight line upon a plane is a straight line. 

Let AB be the given straight line, and MN 

the given plane. From any point. A, in the 
straight line draw a perpendicular to the 
plane MN, meeting it in a. Let a plane pass 
through AB and Aa, and let its intersection 
with the plane MN be db. Then a& is a 
straight line (B. VII., Pr. 8), and it is to be 

M ~~- proved that ah is the projection of AB. 

In AB take any point G ; and in the plane BAa draw Ce parallel to 

A.a, meeting cib at c. Then Cc is perpendicular to the plane MN (B. VII., 

Pr. 9, Cor. 1) ; hence c is the projection of C ; that is, every point in the 

line AB is projected into some point on the line ab, 

140. Scholium. If the given straight line be perpendicular to the plane 
of projection, its projection is a point. 

Proposition n. 

141. The projection of a straight line of given length is equal to the 
length of the original straight line multiplied by the cosine of the angle he-, 
tweenthe straight line and its projection. 
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Let AB be any straight line, and ah its projection. Draw AD par- 
allel to db^ meeting B5 at D. Then we have 

a&=:AD=AB COS. BAD (Trig., Art. 45). 

142. Btholium. Since a straight line makes equal angles with all par- 
allel lines which it intersects (B. I., Pr» 23), the angle between the straight 
line AB and its projection is understood to mean the angle between AB 
and any straight line, AD, parallel to its projection ; that is, BAD is the 
angle between AB and a5. 

Pbofositicnk IIL 

143. The projections ofpandlel straight lines are themselves paraUel st/raight 
lines. 

Let AB and CD be parallel straight lines; also 
let a be the projection of A upon a given plane, and 
let e be, the projection of C upon the same plane. 
Since ha is parallel to Cc (B.Vn.,Pr.9), the plane 
BAa is parallel to the plane DCV; (B. YII., Pr. 16); 
also the intersections of these planes with the plane 
of projection are parallel (B.VIL, Pr. 12), and these 
intersections are the projections of AB and CD (Art. 138). 

Proposition IV. 

• • • 

144. If any plane figure he projected upon a plane, the area of the projected 
figure is equal to the area of the original figure multiplied hy the cosine of 
the angle between the two planes. 

Case 1. Let the figure be a triangle having one side in the plane of 
projection, 

. Let ABC be a triangle having the side AC b 

in the plane of projection; and let h be the 
projection of B; Draw BD perpendicular to 
AC, and join 5D. 

Since B5 is perpendicular to the plane AD^, 
it is perpendicular to the t^o lines Ai& and D^ 
•Hence we.have (B. IV., Pr. 11) 

*AD»=AB»— BD«=A&«+B5«— P6''4-B6>)=A&>— D5*. 

Therefore AD6 is a right angle (B. IV., Pr. 11), and therefore BDb is 
the angle of inclination of the plane of the triangle to the plane of 
projection (B.VIL, Def. 4). • 

Wow the area of ABC=JAC.BD, 

and the area of A5C=JAC.5D; 

., - area of A6C 5D „^, 

therefore, _,^— =:cos. BD5. 

' ; area of ABC BD 

Case 2. Let the figure be any triangle. 

T 
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Let ABC be any triangle, and let its plane, if 
prodiiced, meet the plane of projection in the 
straight line ac. Jion aC, and let x denote the 
angle between the plane of the triangle and the 
plane of projection. Then, by Case 1, the area 
of projection of aB<;=area of oBcX cos. x ; (1) 
also, the area of projection of aCc=area of aCcX cos. af. (2) 

Subtracting (2) from (1), we have . 

area of projection of aBC=area of aBC X cos. x. 
Hence the proposition is true for any triangle which has one angular 
point in the plane of projection ; therefore it is true for the triangle 
aAC ; and therefore by subtraction it is true for the triangle ABC. 
Case 8. Let the figure be any polygm. 

The polygon may be decomposed into triangles, and since the propo- 
sition is true for each triangle, it is true for the whole figure. 
Case 4. Let the figure be bounded by curved lines. 
We may inscribe in the figure any rectilinear polygon, and the 
proposition will be true of the polygon. • By increasing the number 
of sides of the polygon, and diminishing the length of each side, the 
area of the polygon can be made to differ as. little as we please from 
the area of the figure. Hence the proposition is also true for the area 
bounded by the curved lines. . . . ' 

Pkoposition V. 

145. The prcjectum of a circle is an ellipse. 

Firsts let the plane of projection pass through 
the centre of the circle, and cut the circle in the 
diameter AC ; and let BD be .that diameter which 
is perpendicular to AC. On the circumference 
of the circle take any point M, and dtaw MN 
perpendicular to AC. Let l denote the projection 
of B, and m the projection of M, and let x denote 
the angle of inclinatipn of the two planes. 
• Then the projection* of BE will be BE cos. a?/ 
and the projection of MN will be MN cos. x. 

Hence MN:BE::MIT.cos.a;:BE.cos.a;::mN:&E; 

or 'MNiwNr-.BEi&E. 

Therefore tti is a point on an ellipse whose semi-minor axis is &E= 
BE COS. 2;, and whose semi-major axis is BE or AE (Prop. 14, Ellipse)! 

Second, if the plane of projection does not pass throligh the centre of 
the circle, let a plane be drawn through the centre parallel to the plane 
of projection. . AC will he equal and parallel to its projection, and we 
shall stUl have the same proportion given above. 
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146. Scholium 1. The centre of the circle is projected into the centre 
of the ellipse. 
Scholium 2. The cosine of the angle between the plane of the circle 

and the plane of the ellipse is p^. 

. Pboposition VI. 

. 147. To find the area of an ellipse. 

Let a denote. half the major axis of the ellipse^ and h half the minor 
axis. 

By- Art. 145 the ellipse may be regarded as the projection of a circle 
whose radius is a. 

By Art. 144 the area of the ellipse=area of circle X cos. x. 

But the area of the circle=ira» (B. VI., Pr. 13, Cor. 3). 

Also, cos.a;=- (Art. 146). 

I 
Hence the area of the ellipse=7ra'X-=7ra&. 

a 

Proposition Yil. 

148. The projection of the tangent at any point of a curve is the tangent at 
the corresponding point of the projection of the curve. 

Let. A and B be any two pointy on a curve, and let a and l be their 
projections. * Then (Art. 139) the straight line drawn through a and J is 
the projection of the straight line through A and B. Let A move along 
the curve to B ; then the limiting position of the secant through A and 
B is the tangent to the curve at B. Now as A moves to B along the 
curve, a moves to h along the projection of the curve, and the limiting 
position of the secant through a and & is the tangent at & to the projec- 
tion of the curve. Hence tangents are projected into tangents. 

Proposition VIH. 

149. Conjugate diameters of an ellipse are the projections of diameters of a 
circle which are perpendicular to each other. 

If two diameters of a circle are perpendicular to each other, each 
diameter is parallel to the tangent at the extremity of the other diameter. 
Hence, by Arts. 143 and 148, the projection of each diameter is parallel 
to the tangent to the projection of the circle at the extremity of the 
other diameter.- Therefore, fcy Def 12, Ellipse, the projections of diiam- 
eters of the circle which are perpendicular to each other are conjugate 
diameters of the ellipse. 

150. Ct?r. Since the area bounded by two radii of a circle which are 
perpendicular to each other, and the intercepted arc of the circle is one 
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fourth of the area of the circle, therefore the area bounded by two con- 
jugate semi-diameters of an ellipse and the intercepted arc of the ellipse 
is one fourth of the area of the ellipse. 

Proposition IX. 

151. The parallelogram formed hy drawing tangents through the vertices 
of two conjugate diameters is equal to the rectangle of the axes. 

The rectangle constructed upon the two axes of an ellipse may be 
regarded as the projection of a square circumscribing a circle whose 
diameter is the major axis of an ellipse. Also, the parallelogram formed 
by tangents drawn through the vertices of two conjugate diameters may 
be regarded as the projection of another square circumscribing the same 
circle. Since the areas of these squares are equal, the areas of their 
projections upon the same plane are also equal (Art. 144). 

153. Scholium. We thus see that certain properties of the ellipse may 
be deduced from corresponding properties of the circle by considering 
the ellipse as the projection of a circle upon a plane. Such properties 
are called projective properties^ and it is evident that a large part of the 
properties enumerated in the Chapter on the Ellipse are of this descrip- 
tion. 

PERSPECTIVE OR CONICAL PROJECTION. 

153. Definitions, The perspective projection of a point upon a plane is 
the intersection of the plane by a straight line drawn through the point 
from a fixed point in space. 

The perspective projection of a line upon a plane is the line which con- 
tains the projections of all the points of the given line. 

Let MN be a plane given in position, and 
V be a given point without it; then, if 
through any point, A, a straight line be 
drawn from V to meet the plane MN in a, 
the point a is called the perspective or coni- 
cal projection of the point A upon the plane 
MN. 

The given plane MN is called the planeof 
projection; the fixed point Y is called the 
vertex, and the plane PQ, which is drawn 
through the point V parallel to MN, is called 
the vertex plane, 

A plane figure is said to be projected upon a plime when its several 
lines are projected ; and the figure which is contained by the projected 
bounding lines is called the perspective projection of that figure. 

154. Scholium, It is obvious that the shadow formed on any plane by 
a figure when light falls on it from a point, is the perspective projection 
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of that figure corresponding to that point as a vertex. Also, if one point 
or line or surface is the projection of a second point or line or surface, 
the second is the projection of the first. 

In the next thirty-three Articles the single term projection will be 
used to denote perspective projection. 

Proposition L 

155. The projection of a straight line upon a plane is a straight Une. 

For suppose a point to move along the line AB (prec. fig.) ; its projec- 
tion on MN will always be in the intersection of the plane VAB with the 
plane MN, and this intersection is a straight line (B.VIL, Pr. 3). 

156. Scholium, if the given straight line passes through the vertex, 
its projection on any plane not passing through the vertex is a point. 

157. Cor, 1. The projection of a straight line which is parallel to the 
plane of projection is parallel to its original. 

158. Cor, 2. If any number of straight lines meet in one point not in 
the vertex plane, their projections form a group of diverging rays all 
passing through one point. For, the point common to the given lines 
being projected into a point in the plane of projection, this second point 
must be common to the projections of the several given lines. 

' 159, Cor, 3. If a point be situated in the vertex plane, the straight 
line Tyhich is drawn through it from V can not meet the plane MN, be- 
cause it lies in ,a plane which is parallel to MN. Therefore no point in 
. the vertex plane can be projected from V upon the plane MN. If a point 
is indefinitely near to the vertex plane its projection is at an indefinitely 
great distance. Hence we say that points in the vertex plane are pro- 
jected to infinity, 

160. Cor, 4. Conversely, if the projection of a point is at an infinite 

distance, that point must bfe in the vertex plane. Points on the other 

side of the vertex plane from MN are projected by lines produced 

through V. ' 

Pboposition IL 

161. i/* two or more straight lines intersect in the vertex plane^ their pro- 
jections are paraM4 straight lines. 

For the projections are straight Imes in a plane, and can not meet be- 
cause the point at which the original lines meet is projected to infinity 
•(Art.l5S). 

162. Scholium, Since a group of lines intersecting in a point not in 
• the vertex plane is projected into diverging rays (Art. 158), and a group 

of lines intersecting in a point in the vertex plane is projected into 
parallel lines (Art. 16X), it is convenient to conceive of parallel lines as 
meeting at infinity, and to regard a group of parallel lines as a special 
case of diverging rays.- 
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Proposition in. 

163. Too or m&re. paraUel straight lines uhieh cut the plane of projection 
are projected into diverging rays. 

M [ Let AB and CI> be any two parallel 

straight lines, and let db and ed be their 
projections on the plane Ml)f. Through Y 
draw YE parallel to AB and CD, meeting 
^f,yr^ V" .^ / / the plane MN in E. 

The line YE must be in the plane YAB 
E' . - / (B.Vll., Pr. 2, Cor. 2), and also in the plane 

YCD, and hence it is the line of intersection 
of these two planes. Therefore a5 and cd must meet in E. In the same 
manner it may be proved that the projection of any other straight line 
which is parallel to AB or CD will pass through the point E. 

Or, since the given parallel lines meet in a point at infinity in their 
common direction, they will be projected into a group of diverging rays 
(Art. 158). 

164. Cor, 1. If a group of parallel lines be projected into a group of 
diverging rays, the common point of the rays is the point E, where the 
line drawn from the vertex parallel to the given lines meets the plane of 
projection. 

165. Cor. 2. The projections of parallel lines that are also parallel to 
the plane of projection are parallel straight lines. This follows from 
Art. 157 ; or otherwise, since the given lines meet in a point at infinity 
in the vertex plane, their projections meet in the projection of that point, 
that is, at infinity. 

166. Cor, 3. Any quadrilateral may be projected into a parallelogram. 
For the two points of intersection of the. opposite sides may be placed in 
the vertex plane, and the figure then projected. 

Proposition IY. 

167. TTie projection of any plane figure on a paraUel plane is similar to 
the original figure. 

Let ABCDE be any plane figure ; let MN be a plane 
parallel to ABCDE; let abode be the projection of 
ABCDE upon the plane MN, and let Y be the vertex. 

Since' AB and db are the interisections of two parallel 
planes by a third plane, they are parallel (B.'frll., Pr. 12). 
Also, be is parallel to BC, cd to CD, etc. Hence 

AB:ab::YB:Yb::BC:be: 

Also the angle ABC=angle" o^j (B. YII., Pr. 15). 

The same may be proved of the other sides and 
angles of the polygons ABCDE, cibcde. Hence these 
polygons are similar. 
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168. D^, Similar curves- mq such that any rectilmear figure being iur 
scribed within the one, a similar rectilinear figure may be inscribed within 
the other. .Similar curves may be regarded as the limits of similar poly- 
gons having an infinite number of sides which are indefinitely small. 

169. SchoUum. By the method employed in Art. 144, the demonstration 
of Prop. lY, may be extended to figures bounded by curve lines. 

Proposition V. 

170. The prcjeetions of four harmonic points are harm,onie points. 
Let A, C, B, D be four harmonic points, and let 

a, c, &, d be their projectionp. The four lines VA, 
VO, VB,VD form an harmonic pencil (Art. 99), and 
this pencil is divided harmonically by the plane of 
projection (Art. 100). 

1"*71. Definition. Let VABC be a cone with a cir- 
cular base, and let its surface be cut by any plane ^ 
hed not passing through V ; the intersection of the cone with the plane 
is called, a conic section j or, more simply, a c(mic. 
Every conic may be regarded as the projection of • 
a circle upon a plane. 

173. Scholium, On pp. 215, 236, and 267 the in- 
tersection of a right circtilar cone with a plane is 
showiwto be a parabola, an ellipse, or an hyperbola, 
as these terms hftd been previously defined. It 
may be easily shown that any parabola, ellipse, or 
hyperbola can be the section of some right cone; 
also, that the sections of an oblique cone of circular 
base with a plane, or the sections of any cone hav- 
ing a parabola, ellipse, or hyperbola for its base, made by a plane not 
passing through the vertex, will be a parabola, an ellipse, or an hyperbola. 
It will be a parabola if the plane through the vertex parallel to the cut- 
ting plane touches the cone ; it will be an hyperbola if the plane through 
the vertex cuts the cone; and it will be an ellipse if the plane thrqugh 
the vertex does not cut the cone. 

in the following propositions some properties of eonics will be de- 
duced fi-om the above definition, without using the definitibns and 
properties proved in pp. 215-262. 

Pbofosition VI, 
173. A tangent to the circle is projected into a tangent to the cmifi, 
• This may be proved in tlie same maimer as in Art. .148. . 
• 174. Cor, 1. A conic can be met by a straight line in only two points. 
175. Cor, 2. From a point without a circle two tangent^ and only two 
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can be diiiwn to the circle ; hence firom a point without a conic, two tan- 
gents, and only two, can be drawn to the conic. 

Proposition Vn. 

176. A pole and polar of a circle -are projected into a point and straight 
line which possess like properties with regard to the conic. 

If the circle MN be projected into 
the donic mw, the pole P and its polar 
AB will be projected into a point p 
and a right line db,m the plane of 
Ihe conic, such that' if any transversal 
be drawn through p cutting db in c, 
and the conic in fnand n, the- four 
points wi, n, c, and p will form an 
.harmonic couple ; that is, 
em\cn:\mp\pn. 

For the transversal pn is the projec- 
tion of a transversal PN in the plane 
of the circle, and the four points 97), n, 
tf, and p are the projections of the four harmonic points (Art. 112) M, N, 
C, and P, and hence they are harmonic points (Art. 170). ' 

177. Jbef. . The point p and the line ab are called a pole and its polar 
with respect to the conic. • * 

178. Cor, 1. Props. 1, 2, and 8 (Arts. 112-117) for the circle are true for 
any conic, since in each case the figure in the circle is projected -into the 
corresponding figure for the conic. 

179. Cor, 2. Hence, a pole P be- 
ing given, the polar with respect 
to a conic may be constructed. 
Through P draw the transversals 
PB, PD, cutting the conic in A and 
B, C and D ; draw AD and CB to 
meet in N, and produce CA and 
DB to meet in M, and join'MN; 
MK will be the polar of P.. 

180. Cor. 3. Hence, also, if a line be given in the plane of a conic, its' 
pole with respect to the conic riiay be constructed. For if two points 
be taken on tKe line, and their polars be constructed (Cor. 2), these polars 
will pass through the pole of the given line (Art. 116). 

181. Cor^ 4. If the pole be without the conic, its polar cuts the conic ; 

• • • • 

if the pole be withiiv,.it8 polar does not cut the conic. 

182. Cor. 5. Hence, also, to draw tangents to the curve from ft given 
point without, the conic, construct the polar of the point, and from 
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the given point draw lines to the intersections of the polar with the 
conic. 

183. Cot, 6. If the point P be projected to infinity, its polar is a diame- 
ter; that is, it bisects all the- parallel chords drawn in the direction of 
^. For, jpn : jom : : en : mc / hence, when jp is at infinity, cti=mt, 

[Compare Props. 11 and 12 of Parabola, and Props. 7 and 21, Cor.l, 
of Ellipse and Hyperbola. J 

184. Got, 7. If AB be projected to infinity,^ is a centre; that is, every 
chord of the conic through ^ is bisected at |?. For, ^:7np;:c»:cn»/ 
and when c is at infinity, pi=wp. 

[Compare Prop. 4 of Ellipse and Hyperbola.] 

185. Cor, 8. Let o be the middle point of the chord «i», then will 
cm^=zoc,op (Art. 96). 

[Compare Props. 11 and 20 of Ellipse and of Hyperbola, as special 
cases of this Proposition.] • 

Proposition VIII. 

186. If a hejiagon le inscribed in a conic, the points of intersection of the 
pairs of opponte sides will lie in a straight line* 

This Proposition has been proved for a. circle (Art. 121) ; and since 
straight lines are projected into straight lines (Art. 155), the projections 
of the points L, M, and N will lie in a straight Une. 

187. C7iW. Hence we can construct a conic which shall pass through 
five given points, no three of the points being in the same straight line. 
Let A, B, C, D, F be the given points. Construct a figure as in Art. 121. 
On BC produced take any point M, and join FM. Let DC and FA 
meet in N, and join NM. Let AB meet NM in L, and draw LD to meet 
FM in E ; then will E be a point on the conic. 

Proposition IX. 

188. Tj^ a hexagon le described about a conic, the three diagonals which join 
the opposite vertices intersect in the same point. 

This Proposition has been proved for a circle (Art. 122), and the 
demonstration may be extended to a conic, as in Prop. VHI. 

SPHERICAL PROJECTIONS. 

189. Spherical projections are representations of portions of a spherical 
surface upon a plane. In order to represent a spherical surface upon a 
plane, various modes of projection are employed, such as the orthographic, 
stereographic, globvkiT, etc. 

190. In the orthographic projection, all points of a hemisphere are re- 
ferred to the plane of projection by perpendiculars let fall upon the 
plane ; so that the hemisphere is- represented as it would appear to an 
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eye placed at an infinite distance. • In this projection only the central 
portions are represented of their tnie- forms, while those portions which 
are near the margin of the map are compressed so that their form is 
very much distorted. Hence the orthographic projection is of little use 
for representing large portions of the earth^s surface. 

191. The stereographic projection is in a measure free from this defect. ' 

Let ABD be a hemisphere, and let it be 

required. to project its convex surface upon 
its base, AFDG. Draw the diameter, BCE, 
perpendicular to the plane AFDG, and con- 
ceive the eye to be placed at E. The point 
|d w, where the line EM meets the plane AFDG, 
is the projection* of the. point M. In the 
same manner the point N is projected into, 
n, and the point O into o, and the figure MKO 
is projected into the figure rrmo; 
Any minute triangle, MNO, gn the surface 
of the sphere is represented by a similar triangle, nmo, in the projection ; 
and a small circle, PQRS, on the sphere is represented by a circle, |?jra, 
in the projection. Great circles passing through the vertex, B, are, 
however, projected into straight lines traversing the centre, C. Thus 
the semi-circumference ABD is projected into the straight line ACD. 
By this method an entire hemisphere may be projected in a single map 
without very great distortion of figure. - There is, however, a gradual 
diminution in the projected dimensions of figures, from the circumference, 
AFDG, to the centre, C. On the margin of the chart, figures are repre- 
dented without any reduction in their dimensions, while at the centre the 
dimensions of figures upon the surface are reduced one half. 

192. To avoid the inequality of the stereographic projection, the' point 
of sight is sometimes taken without the sphere, and at a distance from it 
equal to the sine of 45°, r=Il-y/j. This mode of projection is called globular. 

Bisect the quadrant BD in M ; draw MG perpen- 
dicular to BC ; produce BA to E, making AE equal 
to MG, and let E be the point of sight. Then m will 
be the projection of M, and Cm will be equal to mD. 

For since EG : GM : : EC: Cm, 

CExGM 




Cm= 



EG 



(1) 



Also, since GM=GC=AE=R-/i, 
we have CE=R-(-RVi, 

and ■ EG=R-f 2RV|. 

* Substituting these values in (1), and reducing, we 
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have 



Cw=— =wiD ; 



that is,.tlie equal arcs BM, MD are -projected into equal straight lines, 
and it may be shown that the projections of any other two equal arcs of 
the quadrant are very nearly equal. 

In the construction of maps, various other modes of projection are fre- 
quently employed. Mercator's projection is extensively used for pur- 
poses of navigation. See Trigonometry, p. 153. 



THE END. 
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